
Index of Symbols

(α,β) ∶ K ⇄ K′ Conjugate Pair of
Inverse Interpretations
Between π-Structures K
and K′, 865

BI Binary Reflexive Core of a
π-Institution I , 908

C(T ) Theory Family Generated
by T , 120

C ≤ C ′ Extension Order on
π-Institutions, 121

CT Closure Subsystem of C with
Theorem System T , 121

CM Closure System Induced by a
Class M of Matrix
Families, 124

CI,A(T ) Least I-Filter Family of
A Including T , 127

CI,A Closure Family Generated by
a Matrix Family, 135

CK,⊺ Assertional Closure System
Defined by ⊺♭-Pointed
Class K of Algebraic
Systems, 1150

CA Closure System Induced by a
Matrix Family, 124

DK Closure Operator Associated
with a Class K of
F-Algebraic Systems, 106

DK Equational Consequence
Relative to a Class K of
F-Algebraic Systems, 177

Df Finitary Companion of D, 659

DI∗ Closure Family Associated
with ConSysI∗(I), 883

DI● Closure Family Associated
with ConSysI●(I), 899

EΣ(φ⃗) Collection of Values of
Finitary Natural
Transformations in E at
φ⃗, 159

EΣ[φ⃗] Sentence Family Induced
by Collection E of Natural
Transformations (with
Parameters) and φ⃗, 159

F I Frege Core of a π-Institution
I , 1035

I♭(T ) Family of Pairs all of
Whose Images Under
I♭ ⊆ N ♭ are in T , 685

I♭Σ,Σ′[φ⃗] Σ′-Component of the

Sentence Family I♭Σ[φ⃗],
684

I♭Σ(T ) Collection of all ⟨φ,ψ⟩ such
that I♭Σ[φ,ψ] ≤ T , 685

I♭Σ(φ⃗) Image of a tuple φ⃗ of
Sentences Under a Set I♭

of Natural
Transformations, 684

I♭Σ[φ⃗] Family of Images of φ⃗
Under I♭, 684

KI Closure Family Associated
with ThSys(I), 888

LI Left Suszko Core of a
π-Institution I , 840

LI Narrow Left Suszko Core of a
π-Institution I , 1006

N θ Category of Natural
Transformations on SENθ,
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94
P ♭ ⊆ N ♭ Collection of All Natural

Transformations
Satisfying P , 170

RI Reflexive Core of a
π-Institution I , 790

RI Rough Reflexive Core of a
π-Institution I , 1045

RIs Rough Reflexive System Core
of a π-Institution I , 1055

S♭ ∶ (SEN♭)ω → (SEN♭)ℓ Collection
of Natural
Transformations in N ♭,
168

SI Suszko Core of a π-Institution
I , 826

SI Rough Suszko Core of a
π-Institution I , 987

X ≤lf Y X is a Locally Finite
Subfamily of Y , 172

XiI,A,n(X) n-th Step in Filter
Family Generation, 175

ZI System Core of a π-Institution
I , 856

ZI Rough System Core of a
π-Institution I , 1023[RI Σ [φ,ψ]) Poset of Theory
Families in ThFam (I)
Containing RI Σ [φ,ψ],
1050[RIsΣ [φ,ψ]) Poset of Theory
Systems in ThSys (I)
Containing RIsΣ [φ,ψ],
1059

∆A Identity Congruence System
on A, 92

Λ(T ) Frege Relation System of a
Sentence Family T , 143

ΛA(T ) Frege Relation System of
T on A, 144

ΩA(T ) Leibniz Congruence
System, 96

SEN/θ Quotient Sentence
Functor, 93

SENθ Quotient Sentence Functor,
93

⊲

IΠ Subdirect Intersection
Operator on Classes of
F-Algebraic Systems, 105,
191

ΘK(X) K-Congruence System on
F Generated by X , 106

ΘI,A(X) AlgSys(I)-Congruence
System on A Generated
by X , 143

ΘK,A(X) K-Congruence System
on A Generated by X , 106

ΞQ(E) Congruence System
Relative to Q Stepwise
Generated by E, 178

ΞI,A(X) Filter Family Stepwise
Generated by X , 176

α(T ) Image of a sentence family
T under a morphism⟨F,α⟩, with F an
isomorphism, 83

