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10.1 Introduction

In this chapter, we turn attention to syntactic aspects of logics formalized as
m-institutions. Even though the study of the syntactic algebraic hierarchy,
paralleling the study of the semantic hierarchy of Chapters 3-9, does not start
in earnest until Chapter 11, here we introduce the basic elements and lay the
groundwork. In the process, we provide some analysis of relevant properties
and exhibit some smaller subhierarchies involving those properties. Much
of the work done in this chapter has its roots in the work of Boole on the
algebraization of the laws of thought [2]. Closer origins can be traced in the
work of Lindenbaum [3] and of Tarski [5] (see, also, [?]) on the algebraization
of propositional calculus and subsequent related work of Rasiowa and Sikorski
[11] on the algebraization of implicative logics. A more recent work that has
influenced the contents presented here is the work of Cintula and Noguera
on implicational semilinear logics [83, 88, 93].

In Section 10.2, we introduce sets of natural transformations I’ which
play the role of the sets of formulas in the sentential context. This assumed
role has its roots in the theory of algebraic theories of Lawvere [10]. These
transformations, depending on whether or not some of their arguments are
considered primary, or distinguished, and some secondary, are either para-
metric or parameter free.

In Section 10.3, we introduce the property of a set I of natural trans-
formations on a base algebraic system F, with two distinguished arguments,
being reflexive in a m-institution Z based on F. Normally, each of the proper-
ties studied in the chapter has four versions. These four versions are the result
of a duality between theory families versus theory systems and a duality be-
tween considering the property locally versus globally. However, reflexivity
is defined by reference to theorem systems only. Moreover, its global version
collapses to the local one. So only one version of reflexivity need be consid-
ered, as opposed to the other properties studied in the chapter. The first
result of some importance, mainly because it serves as a harbinger of similar
results to follow concerning other properties in later sections, is a transfer
theorem. Namely, it is shown that a collection I® of natural transformations
is reflexive in a w-institution Z = (F,C) if and only if, for every F-algebraic
system A, the corresponding collection [ is reflexive in A. The latter means
that I is reflexive in the 7-institution (A, CTA), where CT4 is the closure
system whose theory families are the Z-filter families on A. We summarize
this, and similar results later on, by saying that “reflexivity transfers”.

In Section 10.4, we turn to the property of symmetry. Here we do have
four versions of the property. Local family symmetry refers to the version
defined using theory families and applying the natural transformations only
locally. This means that applications of signature morphisms to change sig-
natures, while applying the transformations, are not allowed. Local system
symmetry is also defined locally, but using only theory systems instead of
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arbitrary theory families. The third version, global family symmetry, uses
again arbitrary theory families, but, in addition, allows changes between sig-
natures in the main arguments of the transformations via the application of
signature morphisms. As, perhaps, anticipated, the fourth, and final, version
is global system symmetry, still allowing changes of signatures but restrict-
ing attention to theory systems. The first result of the section establishes
the hierarchy of symmetry properties, i.e., it explores how these symmetry
properties compare in terms of their relative strength. It is shown that the
local family symmetry implies the local system symmetry, which, in turn,
implies both the global family and the global system versions, the latter two
being equivalent in strength. Further, if the 7-institution Z is systemic, i.e.,
all theory families happen to be theory systems, then the local family and
the local system symmetry properties coincide, whereas, if the set I’ of natu-
ral transformations is parameter free, then the local system version coincides
with the global versions. The section closes by establishing a transfer the-
orem for all three, generally distinct, versions of symmetry. Namely, it is
shown that a set I’ of natural transformations satisfies a certain symmetry
property in Z = (F,C) if and only if, for every F-algebraic system A, the
corresponding set I has the same symmetry property in A, in the same sense
described previously for reflexivity.

In Section 10.5, we study versions of transitivity. Again one has, a priori,
four versions based on whether arbitrary theory families or only theory sys-
tems are considered and on whether the local or the global mode is adopted.
In this way we get local family transitivity, local system transitivity, global
family transitivity and global system transitivity. As was the case with the
symmetry hierarchy, local family transitivity is the strongest of the four ver-
sions, followed by the local system version, while the two global versions
are the weakest and turn out to be mutually equivalent. Once more, under
systemicity of the m-institution Z, the local family and local system versions
coincide and, under the hypothesis that the set I* of natural transformations
is parameter free, local system transitivity is identified with the global ver-
sions. The section ends by establishing that all transitivity versions transfer
from a 7-institution Z = (F,C) to all F-algebraic systems, with the same
meaning as before.

In Section 10.6, we take a look at collection I" of natural transformations
possessing various forms of the equivalence property. As the name suggests,
each form requires (the only version of) reflexivity, a version of symmetry
and a version of transitivity. Since there are three distinct versions for sym-
metry and three for transitivity, we obtain nine versions of equivalence. Fi-
nally, since reflexivity, all versions of symmetry and all versions of transitivity
transfer, we obtain as a consequence that all nine versions of equivalence also
transfer.

Section 10.7 deals with the antisymmetry property. This property, as
was the case with reflexivity, is defined using only the theorem system of
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the m-institution. As a result, the family/system duality is not relevant.
As opposed, however, to reflexivity, the local/global aspect is still at play.
So we obtain two versions of antisymmetry, local antisymmetry and global
antisymmetry, of which the first implies the second. In addition, if the
collection of natural transformations I® happens to be parameter free, the
two versions coincide. On the other hand, antisymmetry is the first property
studied in the chapter which does not transfer.

In Section 10.8, we study various versions of the order property. These
require (the only version of) reflexivity, a version of antisymmetry and a ver-
sion of transitivity. Recalling from Sections 10.7 and 10.5 that there exist
two versions of antisymmetry and three of transitivity, we obtain six versions
of order. Moreover, the antisymmetry and the transitivity hierarchies, es-
tablished in those sections, give rise to a hierarchy of order properties. The
six property hierarchy collapses to four properties under systemicity, whereas
parameter freeness has a more drastic effect reducing the hierarchy to a two
class one. Finally, the non-transference of antisymmetry causes the order
properties to not transfer.

In Section 10.9, we study the compatibility property. The meaning is the
the binary relation defined by a collection I" of natural transformations in a
m-institution Z is compatible with all natural transformations in N*. One has
again four flavors of the property, local family, local system, global family
and global system compatibility. Here, also, local family compatibility turns
out to be the strongest, followed by local system compatibility, which implies
the global versions, the latter being mutually equivalent. Moreover, if Z is
systemic, the local versions collapse and, if I® is parameter free, local system
compatibility and the global versions coincide. The section concludes with a
result asserting that all three different compatibility properties transfer.

In Section 10.10, we combine versions of the equivalence properties of
Section 10.6 with versions of the compatibility properties of Section 10.9
to obtain a subhierarchy of congruence properties. From the nine possible
equivalence properties of Section 10.6, we restrict attention to the three “uni-
form” ones, i.e., those formed by applying the same type of symmetry and
transitivity. Combining these with the three versions of compatibility, we get
nine versions of congruence. If we had considered all nine versions of equiv-
alence, we would have had, a priori, twenty-seven versions of congruence.
As detailed previously, and in a similar way for similar reasons, systemicity
collapses the subhierarchy down to four classes. Parameter freeness has an
analogous effect. Finally, since all equivalence and compatibility properties
transfer, so do all versions of congruence.

In Section 10.11, we study versions of modus ponens (MP). There are, a
priori, four versions of the property. The first is local family MP. A set of
natural transformations I° has this property in a m-institution Z if, for every



Voutsadakis ~ CHAPTER 10. ELEMENTS OF SYNTAX 741

theory family T of Z, all signatures ¥ and all ¥-sentences ¢ and v,
¢ €Ty, and I%(¢, 9, X) € Ty, for all ¥, imply ¢ € Tk.