α(A) Image of an N ♭-Algebraic
System A Under a
Morphism ⟨F,α⟩, with F

an isomorphism, 88

α[T ] Image of a Sentence Family
T Under a Translation α,
864

α∗ Residual of a Translation α,
866

α−1(R) Inverse Image of a
Relation Family, 84

α−1(T ) Inverse Image of a
Sentence Family, 80

α−1(A′) Algebraic Subsystem of F
Determined by the
Universe α−1(SEN′), 155

αΣ[Φ] Image of the Set Φ of
Σ-Sentences Under a
Translation α, 864

αΣ[φ] Image of ϕ Under a
Translation α, 864
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⋂i∈I C
i Intersection of Closure

Systems, 121

⋂i∈I I i Intersection of
π-Institutions, 121

⋁I T Join of T ⊆ ThFam(I) in
ThFam(I), 244

⋁F Θ Join of Θ ⊆ ConSys(F) in
ConSys(F), 244

⋁AΘ Join of Θ ⊆ ConSys(A) in
ConSys(A), 251

⋁I,A T Join of T ⊆ FiFamI(A) in
FiFamI(A), 251

R̈I Binary Reflexive Core of a
π-Institution I , 908

σ̈♭ ∶ (SEN♭)2 → (SEN♭)ℓ
Parameter-Free Collection
of Natural
Transformations Induced
by
σ♭ ∶ (SEN♭)ω → (SEN♭)ℓ,
168

L̇I Unary Left Suszko Core of a
π-Institution I , 931

Ṡ♭ ∶ (SEN♭)k → (SEN♭)ℓ
Parameter-Free Collection
of Natural
Transformations Induced
by
S♭ ∶ (SEN♭)ω → (SEN♭)ℓ,
168

ṠI Unary Suszko Core of a
π-Institution I , 924

ŻI Unary System Core of a
π-Institution I , 938

σ̇♭ ∶ (SEN♭)k → (SEN♭)ℓ
Parameter-Free Collection
of Natural
Transformations Induced
by
σ♭ ∶ (SEN♭)ω → (SEN♭)ℓ,
168

P̂ Restriction of Property P to
Parameterless Natural
Transformations, 170

P̂ ♭ Collection of Parameterless
Natural Transformations
Satisfying Property P , 170

λ(T ) Frege Relation Family of a
Sentence Family T , 143

λA(T ) Frege Relation family of T
on A, 144⟨I, πθ⟩ Quotient Morphism, 94⟨I, j⟩ Injection Morphism, 152⟨V, v⃗⟩ Source Signature κ-Variable
Pair, 114⟨X⟩ Universe of A Generated by a
Sentence Family X , 154

A∗ Tarski Reduction of the
F-Gmatrix Family A, 138

C(K) Class of All K-Certified
Algebraic Systems, 187

C∗(K) Class of All Directedly
K-Certified Algebraic
Systems, 188

GSem(K) Semantic Guasivariety
Generated by the Class K,
185

H Morphic Image Operator on
Classes of F-Algebraic
Systems, 105, 193

QSem(K) Semantic Quasivariety
Generated by the Class K,
184

VSem(I) Semantic Variety of I ,
140

VSem(K) Semantic Variety
Generated by K, 113

VSem(K) Semantic Variety
Generated by the Class K,
184

VSyn(I) Syntactic Variety of I ,
140

VSyn(K) Syntactic Variety
Generated by K, 113

A/θ Quotient F-Algebraic
System, 95

A ⊧ σ♭ ≈ τ ♭ Validity of a Natural
Equation in an Algebraic
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System, 112

A ⊧Σ ⟨φ⃗ ≈ ψ⃗, φ ≈ ψ⟩ Satisfaction of
Guasiequation in an
Algebraic System, 183

A ⊧Σ σ♭ ≈ τ ♭[φ⃗] Satisfaction of a
Natural Equation by a
Sentence in an Algebraic
System, 111

Aθ Quotient F-Algebraic System,
95

D Dellunde’s Logic, 672

I ≤ I ′ Extension Order on
π-Institutions, 121

IT π-Institution Generated in I
by a Theory System T of
I , 122

IM π-Institution Induced by a
Class M of Matrix
Families, 124

If Finitary Companion of I , 660

IK,⊺ Assertional π-Institution
Defined by a ⊺♭-Pointed
Class K of Algebraic
Systems, 1151

K
(α,β)

⇄ K′ Conjugate Pair of
Inverse Interpretations
Between π-Structures K
and K′, 865

KI = ⟨F,KI⟩ Systemic Skeleton of
a π-Institution I , 888

QI∗ = ⟨F2,DI∗⟩ Algebraic
π-Structure Associated
with a π-Institution I , 883

QI● = ⟨F2,DI●⟩ Systemic
Algebraic π-Structure
Associated with a
π-Institution I , 899

R Raftery’s Logic, 676

min [RI Σ [φ,ψ]) Collection of
Minimal Elements in[RI Σ [φ,ψ]), 1050

min [RIsΣ [φ,ψ]) Collection of
Minimal Elements in

[RIsΣ [φ,ψ]), 1059

K ⊧ E♭ Validity of a Set of Natural
Equations in a Class of
Algebraic Systems, 112

A∗ Leibniz Reduction of the
Matrix Family A, 133

ASu Suszko Reduction of the
I-Matrix Family A, 139

∇A Nabla Congruence System on
A, 92

νA(X) Closure of sentence Family
X under the Operations of
A, 153

νA(Ð→X) Universe of A Generated
by X , 154

←Ð
E (T ) Relation System Consisting

of All Tuples of Sentences
Carried by E into T , 160

←Ð
T Sentences all of whose images

are in T , 76
↔

I♭ Set of all σ and σ, with σ ∈ I♭,
684

Ð→
C (T ) Theory System Generated

by T , 120
Ð→
C
I,A(T ) Least I-Filter System of

A Including T , 127
Ð→
T Images of all sentences in T , 77

I♭ Set of all σ, with σ ∈ I♭, 684

σ Natural Transformation
Resulting from σ by
Interchanging the First
Two Arguments, 684∼ Rough Equivalence Between
Theory Families, 394[̃T ] Rough Equivalence Class of
T , 394[̃T ] ≤ [̃T ′] Order on Family Rough
Equivalence Classes, 455

θ⟨F,α⟩ Kernel System of ⟨F,α⟩, 83

⌊̃T ⌋ Rough Equivalence Class of
the Theory System T , 394⌊̃T ⌋ ≤ ⌊̃T ′⌋ Order on System Rough
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Equivalence Classes, 455
φ⃗ ≈ ψ⃗ Collection of Equations

φi ≈ ψi, 182
Ω̂I(T ) Systemic Suszko

Congruence System of a
Theory System T of I , 597

Ω̂I(T ) Version of Suszko
Congruence System of the
Theory System T Based
on Theory Systems, 856

Ω̂I Narrow Systemic Suszko
Operator of a
π-Institution I , 1027

L̃I Rough Left Suszko Core of a
π-Institution I , 997

R̃I Rough Reflexive Core of a
π-Institution I , 1045

T̃ Rough Associate of T , 393
T̃ Rough Companion of T , 393
Z̃I Rough System Core of a