Restricting only to theory systems, we get the second version, local system
MP. The remaining two versions, global family and global system MP, adopt
the global point of view. E.g., the global family version requires that

¢ € Ty and I3[¢, ] <T imply ¢ € T,
where I%[¢, 9] = {I% [, ]} srqsign» Such that, for all ¥’ € [Sign’,

I 5 [6,4] = {15 (SEN"(f)(9), SEN"(f)(¥), ¥) :
f e Sign’(%, %), ¥ € SEN*(X)}.

That is, one is allowed changes of signatures via signature morphisms and
all resulting formulas must be in T" for the second hypothesis to hold. As far
as the MP hierarchy is concerned, the strongest property is the local family
MP. It implies both the local system MP and the global family MP, which
are independent in strength and each implies the local system MP, which is
the weakest of the four versions. Under systemicity, the hierarchy shrinks
to two versions, whereas, for parameter free natural transformations, we get
a three step linear hierarchy, since the local system and the global system
versions coincide. Finally, it is shown that all four versions of MP transfer
from a 7-institution Z = (F, C) to all F-algebraic systems, in the same sense
as previously discussed for other properties.

Section 10.12 deals with various versions of the syntactic protoalgebraic-
ity property of a collection I* of natural transformations in a m-institution
Z. These properties are a result of combining a uniform version of congru-
ence, that is one of local family, local system or global congruence, with
one of the four versions of modus ponens, studied in Section 10.11. Thus,
we obtain a subhierarchy of twelve syntactic protoalgebraicity properties.
Even though this subhierarchy is complicated, consisting, roughly speaking,
of three rhombi, one on top of the other, systemicity reduces it to a sin-
gle rhombus, whereas lack of parameters results in a six property hierarchy.
We opt not to study in detail the entire twelve property hierarchy and, in-
stead, single out the uniform properties, which constitute a four property
subhierarchy forming a rhombus. This degenerates into a two chain in the
case of systemicity and a three element linear hierarchy in the parameter
free case. Again the section ends with a result asserting that all syntactic
protoalgebraicity properties transfer.

In Section 10.13, we switch to the study of invertibility properties. There
are four versions, based, once more, on the family/system and the local /global
dualities. To get a flavor of these properties, let us look more closely at local
family invertibility. We say that a collection I’ : (SEN")« — SEN’ of natu-
ral transformations, with two distinguished arguments, has the local family
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invertibility in a 7-institution Z if there exists a set 7° : (SEN")~ — (SEN")2
of natural transformations, with a single distinguished argument, such that,
for all theory families 7', all signatures ¥ and all »-sentences ¢,

peTy iff I(r(6,7),6) € Ty, for all ¥,€ e SEN(E),

where I° is the “symmetrization” of I’, i.e., the collection obtained by adding
to I those natural transformations resulting from it by interchanging the two
distinguished arguments. The local system version is obtained by restricting
attention to theory systems. The global versions allow changes of signatures
via the application of signature morphisms, both in the main argument po-

sition of 7% and in the two main argument positions of I*. The hierarchy of
invertibility properties has two maximal elements, namely, the local family
and the global family versions. The local family implies the local system
version and each of the local system and the global family versions imply
global system invertibility, the weakest of the four versions. For systemic
m-institutions the hierarchy collapses to a two element chain. For parameter
free collections of natural transformations, things seem to be more com-
plicated. The four element hierarchy reduces to a three element V-shaped
hierarchy, provided that there exists a parameter free witnessing collection
70 : SEN’ - (SEN’)2 of natural transformations in Z. Finally, it is shown
that all versions of invertibility transfer.

In Section 10.14, starting from the four uniform syntactic protoalgebraic-
ity properties (congruence + modus ponens) of Section 10.12 and the four
invertibility properties of Section 10.13, we define, via combinations, sixteen
syntactic algebraizability properties. These sixteen properties form a rather
involved hierarchy. Under systemicity, it devolves into a rhombus, whereas
parameter freeness still leaves nine a priori distinct properties. Since this
hierarchy is quite large, we only study in more detail the “uniform” versions,
i.e., those obtained by applying the same versions of syntactic protoalge-
braicity and invertibility properties. The subhierarchy obtained in this way
consists of four properties. Maximal among those are the local family and
the global family versions. The first implies the local system version and
each of these three implies the global system version, which is the weakest in
strength. These smaller four class subhierarchy yields a two element chain
in case of a systemic m-institution and a three element V-shaped hierarchy
in case of parameter free natural transformations. Closing the section is the
result asserting that all syntactic algebraizability properties transfer.

In Section 10.15, we introduce and study versions of the regularity prop-
erty. We define four versions, local family, local system, global family and
global system regularity. To give an idea of the property, we say, e.g., that a
collection of natural transformations I* : (SEN")~ — SEN’, with two distin-
guished arguments, has the local family regularity in a 7-institution Z if, for
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every theory family T', every signature > and all ¥-sentences ¢, 1),
¢, eTs implies I4(¢,7,€) € Tx, for all £ e SEN*(X).

Of these properties, global family regularity is the strongest. It implies local
family regularity, which, in turn, implies the system versions, which turn out
to be mutually equivalent. The section ends with a proof of the assertion
that all three distinct regularity properties transfer.

In Section 10.16, we look at syntactic regularity properties. These are
properties obtained by combining a certain type of syntactic protoalgebraicity
with one of the three different regularity properties. There are numerous
different properties that one could study. Just to give a quick idea, there are
three regularity versions. Moreover, syntactic protoalgebraicity (PA) results
by combining a congruence property with a type of modus ponens. Further,
a congruence property results by combining an equivalence property with a
compatibility property. This brief analysis leads to the following summary
of possibilities, presented in tabular form.

Property Section | No. of Versions | No. of Uniform
Equivalence 10.6 9

Compatibility 10.9 3

Congruence 10.10 27 (Equivalence) 9
Modus Ponens 10.11 4

Syntactic PA 10.12 108 (Congruence) 12
Regularity 10.15 3

Syntactic Regularity | 10.16 324 (Syntactic PA) 12

The table shows that one could study, in total, 324 a priori different ver-
sions of syntactic regularity. However, applying uniformity at the syntactic
protoalgebraicity level, we get four uniform syntactic protoalgebraicity prop-
erties, which result in only 12 syntactic regularity properties. With the goal
of keeping the detailed study within manageable limits, but also to focus on
the seemingly most important properties, we restrict ourselves to the sub-
hierarchy obtained by stepping even further. By applying the same type of
uniform syntactic protoalgebraicity and regularity, we only obtain four dif-
ferent “uniform” syntactic regularity versions. These are local family, local
system, global family and global system syntactic regularity. Of those, the
local family and global family versions are maximal elements in the sub-
hierarchy. The former dominates the local system version and either of local
system or global family syntactic regularity implies the global system version,
it being the weakest of the four versions. We also remark that systemicity
reduces the subhierarchy to a two element chain, whereas parameter freeness
yields a three element V-shaped hierarchy, since the two system versions col-
lapse to a single property. In the final result of the section, it is shown that
all versions of syntactic regularity transfer.
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In Section 10.17, we study versions of a property we call modus fortis,
but better known as the Rasiowa or the Wojcicki property. Again, a priori,
we have four versions, local family, local system, global family and global
system modus fortis. To provide an idea of the property, we say, e.g., that a
collection I" of natural transformations, with two distinguished arguments,
has the local family modus fortis in a 7-institution Z if, for all theory families
T, every signature > and all X-sentences ¢, ),

YeTs implies I4(¢,1,€) Ty, for all € e SEN'(D).

In this case, the global family modus fortis is the strongest version. It implies
the local family version, which implies both the global and local system
versions, which are mutually equivalent. Under systemicity, all modus fortis
properties collapse to a single property. Moreover, all three different modus
fortis properties transfer.