π-Institution I , 1014
Λ̃(I) Carnap Relation System of

ThFam(I) on F , 148
Λ̃(T ) Carnap Relation System of

a Collection T of Sentence
Families, 145

Λ̃A(I) Carnap Relation System of
FiFamI(A) on A, 148

Λ̃A(T ) Carnap Relation System
of T on A, 146

Λ̃I,A(T ) Lindenbaum Relation
System of T on A Relative
to FiFamI(A), 148

Λ̃I(T ) Lindenbaum Relation
System of T on F Relative
to ThFam(I), 148

Λ̃T (X) Lindenbaum Relation
System of X Relative to
T , 147

Λ̃A,T (X) Lindenbaum Relation
System of X on A
Relative to T , 148

Ω̃(A) Tarski Congruence System
of the F-Gmatrix Family

A, 137
Ω̃(I) Tarski Congruence System

of I , 138
Ω̃A(I) Tarski Congruence System

of FiFamI(A) on A, 138
Ω̃A(T ) Tarski Congruence System

of T on A, 137
Ω̃I(T ) Suszko Congruence of T

Relative to Thfam(I), 139
Ω̃A,T (T ) Suszko Congruence

System of T ∈ T Relative
to T on A, 138

Ω̃I,A(T ) Suszko Congruence of T
Relative to FiFamI(A),
139

Ω̃I Narrow Suszko Operator of a
π-Institution I , 1009

T̃hFam(I) Poset of Family
Rough Equivalence
Classes, 455

T̃hSys(I) Poset of System Rough
Equivalence Classes, 455

λ̃(I) Carnap Relation Family of
ThFam(I) on F , 148

λ̃(T ) Carnap Relation Family of a
Collection T of Sentence
Families, 145

λ̃A(I) Carnap Relation Family of
FiFamI(A) on A, 148

λ̃A(T ) Carnap Relation Family of
T on A, 146

λ̃I,A(T ) Lindenbaum Relation
Family of T on A Relative
to FiFamI(A), 148

λ̃I(T ) Lindnbaum Relation
Family of T on F Relative
to ThFam(I), 148

λ̃T (X) Lindenbaum Relation
Family of X Relative to
T , 147

λ̃A,T (X) Lindenbaum Relation
Family of X on A
Relative to T , 148

T̃hFam(I) The Collection of All
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Rough Equivalence
Classes of Theory Families
of I , 394

T̃hSys(I) Collection of All Rough
Equivalence Classes of
Theory Systems of I , 394

pk ∶ (SEN♭)k → (SEN♭)k Identity
Natural Transformation,
168

 L  Lukasiewicz’s Infinite Valued
Logic, 669

A′ ≤A A′ is an Algebraic
Subsystem of A, 152

A/θ Quotient of A by θ, 93
Aθ Quotient of A by θ, 93
Cln(SEN) Clone of All Natural

Transformations on SEN,
85

ConSys(A) Lattice of
Congruence Systems on
A, 92

ConSysA(T ) Lattice of All
Congruence Systems on A
Compatible with T , 95

FiFamI(A) Lattice of All I-Filter
Families on A, 126

FiSysI(A) Lattice of All I-Filter
Systems of A, 126

SenFam(SEN) Lattice of
Sentence Families, 76

SenSys(SEN) Lattice of Sentence
Systems, 76

ThFam(I) Lattice of Theory
Families of a π-Institution
I , 118

ThFam(K) Lattice of Theory
Families of a π-Structure
K, 868

ThSys(I) Lattice of Theory
Systems of a π-Institution
I , 118≤ Signature-Wise Inclusion, 76

AlgSys(G) Collection of All
Algebraic Systems

Satisfying Guasiequations
in G, 184

AlgSys(I) Collection of All Tarski
Reduced F-Algebraic
Systems, 138

AlgSys(F) Class of All
F-Algebraic Systems, 90

AlgSys∗(I) Collection of All
Leibniz Reduced
F-Algebraic Systems, 133

AlgSys●(I) Collection of All
System Reduced
F-Algebraic Systems, 133

AlgSysSu(I) Class of All
F-Algebraic System
Reducts of Suszko
Reduced I-Matrix
Families, 813

ConSys(A) Collection of
Congruence Systems on
A, 95

ConSys(I) Collection of
AlgSys(I)-Congruence
Systems on F , 226

ConSys(A) Collection of
Congruence Systems on
A, 92

ConSys●(I) Collection of All
I●-Congruence Systems,
897

ConSys∗(I) Collection of
AlgSys∗(I)-Congruence
Systems on F , 226

ConSysA(T ) Collection of All
Congruence Systems on A
Compatible with T , 95

ConSysI∗(A) Collection of
AlgSys∗(I)-Congruence
Systems on A, 226

ConSysI●(A) Collection of All
I●-Congruence Systems on
A, 897

ConSysI(A) Collection of
AlgSys(I)-Congruence
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Systems on A, 226
ConSysK(A) Collection of All