In Section 10.18, we look at versions of the Rasiowa property, formed
by combining a version of syntactic protoalgebraicity with one of the three
versions of modus fortis. As in Section 10.16 on syntactic regularity, to
keep the number of versions within reasonable limits, we only consider the
four “uniform” versions of syntactic protoalgebraicity. Together with the
three available versions of modus fortis, they yield an, a priori, twelve mem-
ber subhierarchy of Rasiowa properties. However, these apparently distinct
properties are all shown to be identical. Thus, a posteriori (after a detailed
analysis), there is only one Rasiowa property. The key factor in this drastic
collapse is the observation that the only 7-institutions in which a collection of
natural transformations has the Rasiowa property are the inconsistent ones,
i.e., those whose only theory family consists of the sets of all sentences over
each signature. In the result closing the section, we show that the Rasiowa
property also transfers.

In Section 10.19, we compare the three different regularity properties,
studied in section 10.15, with the three different modus fortis properties of
Section 10.17. It is shown that each of the three versions (global family,
local family, system) of the modus fortis implies the corresponding version
of regularity. In Section 10.20, we compare each of the four versions of the
invertibility property, studied in Section 10.13, with the three versions of
regularity. Comparisons, here, require some additional hypotheses. Namely,
we assume the existence of natural theorems in the m-institution Z and, also,
some form of modus ponens (Section 10.11). We show that, if a collection
of natural transformations has a certain type of modus ponens and the same
type of regularity, then it also has the corresponding type of invertibility.
Roughly speaking, the key observation, inherited from the study of the clas-
sical connectives in implicative logics, is that, given a natural theorem T°,
the natural transformation (T°,:) : SEN* - (SEN")2 acts as an “inverse” to
the collection I" satisfying modus ponens and regularity, so that I* satisfies
invertibility. The chapter closes with Section 10.21, which provides some
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details on the relationships of those properties involving syntactic protoal-
gebraicity. These are the Rasiowa property (syntactic protoalgebraicity +
modus fortis), versions of syntactic regularity (syntactic protoalgebraicity
+ regularity) and versions of syntactic algebraizability (syntactic protoalge-
braicity + invertibility).

10.2 Transformations and Parameters
Let F = (Sign’,SEN", N*) be an algebraic system. Consider a set
I': (SEN")* — SEN’

of natural transformations in N°*. Of course, by definition, each ¢’ € I® ¢ N*
is finitary, but the arities in the collection may be unbounded, whence the

notation becomes handy. .
Recall that, for all ¥ € [Sign’| and all ¢ € SEN’(X)«,

I(0) = {o%(do, ..., r_1) s 0" : (SEN")F - SEN’ € I'}.

Moreover, we may view the first n of the arguments in the input sequence
as distinguished and the remaining as parameters or parametric argu-
ments. In that case, for all ¥ € |Sign’| and all b= (G0, ..., ¢n1) € SEN' (D),
we define

I%[qg] = {I%,E'[é]}z'q&gnbp
where, for all ¥/ € |Sign’|,

L5 [6] = UL (SEN"(£)(8), X) : f € Sign’(%, %), ¥ € SEN"(2)}.

The following diagram illustrates where the various sentences and compo-
nents sit as we move from inputs to outputs in this construct.

SEN'(f)

SEN'(X) SEN’(%')

¢ ——————— SEN'(£)(9). ¥

1

L, (SEN()(9),Y)

Suppose that in I’ we take n = 2, i.e., we consider only the first two arguments
as distinguished and the remaining as parameters. Then, we define for o :
(SEN’)* - SEN’ € N*, the natural transformation & : (SEN’)* - SEN’, by
setting, for all ¥ € [Sign’| and all ¢,1) € SEN’(X), y € SEN* (%),

EE(¢7¢7 )2) = O'E(w7 (bu )Z)
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Further, we set B
I'={cG:0el"}
and

<«

I'=1rul.

It is not difficult to see that, given I* € N*, the collections I* and I* both
consist of natural transformations in N°.

Lemma 681 Let F = (Sign’,SEN", N*) be an algebraic system and let I° :
(SEN*)* — SEN’ be a collection of natural transformations in N*. Then

I’ I c N

Proof: The inclusion I’ € N* follows from Proposition 11. Then the second

inclusion follows directly from the definition of It ]

Finally, recall from Section 2.13 that, given an algebraic system F =
(Sign’, SEN’, N*), a collection I’ ¢ N*, with two distinguished arguments,
<« <«
and 1" € SenFam(F), we define I'(T) = {I"w(T)}sqsignt|, Py setting, for all

% € |Sign’| and all ¢,v € SEN"(X),

<¢,¢>6F2(T) iff  I4[p, 0] <T.

It was shown in Lemma 93 that (I_*’(T) is a relation system on F| i.e., invariant
under signature morphisms.

In what follows we explore some properties that collections of natural
transformations may or may not satisfy in m-institutions which are based on
the algebraic systems on which these transformations are defined.

10.3 Reflexivity

Let F = (Sign’, SEN’, N*) be an algebraic system, Z = (F,C) be a m-insti-
tution based on F and I’ : (SEN’)* - SEN" a set of natural transformations
in N*, with two distinguished arguments. Taking into account Proposition
103, we say that I’ is reflexive in Z if, for all ¥ ¢ [Sign’| and all ¢,y €
SEN"(%),

I (¢, ¢,%) € Thmy(Z) = Cx(2).

Example 682 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with object X;

e SEN':Sign’ - Set is specified by SEN"(X) = {0};
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SEN(Z) SEN(Z)

e N’ is the trivial category of natural transformations consisting only of
the projections.

Let T = (F,C) be the w-institution determined by Cs, = {{0}} and I’ = (F,C")
be the m-institution determined by C = {@,{0}}.

Consider the set I' = {p?0}, with p>0 : (SEN")2 - SEN" be the 2-argument
projection function projecting onto the first argument.

In this case, it is easy to verify that I® is reflexive in I but I' is not
reflexive in I'.

As was the case with the various properties of the Leibniz operator that
gave rise to the various classes of the semantic hierarchy of w-institutions,
the surjectivity of the morphism components in interpreted algebraic systems
affords transferring the properties that give rise to the syntactic hierarchy
studied in the present chapter from the theory families of a m-institution to
the filter families over arbitrary algebraic systems. The key in proving these
tranfer properties is Lemma 95, which will be used repeatedly in the proofs
throughout the chapter.

The first of this type of transfer properties is the transfer property for re-
flexivity. In formulating the property it is convenient to adopt the following
terminology. We consider, as is usual in this context, a base algebraic system
F = (Sign’,SEN’, N*) and a set I’ : (SEN’)* - SEN’ of natural transforma-
tions in N*. Given a m-institution Z = (F, C'), based on F, and an F-algebraic
system A = (A, (F,«)), with A = (Sign, SEN, N}, we say that I is reflexive
in A if the collection I : SEN“ — SEN of natural transformations in IV, that
are images of those in I*, is reflexive in the 7-institution (A,CTA), CTA
being the closure (operator) system whose closed set families are the Z-filter
families on A.

We use similar terminology for all other properties that we study in this
chapter, pertaining to subsets I’ of N*. In particular, such terminology will
be used in all transfer results for these properties.

Proposition 683 Let F = (Sign’, SEN’, N*) be an algebraic system, I' € N
a collection of natural transformations I’ : (SEN") — SEN" and Z = (F,C) a
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m-institution based on F. I® is reflexive in T if and only if, for every algebraic
system A= (A, (F,«)), with A = (Sign,SEN, N), I is reflezive in A.

Proof: First, note that if reflexivity of I in A is assumed, for all A, then it
holds, in particular, for A = F = (F,(I,¢)). Moreover (F,C%%) =7Z. Thus,
we conclude that I’ is reflexive in Z.

Suppose, conversely, that I° is reflexive in Z. By the surjectivity of (F, ),
it suffices to show that, for all o : (SEN")* - SEN’ € I*, all ¥ € |Sign’|, all
¢ € SEN’(X) and all y € SEN"(X),

or(s)(as(8), as (), as(X)) € 54 (2).

To this end, let o : (SEN’)* — SEN’ ¢ I', ¥ ¢ |Sign’|, ¢ ¢ SEN’(Z) and
Y € SEN"(X). Since CTA(g) is, by definition, an Z-filter family on A, by
Lemma 51, a~'(C?A(@)) € ThFam(Z). Hence, since I" is reflexive in Z, we
get

04(6,6,X) € Cu(2) € a5 (C15, (2)).

This is equivalent to

Oéz;(O';:((b, (bu )2)) € Cﬁé)(g)a

which is, in turn, equivalent to

ors)(as(9), as(6), an(Y)) e 5L (2).

Therefore, I is indeed reflexive in A. [ ]

10.4 Symmetry

We look now at various versions of the symmetry property, taking into ac-
count both the duality between local versus global membership and the differ-
ence between considering all theory families versus restricting only to theory
systems.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a n-
institution based on F and I* : (SEN")« - SEN" a set of natural transforma-
tions in N*, with two distinguished arguments. We say that:

e [’ has the local family symmetry in Z if, for all '€ ThFam(Z), all
Y € [Sign’| and all ¢, € SEN*(X), I%(¢,v,€) € Tk, for all £ e SEN*(Y),
implies that I%(v, ¢, &) € Ty, for all £ e SEN"(X);

e [’ has the local system symmetry in 7 if, for all 7" e ThSys(Z), all
Y € [Sign’| and all ¢, 1) € SEN*(X), I%(6,v,€) € Tk, for all £ € SEN*(),
implies that I% (1, ¢,€) € Tk, for all £ e SEN*(X);
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e [’ has the global family symmetry in 7 if, for all '€ ThFam(Z), all
3 € |Sign’| and all ¢, € SEN*(X), I4[¢, ] < T implies 15[, ¢] < T;

e [’ has the global system symmetry in Z if, for all 7" € ThSys(Z), all
%) € |Sign’| and all ¢, € SEN*(X), I4[¢, ] < T implies 15[, ¢] < T.

The following proposition establishes a hierarchy of symmetry properties.

Proposition 684 Let F = (Sign’,SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I' : (SEN’)~ — SEN’ a set of natural
transformations in N°, with two distinguished arguments.

(a) If I' has the local family symmetry, then it has the local system sym-
metry in L;

(b) If I has the local system symmetry, then it has the global family sym-
metry in L;

(¢) I' has the global family symmetry if and only if it has the global system
symmetry in L.

Proof: Part (a) and one of the implications in Part (c) follow directly from
the fact that every theory system of Z is also a theory family of Z.

For Part (b), suppose that I’ has the local system symmetry in Z. Let
T e ThFam(Z), X € |Sign’|, ¢, € SEN*(X), such that I%[$,1] < T. Then by
Lemma 93, for all ¥/ € |[Sign’| and all f € Sign’ (%, %),

Ly [SEN'(£)(4), SEN*(f)(¥)] < T.

This implies, by Lemma 99, that, for all £ € SEN"(X'),

15 (SEN’(£)(), SEN*(f)(#),€) € T'sy.

Since I’ has the local system symmetry and, by Proposition 42, T e ThSys(Z),
we get that It (SEN’(f)(¥),SEN’(f)(¢).€) ¢ Tsy € Tyy. Since this holds
for all ¥’ € [Sign’|, f € Sign’(X,%’) and £ € SEN"(X'), we conclude that
15[, ¢] < T. Therefore I° has the global family symmetry in Z.

Suppose, finally, that I® has the global system symmetry in Z and let
T € ThFam(Z), ¥ € [Sign’| and ¢, € SEN’(X), such that I4[¢,v] < T.
By Lemma 99, we get that I3.[¢, 1] < T. Since I’ has the global system

symmetry and, by Proposition 42, T e ThSys(Z), we get that 15[, ¢] < T.
Using again Lemma 99, we conclude that %[, ] < T. Therefore, I’ has the
global family symmetry in Z. [
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Proposition 684 has established the following hierarchy of symmetry prop-
erties:

Local Family Symmetry

Local System Symmetry

Global Symmetry

We look, next, at some natural sufficient conditions under which some of
these three symmetry properties coincide.

Proposition 685 Let F = (Sign’, SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I’ : (SEN")* — SEN' q set of natural
transformations in N*, with two distinguished arguments.

(a) If T is systemic, then the local family and the local system symmetry
coincide;

(b) If I" has only two arguments (i.e., is parameter free), then the local
system symmetry and the global symmetry coincide.

Proof: If 7 is systemic, then all theory families are theory systems and,
hence, the local family and local system symmetries coincide.

Suppose, next, that I* is parameter free and has the global system sym-
metry in Z. Let T € ThSys(Z), ¥ e |Sign’|, ¢,1) € SEN’(X), such that
IL(¢,v) ¢ T5. Then, by Proposition 99, I*[¢,1] < T. Thus, by the global
system property, I, ¢] < T, which implies that 13(¢, ¢) ¢ Tx. Therefore,
I’ has the local system symmetry in Z. |

So in the case of a systemic 7w-institution Z, we have the hierarchy pic-
tured on the left, whereas in the case of a parameter free set of natural
transformations we have the hierarchy on the right.

Local Symmetry Local Family Symmetry

Global Symmetry Local System/Global Symmetry

Finally, for a systemic m-institution with a parameter free set of natural
transformations all four symmetry properties collapse to a single one.

We provide some examples to show that the implications of Proposition
684 are not equivalences in general, i.e., in the 3-class hierarchy all inclusions
of classes of m-institutions with a set of natural transformations satisfying
the corresponding symmetry properties are proper inclusions.
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We first present an example to show that there exists a m-institution Z,
with a set of natural transformations that have the local system symmetry
but not the local family symmetry in Z.

Example 686 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fo f=f;

e SEN’: Sign’ — Set is specified by SEN’(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 0~ 0, 1 » 0 and 2~ 2;

e N’ is the category of natural transformations generated by the single
binary natural transformation o® : (SEN")2 — SEN’ defined by letting
0b:{0,1,2}%2 > {0,1,2} be given by

a*’z(:)s,y) :{ L af (I,y) = (071)

0, otherwise

2 2

1 \ 1

0 0
SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

Cy = {{Q}a {172}a {07 172}}'

Note that there are three theory families, but only Thm(Z) and SEN’ are
theory systems.

Consider the set I' = {0}, with o* : (SEN")2 - SEN’ having two distin-
guished arguments. We show that I® has the local system symmetry in L, but
it does not have the local family symmetry in I.

For the local system symmetry note that, if T = SEN’, then the defining
implication is trivially true, whereas, if T = Thm(Z), then, since, for all
¢, € SEN"(X), ob(¢,1)) # 2, the defining implication is vacuously true. So
I" has the local system symmetry in .

On the other hand, for T = {{1,2}} € ThFam(Z), we have c%(0,1) =1 ¢
Ts, but 0%(1,0) = 0 ¢ Ts.. Therefore, the implication defining local family
symmetry fails for T = {{1,2}}. So I" is not locally family symmetric in T.
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Next, we present an example to show that there is w-institution Z with a
set of natural transformations that have the global family symmetry but not
the local system symmetry in Z.

Example 687 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN' : Sign’ — Set is specified by SEN'(X) = {0,1} and SEN’(f) :
{0,1} - {0,1} given by 0 — 1 and 1~ 1;

e N’ is the category of natural transformations generated by the single
ternary natural transformation o* : (SEN’)3 - SEN' defined by letting
ob:{0,1}3 - {0,1} be given by

ob (1,9, 2) = { 0, if (x,2) = (1,0)

1, otherwise

1 1
]
0 0
SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by Csx = {{1},{0,1}}. Note
that both theory families, Thm(Z) and SEN’, are also theory systems.
Consider the set I' = {o*}, with o* : (SEN")3 - SEN’ having two distin-
guished arguments. We show that I° has the global family symmetry in T,
but it does not have the local system symmetry in I.
For the global family symmetry note that, if T = SEN’, then the defining
implication is trivially true, whereas, if T = Thm(Z), then, since, for all

¢, € SEN'(X),
UE(SENb(f)(QS)’ SENb(f)(@D),O) = O’%(l, 1a0) =0,

the defining implication is vacuously true. So I' has the global family sym-
metry i L.