K-Congruence Systems on
A, 104

EqvFam(SEN) Collection of All
Equivalence Families on
SEN, 82

EqvSys(SEN) Collection of All
Equivalence Systems on
SEN, 82

Eq(A) Family of Equations
Satisfied by A, 183

Eq(K) Family of Equations Valid
in Class K, 183

Eq(F) Family of F-Equations,
177, 182

FiFamI(A) Collection of All
I-Filter Families on A,
126

FiFamI(A) Collection of All
I-Filter Families of A, 126

FiFamI(A) Collection of All
I-Filter Families of a
Matrix Family A, 133

FiSysI(A) Collection of All
I-Filter Systems on A,
126

GEq(A) Family of Guasiequations
Satisfied by A, 183

GEq(K) Family of Guasiequations
Valid in Class K, 183

GEq(G) Family of
F-Guasiequations
(Generalized
Quasiequations), 182

GMatFam∗(I) Collection of All
Tarski Reduced
I-Gmatrix Families, 138

Ken(⟨F,α⟩) Kernel System of⟨F,α⟩, 83
Ker(A) Kernel of an F-Algebraic

System, 112
Ker(K) Kernel of a Class of

F-Algebraic Systems, 113

LAlgSys∗(I) Class of All
F-Algebraic System
Reducts of (Leibniz)
Reduced Lindenbaum
I-Matrix Families, 813

LAlgSysSu(I) Class of All
F-Algebraic System
Reducts of Suszko
Reduced Lindenbaum
I-Matrix Families, 813

LMatFam(I) Collection of All
Lindenbaum I-Matrix
Families, 811

LMatFam∗(I) Collection of All
(Leibniz) Reduced
Lindenbaum I-Matrix
Families, 811

LMatFamSu(I) Collection of All
Suszko Reduced
Lindenbaum I-Matrix
Families, 811

MatFam(I) Collection of All
I-Matrix Families, 126

MatFam(F) Collection of All
F-Matrix Families, 124

MatFam∗(I) Collection of All
Leibniz Reduced I-Matrix
Families, 133

MatFamSu(I) Collection of All
Suszko Reduced I-Matrix
Families, 140

MatSys(I) Collection of All
I-Matrix Systems, 126

MatSys(F) Collection of All
F-Matrix Systems, 124

MatSys∗(I) Collection of All
Leibniz Reduced I-Matrix
Systems, 133

Mod(G) Collection of All
Algebraic Systems
Satisfying Guasiequations
in G, 184

NEq(F) Collection of All Natural
F-Equations, 111
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NThm(I) Collection of Natural
Theorems of I , 118

QEq(A) Family of Quasiequations
Satisfied by A, 183

QEq(K) Family of Quasiequations
Valid in Class K, 183

QEq(F) Family of
F-Quasiequations, 182

RelFam(SEN) Collection of All
Relation Families on SEN,
82

RelSys(SEN) Collection of All
Relation Systems on SEN,
82

SenFam(SEN) Collection of
Sentence Families, 76

SenFam(A) Collection of All
Sentence Families of a
Matrix Family, 126

SenSys(SEN) Collection of
Sentence Systems, 76

ThFam(I) Collection of All
Theory Families of a
π-Institution I , 118

ThFam(K) Collection of Theory

Families of a π-Structure
K, 868

ThFam (I) Collection of Theory
Families of a π-Institution
I , with Nonempty
Components, 394

ThSys(I) Collection of All
Theory Systems of a
π-Institution I , 118

ThSys (I) Collection of Theory
Systems of a π-Institution
I , with Nonempty
Components, 394

Thm(I) Theorem Family of a
π-Institution I , 117

ThmΣ(I) Set of Σ-Theorems of a
π-Institution I , 117

ThΣ(I) Collection of All
Σ-Theories of a
π-Institution I , 118

Unv(A) Collection of All
Universes of an Algebraic
System A, 151

ssvκ Source Signature κ-Variable
Pair, 114