On the other hand, we have 0%(0,1,€) = 1, for all & € SEN* (), but
05(1,0,0) =0 ¢ {1}. Therefore, the implication defining local system symme-
try fails for Thm(Z). So I' is not locally system symmetric in T.
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To close the study of symmetry properties, we prove that all three sym-
metry properties transfer from m-institutions to their models.

Proposition 688 Let F = (Sign’, SEN’, N*) be an algebraic system, I' a
collection of natural transformations I' : (SEN") — SEN’ in N, with two
distinguished arguments, and I = (F,C) a m-institution based on F. I' has a
symmetry property in I if and only if, for every F-algebraic system A =
(A, (F,a)), with A = (Sign,SEN,N), I has the corresponding symmetry
property in A.

Proof: If I has a symmetry property in A, for all A, then it has the same
symmetry in F = (F,(I,:)). Since (F,C%%) =T, we conclude that I* has the
corresponding symmetry in Z.

Suppose, conversely, that I® has a symmetry in Z. We look at each of the
three properties in turn.

(a) Suppose I’ has the local family symmetry in Z and let A = (A, (F,«)),
with A = (Sign, SEN, N), be an F-algebraic system, T € FiFam”(A),
Y €|Sign’| and ¢, € SEN"(X), such that

Iresy (as(0), as (), ax(€)) € Tres),

for all £ e SEN*(X). Since this is equivalent to ag(lg(qb,w,g)) € Tr(s),
we get that I%(¢,9,€) c ot (Tp(sy), for all £ € SEN’(Z). But, by
hypothesis, I’ has the local family symmetry in 7 and, by Lemma 51,
o Y(T) € ThFam(Z). Therefore, we get that I4(¥,¢,€) € o5 (Tr(x)).
This now gives ax(I%(1),¢,€)) ¢ Tr(sy, or, equivalently,

Iresy(as (), as(9), as(€)) € Tr).-
We conclude that I has the local family symmetry in A.

(b) The case of the local system symmetry can be proven similarly, taking
into account that, if 7" e FiSys”(A), then a~*(T") € ThSys(Z).

(¢) Suppose that I* has the global (family) symmetry in Z and let A =
(A, (F,«)), with A = (Sign,SEN, N), be an F-algebraic system, T €
FiFam?(A), ¥ ¢ |Sign’| and ¢, 1) € SEN’(X), such that

Irsylos(9),as(¥)] < T.

Then, we have, by Lemma 95, I%[¢,¥] < a”1(T). Now, since, by
hypothesis, I has the global family symmetry in Z and, by Lemma 51,
a™H(T) € ThFam(Z), we get that I4[v,¢] < a7 (T'), or, equivalently,
by Lemma 95, Ipsy[ax(¥),as(¢)] <T. Thus, I has the global family

symmetry in A. .
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10.5 Transitivity

We study next various versions of the transitivity property, taking into ac-
count, again, both the duality between local versus global membership and
the difference between considering all theory families versus restricting only
to theory systems.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a 7-
institution based on F and I’ : (SEN")~ — SEN" a set of natural transforma-
tions in N, with two distinguished arguments. We say that:

e [’ has the local family transitivity in 7 if, for all 7" e ThFam(Z), all
Y € |Sign’| and all ¢, v, € SEN*(X), I%(¢,,€) € Tx, and I% (1, x, €) €
T, for all € € SEN*(X), imply that I% (¢, x,€) € Tk, for all € € SEN*(X);

e [’ has the local system transitivity in 7 if, for all 7" e ThSys(Z), all
Y € [Sign’| and all ¢, v, x € SEN*(X), I%(¢,%,€) € Ts and I% (1, x, &) €
Ty, for all € € SEN*(X), imply that I%(¢, x,€) € Tk, for all € e SEN*(2);

e [’ has the global family transitivity in Z if, for all '€ ThFam(Z),
all ¥ € |Sign’| and all ¢,9,x € SEN*(X), IL[¢,9] < T and 15[, x] < T
imply I3,[¢,x] < T}

e [’ has the global system transitivity in Z if, for all 7' € ThSys(Z),
all ¥ € |Sign’| and all ¢,¢,x € SEN*(X), IL[¢,¢] < T and I%[¢),x] < T
imply I3,[¢, x] < T.

The following proposition establishes the hierarchy of transitivity prop-
erties.

Proposition 689 Let F = (Sign’,SEN’, N*) be an algebraic system, I =
(F,C) be a m-institution based on F and I' : (SEN")* — SEN’ a set of natural
transformations in N°, with two distinguished arguments.

(a) If I’ has the local family transitivity, then it has the local system tran-
sitivity in L;

(b) If I’ has the local system transitivity, then it has the global family tran-
sitivity in L;

(c) I' has the global family transitivity if and only if it has the global system
transitivity in L.

Proof: The statement in Part (a) as well as one of the two implications of
Part (c) follow from the fact that every theory system is also a theory family
of 7.

For Part (b), suppose that I® has the local system transitivity and let
T e ThFam(Z), ¥ € |Sign’| and 6,4, x € SEN’(X), such that I%[¢,¢] < T
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and 15[, x] < T. By Lemma 93, we get that, for all ¥ € |Sign’| and all
f € Sign’(%,%),

Ly [SEN'(£)(¢), SEN'(f)(¥)] < T, IL[SEN'(f)(v), SEN"(f)(x)] < T

So, by Proposition 99, we get, for all £ ¢ SEN' (%),

L, (SEN'(£)(¢), SEN'(f)(¥),€
I (SEN'(f) (), SEN'(£)(x), €

Xy
-

N

In
Nt St

)
)
By local system transitivity, we obtain I%,(SENb(f)(qb),SENb(f)(x),f) c
Ty, Since this holds for all ¥ e |Sign’|, all f ¢ Sign’(X,%) and all € ¢
SEN’(X/), we conclude that I%,[¢, x] < T, Therefore, I* has the global family
transitivity in Z.

Finally, suppose that I’ has the global system transitivity in Z and let
T e ThFam(Z), ¥ € |Sign’| and ¢,¢,x € SEN’(X), such that IL[¢,¢] < T

and I%[4¢, x] < T. By Proposition 99, we get I%[¢, 1] < T and LN, x] < T.

Hence, by global system transitivity, I%[¢, x] < T. Now, using Proposition
99 again, we conclude that I%[¢, x] <T. Therefore, I’ has the global family
transitivity in Z. [

Proposition 689 has established the following hierarchy of transitivity
properties:

Local Family Transitivity

Local System Transitivity

Global Transitivity

We also have the following result regarding natural sufficient conditions
under which some of these three transitivity properties coincide.

Proposition 690 Let F = (Sign’, SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I’ : (SEN")~ — SEN’ a set of natural
transformations in N°, with two distinguished arguments.

(a) If T is systemic, then the local family and the local system transitivity
coincide;

(b) If I* has only two arguments (i.e., is parameter free), then the local
system transitivity and the global transitivity properties coincide.
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Proof: If 7 is systemic, then all theory families are theory systems and the
local family and local system transitivity properties collapse.

Suppose that I' is parameter free and that I® has the global (family)
transitivity in Z. Let T e ThSys(Z), X € [Sign’| and ¢,, x € SEN*(X), such
that I%(¢,v) € Ty and I3 (¢,x) € Tx. By Proposition 99, I5[¢,¢] < T and
IL[¢,x] < T. Thus, by the global family transitivity property, I4[¢, x] < T,
which implies that I (¢, x) € T%. We conclude that I* has the local system
transitivity in Z. n

So in the case of a systemic m-institution Z, we have the hierarchy pic-
tured on the left, whereas in the case of a parameter free set of natural
transformations we have the hierarchy on the right.

Local Transitivity Local Family Transitivity

Global Transitivity Local System/Global Transitivity

Finally, for a systemic m-institution with a parameter free set of natural
transformations all four transitivity properties collapse to a single one.

We provide some examples to show that the implications of Proposition
689 are not equivalences in general, i.e., in the 3-class transitivity hierarchy
all inclusions of classes of m-institutions with a set of natural transformations
satisfying the corresponding transitivity properties are proper inclusions.

First, we present an example to show that there exists a m-institution Z,
with a set of natural transformations that has the local system transitivity
but not the local family transitivity in Z.

Example 691 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN': Sign’ — Set is specified by SEN’(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 0~ 0, 1 » 0 and 2~ 2;

e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 — SEN’ defined by letting
0v.:{0,1,2}2 > {0,1,2} be given by

o (2.1) :{ 1, if (x,y) = (0,1) or (1,2)

0, otherwise

Let T = (F,C) be the m-institution determined by

CE = {{2}7 {172}7 {07 172}}
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2 2
1 \ 1
0 0
SEN(Z) SEN(Z)

Note that there are three theory families, but only Thm(Z) and SEN® are
theory systems.

Consider the set I' = {0}, with o* : (SEN")2 - SEN’ having two distin-
guished arquments. We show that I has the local system transitivity in T,
but it does not have the local family transitivity in .

For the local system transitivity note that, if T = SEN’, then the defining
implication is trivially true, whereas, if T = Thm(Z), then, since, for all
$,1 € SEN"(X), ob(¢,1)) # 2, the defining implication is vacuously true. So
I" has the local system transitivity in T.

On the other hand, for T = {{1,2}} € ThFam(Z), we have 0%(0,1) =
05(1,2) =1 e Ty, but 05(0,2) = 0 ¢ Tx,. Therefore, the implication defining
local family transitivity fails for T = {{1,2}}. So I" is not locally family
transitive in L.

We now present an example to show that there is m-institution Z, with a
set of natural transformations that has the global family transitivity but not
the local system transitivity in Z.

Example 692 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:X — X, such that fo f=f;

e SEN’: Sign’ — Set is specified by SEN*(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 02, 1 =2 and 2~ 2;

e N’ is the category of natural transformations generated by the single
ternary natural transformation o* : (SEN")3 - SEN' defined by letting
ob:{0,1,2}% > {0,1,2} be given by

0, ife=y=0o0rz=y=1

os(r,y,2) =4 2, if {z,y} ={0,1} orz=y=2=2
z, otherwise
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)

==

SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

Cs = {{2},{0,2},{1,2},{0,1,2}}.

Note that all four theory families, Thm(Z), T = {{0,2}}, T" = {{1,2}} and
SEN’, are also theory systems.

Consider the set I' = {a*}, with o® : (SEN")3 - SEN" having two distin-
guished arguments. We show that I' has the global family transitivity in T,
but it does not have the local system transitivity in L.

For the global family transitivity note that, because, for all ¢, € SEN’(X),
o3, (SEN'(£)(¢),SEN"(f)(¥),0) = 0 and o§,(SEN"(f)(¢),SEN"(f)(¥),1) =
1, the implication of the defining condition is vacuously true for Thm(Z), T
and T" and trivially true for SEN®. Therefore, we get that I' has the global
family transitivity in L.

On the other hand, we have 03(0,1,§) = 0%(1,0,8) = 2, for all € €
SEN’(X), but 0%(0,0,0) = 0 ¢ {2}. Therefore, the implication defining lo-
cal system transitivity fails for Thm(Z). So I' does not have the local system
transitivity in L.

We close the study of transitivity by providing, again, a transfer property
for transitivity.

Proposition 693 Let F = (Sign’, SEN’, N*) be an algebraic system, I' a
collection of natural transformations I' : (SEN")* — SEN’ in N*, with two
distinguished arguments, and Z = (F,C') a w-institution based on F. I° has
a transitivity property in I if and only if, for every F-algebraic system A =
(A, (F,«)), with A = (Sign,SEN, N}, I has the corresponding transitivity
property in A.

Proof: If I has a transitivity property in A, for all A, then it has the same
transitivity in F = (F,([,¢)). Since (F,C%%) = Z, we conclude that I’ has
the corresponding transitivity in Z.

Suppose, conversely, that I’ has a transitivity property in Z. We look at
each of the three properties in turn.
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(a)

Suppose I’ has the local family transitivity in Z and let A = (A (F, «)),
with A = (Sign, SEN, V), be an F-algebraic system, 7" € FiFam?(A),
Y € |Sign’| and ¢,1), x € SEN’(X), such that, for all £ e SEN’(%),

Irs)(as (), as (), 042(51)) € Tr(s),
Ir)(as(¥), as(x), ax(§)) € Tres).

These are equivalent, respectively, to
az(lg(qba wa g)) S TF(E)> Oéz(]%(’gb, X5 g)) S TF(Z)>

ie., to I5(¢,1,8) € ag (Trexy) and I5(¥,x,€) € o' (Tr(s)), for all
¥ € SEN’(X). But, by hypothesis, I’ has the local family transitivity
in Z and, by Lemma 51, a='(7T") € ThFam(Z). Therefore, we get that
156, %, ) € ozl (Tresy), for all ¥ € SEN’(). Thus, as(I4(4,x,£)) ¢
Tr(sy and, hence, Iy (as(9), as(x), s (€)) ¢ Tp(sy). This, combined
with the surjectivity of (F,«), proves that I has the local family tran-
sitivity in A.

The case of the local system transitivity may be proven similarly, taking
into account that, if 7' € FiSys”(A), then a~1(T) € ThSys(Z).

Suppose that I’ has the global (family) transitivity in Z and let A =
(A, (F,a)), with A = (Sign,SEN, N), be an F-algebraic system, T ¢
FiFam® (A), ¥ € |Sign’| and ¢, v, x € SEN’(X), such that

Irylas(9),as(P)]<T  and  Ip)las(), as(x)] < T.

Then, we have, by Lemma 95, I5[¢, ] < o }(T') and I4[¢, x] < o 1(T).
Since, by hypothesis, I’ has the global family transitivity in Z and, by
Lemma 51, a~'(T") € ThFam(Z), we get that I%[¢,x] < a7!(T), or,
equivalently, using again Lemma 95, Ip(sy[ax(#), ax(x)] <T. Thus, I

has the global family transitivity in A.
[ |

10.6 Equivalence

We look now at sets of natural transformations I®, with two distinguished
arguments, that define (modulo theory families) equivalence relation families
on the underlying algebraic system of a m-institution Z. We assume that I°
has the reflexivity property and study combinations of possible symmetry and
transitivity properties that the set of connectives may or may not possess.
Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a -
institution based on F and I’ : (SEN")* — SEN' a set of natural transfor-
mations in N*, with two distinguished arguments. Let XY € {LF,LS, GB},
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where LF stands for “Local Family”, LS stands for “Local System” and GB
stands for “GloBal”. We say that I’ has the XY-equivalence property in
7 if it has

(a) reflexivity in Z;
(b) X symmetry in Z and
(¢) Y transitivity in Z.

Recall the following hierarchies of symmetry and transitivity properties
that were established in Sections 10.4 and 10.5, respectively:

Local Family Symmetry

Local System Symmetry

Global Symmetry

Local Family Transitivity

Local System Transitivity

Global Transitivity

From these, we can infer the following hierarchy of equivalence properties:

Corollary 694 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)
be a m-institution based on F and I' : (SEN")* - SEN’ a set of natural trans-
formations in N°, with two distinguished arguments. The nine equivalence
properties constitute the hierarchy depicted in the accompanying diagram.

Proof: The statement is a direct consequence of Propositions 684 and 689.
[

LFLF Equivalence

AN
/

LFLS Equivalence

/

LFGB Equivalence

\

LSGB Equivalence

LSLF Equivalence

N\

GBLF Equivalence

e

GBLS Equivalence

/
AN

LSLS Equivalence

S EN
NES

GBGB Equivalence
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Based on the analysis performed on symmetry and transitivity, we have
the following result regarding natural sufficient conditions under which some
of the nine equivalence properties above coincide. We let LC stand for “Lo-
Cal” to summarize the case when the local family and the local system version
of a property coincide.

Corollary 695 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)
be a m-institution based on F and I' : (SEN’)* — SEN’ a set of natural
transformations in N°, with two distinguished arguments.

(a) If T is systemic, then the equivalence hierarchy collapses to the one
depicted below;

LCLC Equivalence

/N

LCGB Equivalence GBLC FEquivalence

NS

GBGB Equivalence

(b) If I' has only two arquments (i.e., is parameter free), then the equiv-
alence hierarchy collapses to the one depicted below, where the local
system versions coincide with (and, hence, are incorporated into) the
global versions.

LFLF Equivalence

AN
/

LFGB FEquivalence GBLF Equivalence

/
AN

GBGB FEquivalence

Proof: The statement follows directly from Propositions 685 and 690. =

For a systemic w-institution with a parameter free set of natural transfor-
mations, there is only one equivalence property, since all versions of symmetry
and all versions of transitivity collapse to a single property.

We provide some examples to show that the implications of Proposition
694 are not equivalences in general, i.e., that the nine classes of the equiva-
lence hierarchy are all distinct.

First, we present an example to show that there exists a m-institution Z,
with a set of natural transformations that has the LSLF equivalence, but not
the LFGB equivalence in 7.
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Example 696 Let F = (Sign’ SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fo f=1iy;

e SEN': Sign’ — Set is specified by SEN"(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 0~ 1, 1 » 0 and 2~ 2;

e N’ is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 - SEN’ defined by letting
0b:{0,1,2}%2 > {0,1,2} be given by

SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

Cs = {{2},{0,2},{1,2},{0,1,2}}.

Note that there are four theory families, but only Thm(Z) and SEN® are
theory systems.

Consider the set I' = {0}, with o* : (SEN")2 - SEN’ having two distin-
guished arguments. We show that I® has the LSLF equivalence in I, but it
does not have the LFGB equivalence in I.

Note, first, that reflexivity is obvious, since, by definition o%(z,z) = 2 €
Thmy(Z), for all z € SEN"(X). Local system symmetry is also obvious, since
the only theory systems in T are Thm(Z) and SEN'. Local family transitivity
1s a little more challenging to verify, but it suffices to observe that the pairs
that are related modulo T' = {{0,2}} are as shown on the left diagram and the
pairs that are related modulo T" = {{1,2}} are as on the right diagram. We
conclude that I' has the LSLF equivalence in T.
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On the other hand, for T = {{0,2}} e ThFam(Z), we have c%(1,0) =
T, but 05(0,1) = 1 ¢ Ts. Therefore, the implication defining local family
symmetry fails for T = {{0,2}}. So I" is not locally family symmetric, and,
hence, a fortiori, does not have the LFGB equivalence property in I.

We now present an example to show that there is a w-institution Z with
a set of natural transformations that has the GBLF equivalence but not the
LSGB equivalence in 7.

Example 697 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:3 - 3, with fo f=f;

e SEN':Sign’ - Set is specified by SEN’(X) = {0,1,2,3} and SEN"(f):
{0,1,2,3} - {0,1,2,3} given by 02, 1+ 3, 2+ 2 and 3~ 3;

e N is the category of natural transformations generated by the single
ternary natural transformation o : (SEN®)3 — SEN' defined by letting:
05:{0,1,2,3}® > {0,1,2,3} be given by

2, ifw=yor(zy)=(0,1)orz=2o0rz=3
b - ’ ’ ’
oy (2,y,2) = { 0, otherwise .

Let T = (F,C') be the m-institution determined by

Cs ={{2,3},{0,1,2,3}}.

T has two theory families, Thm(Z) and SEN’, both of which are also theory
systems. So it is a systemic m-institution.

Consider the set I' = {a*}, with o* : (SEN")3 - SEN’ having two distin-
guished arguments. We show that I' has the GBLF equivalence in T, but it
does not have the LSGB equivalence in L.

First, note that o%(¢,¢,1) = 2 € Thmx(Z), for all ¢,v) € SEN*(X). Thus,
I' is reflexive in Z. For global symmetry, the case of T = SEN' is trivial,
whereas, for T = Thm(Z), observe that, for no ¢,1 € SEN*(X), with ¢ # 1), is
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w

N

SEN(Z) SEN(Z)

it the case that ob[¢,¢] <T. Thus, the defining condition holds trivially for
Thm(Z). So I' has the global symmetry in Z. For local family transitivity,
the case of T = SEN' is also trivial and for T = Thm(ZT), the only pair
(¢,1) € SEN*(X), with ¢ # ¢, for which o%(¢,v,&) € Thmy(Z), for all
¢ € SEN*(X), is the pair (¢,7) = (0,1). So the defining condition holds for
Thm(Z) also. Thus I® has the local family transitivity. We conclude that I
has the GBLF equivalence in T.

On the other hand, we have 0%(0,1,§) = 2 € Thmy(Z), for all £ €
SEN’(X), but 0%(1,0,0) = 0 ¢ Thmx(Z). So the implication defining lo-
cal system symmetry fails for Thm(Z). Therefore, I' does not have the local
system symmetry in L.

Next, we present an example to show that there is a m-institution Z with
a set of natural transformations that has the LFLS equivalence but not the
GBLF equivalence in Z.

Example 698 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN': Sign’ — Set is specified by SEN"(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 00, 1 =~ 0 and 2~ 2;

e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN)2 - SEN’ defined by letting
0y :{0,1,2}2 > {0,1,2} be given by the following table:

01 2
012 2 0
112 21
210 1 2
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1 \ 1

0 0
SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by

CE = {{2}7 {17 2}7 {Ov 17 2}}

Note that T has three theory families, but only Thm(Z) and SEN" are theory
systems. So I is not systemic.

Consider the set I' = {0}, with o* : (SEN")2 - SEN" having two distin-
quished arguments. We show that I* has the LFLS equivalence in T, but it
does not have the GBLF equivalence in .

First, since o%(¢,¢) = 2 € Thmx(Z), for all ¢ € SEN*(X), I* is re-
flexive in . Next, observe from the table that, for all ¢, € SEN'(X),
ou(p,v) = o%(,¢). Therefore, a fortiori, for all T e ThFam(Z), and all
¢, € SEN' (), if o%(¢,1) € Ty, then ab(v,¢) € Tx, showing that I' has
the local family symmetry in Z. For the local system transitivity, the defining
implication is trivial in the case of SEN’, whereas in the case of Thm(7T),
it is straightforward to check based on the table defining 0. Thus, I' has
indeed the LFLS equivalence in Z.

On the other hand, consider the theory family T = {{1,2}}. We have
05(0,1) =2 and 0%(1,2) =1, i.e., 05(0,1),05(1,2) € Ts, whereas 05(0,2) =
0 ¢ Tx. Therefore, I' does not have the local family transitivity and, hence, a
fortiori, does not satisfy the GBLF equivalence property in L.

Finally, we present an example to show that there is a m-institution 7
with a set of natural transformations that has the LFGB equivalence but not
the GBLS equivalence in Z.

Example 699 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:3 — X, with fo f=f;

e SEN' : Sign’ - Set is specified by SEN'(X) = {0,1,2,3,4,5} and
SEN*(£):{0,1,2,3,4,5} - {0,1,2,3,4,5} given by 0 >3, 1 4, 2> 5,
33,44 and 5 5;
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e N is the category of natural transformations generated by the single
ternary natural transformation o* : (SEN")3 - SEN’ defined by letting:
05:{0,1,2,3,4,5}3 - {0,1,2,3,4,5} be given by

3, ifw=y or{r,y}={0,1} or{z,y}={1,2}
on(z,y,2) = orz=3 orz=4o0rz=5
0, otherwise

RN
%
2 %
1
0
SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by
Cy ={{3,4,5},{0,1,2,3,4,5}}.

T has two theory families, Thm(Z) and SEN’, both of which are also theory
systems. So it is a systemic m-institution.

Consider the set I' = {0}, with o* : (SEN")3 - SEN’ having two distin-
guished arguments. We show that I' has the LFGB equivalence in I, but it
does not have the GBLS equivalence in L.

First, note that o%(¢,$,v) = 3 € Thmx(Z), for all ,1) € SEN*(Z). Thus,
I' is reflexive in I. For local family symmetry, the case of T = SEN’ is trivial,
whereas, for T = Thm(T), observe that, if ¢,1p € SEN*(X), with ¢ + 1, are
such that o%(¢,1,€) € Thmy(Z), for all € e SEN*(X), then {x,y} = {0,1} or
{x,y} = {1,2}. Thus, I® is local family symmetric. For global transitivity,
the case of T = SEN’ is also trivial and for T = Thm(Z), there is no pair
(¢,9) € SEN*(X), with ¢ # 1, for which o[¢,v¢] € Thm(Z). So the defining
condition holds trivially for Thm(Z) also. Thus I* has the global transitivity.
We conclude that I* has the LFGB equivalence in T.

On the other hand, we have 0%(0,1,§) = 3 € Thmy(Z) and 0%(1,2,§) =
3 € Thmx(Z), for all £ € SEN’(Y), but 04,(0,2,0) = 0 ¢ Thmg(Z). So the
implication defining local system transitivity fails for Thm(Z). Therefore, I°
does not have the local system transitivity in I.

We close the study of equivalence by providing, again, a transfer property.
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Corollary 700 Let F = (Sign’,SEN’, N*) be an algebraic system, I' a col-
lection of natural transformations I' : (SEN")* — SEN' in N*, with two
distinguished arquments, and I = (F,C) a mw-institution based on F. I' has
an equivalence property in I if and only if, for every F-algebraic system
A= (A, (F,a)), with A = (Sign,SEN, N), I has the corresponding equiva-
lence property in A.

Proof: This follows directly from Propositions 683, 688 and 693. [

10.7 Antisymmetry

We look next at the antisymmetry property.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a -
institution based on F and I’ : (SEN")~ — SEN" a set of natural transforma-
tions in N*, with two distinguished arguments. We say that:

e [’ has the local antisymmetry in 7 if, for all ¥ € |Sign’| and all
¢, € SEN* (), I5(¢,9,€) € Thmy(Z) and 1L (1), ¢,€) € Thmy(Z), for
all £ e SEN"(X), imply ¢ = 1/

e I’ has the global antisymmetry in Z if, for all ¥ € |Sign’| and all
6,0 € SEN'(S), I4[6,0] < Thin(T) and T3[¢,6] < Thm(T) imply
¢=1.

The antisymmetry properties stratify into the following hierarchy.

Proposition 701 Let F = (Sign’,SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I : (SEN")« - SEN’ a set of natural
transformations in N°, with two distinguished arguments. If I’ has the local
antisymmetry in L, then it has the global antisymmetry in Z.

Proof: Suppose that I’ has the local antisymmetry and let ¥ e [Sign’|,
¢, € SEN*(X), such that I%[¢, ] < Thm(Z) and I4[4), $] < Thm(Z). Then
we get, in particular, that, for all £ ¢ SEN’(%), [%(gb,@b,f) ¢ Thmy(Z) and
LL(,$,€) € Thmy(Z). Thus, by local antisymmetry, we obtain ¢ = 1. We
conclude that I’ has the global antisymmetry in Z. [

Proposition 701 has established the following hierarchy of antisymmetry
properties:

Local Antisymmetry

Global Antisymmetry

We look, next, at a natural sufficient condition under which the antisym-
metry properties coincide.
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Proposition 702 Let F = (Sign’,SEN’, N*) be an algebraic system, I =
(F,C) be a m-institution based on F and I' : (SEN")* — SEN' a set of
natural transformations in N°, with two distinguished arguments. If I has
only two arguments (i.e., is parameter free), then the local antisymmetry and
the global antisymmetry properties coincide.

Proof: Suppose that I’ is parameter free and has the global antisymmetry
in Z. Let ¥ € |Sign’|, ¢,7 € SEN*(X), such that I}.(¢,v¢) ¢ Thmy(Z) and
I%(¢,¢) ¢ Thmy(Z). Then, by Proposition 99, I%[¢,¢] < Thm(Z) and
15[, ¢] < Thm(Z). Thus, by global antisymmetry, ¢ = . Therefore, I* has
the local antisymmetry in Z. ]

So in the case of a parameter free set of natural transformations we have
a single antisymmetry property.

We provide an example to show that the implication of Proposition 701
is not an equivalence in general. That is, we provide an example of a -
institution Z with a set I° of natural transformations, with two distinguished
arguments, that has the global antisymmetry but not the local antisymmetry
inZ.

Example 703 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 - X, such that fo f = f;

e SEN' : Sign’ — Set is specified by SEN'(X) = {0,1} and SEN’(f) :
{0,1} - {0,1} given by 0~ 1 and 1~ 1;

e N’ is the category of natural transformations generated by the single
ternary natural transformation o* : (SEN")3 - SEN' defined by letting
ob:{0,1}3 - {0,1} be given by

0, if(z,y,2)=(1,1,0)
b _ ) y I 3 L
oxn(,y,2) = { 1, otherwise

Let T = (F,C) be the w-institution determined by Cx = {{1},{0,1}}. Note that
there are two theory families, Thm(T) and SEN’, both of which are theory
systems.

Consider the set I' = {a*}, with o* : (SEN")3 - SEN’ having two distin-
guished arguments. We show that I' has the global antisymmetry in I, but it
does not have the local antisymmetry in I.

To see that I has the global antisymmetry in I, it suffices to notice that,
for no ¢,v € SEN*(X) is it the case that 15[¢,] < Thm(X). Therefore, the
defining condition holds vacuously, for all ¢, € SEN'(X).

On the other hand, for 0 # 1, we have 0%(0,1,£) = 05(1,0,§) = 1 ¢
Thmy(Z), for all £ € {0,1}. So I is not locally antisymmetric in T.
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0 0
SEN(Z) SEN(Z)

To close the study of antisymmetry properties, we show that they do not
transfer from m-institutions to their models. This is to be expected, since the
inverse image a~!(T") of the minimum Z filter family of a 7-institution Z on
an algebraic system A may not coincide with the theorem system of 7.

Example 704 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with a single object ;
e SEN':Sign’ - Set is specified by SEN’(X) = {0,1,2};

e N is the category of natural transformations generated by the single
binary natural transformation o® : (SEN")2 — SEN’ defined by letting
0% :{0,1,2}2 - {0,1,2} be given by o%(z,y) =0, for all z,y € SEN’ ().

SEN(Z)

Let T = (F,C') be the m-institution determined by

Cy ={{1,2},{0,1,2}}.

Consider the set I' = {0}, with o* : (SEN")2 - SEN’ having two distin-
guished arguments. We show that I' has the local antisymmetry in I, but that
there exists an F-algebraic system A= (A, (F,«)), with A = (Sign, SEN, N),
such that I does not have the local antisymmetry in A.

Let A = (Sign,SEN, N) be the algebraic system determined as follows:
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e Sign is the trivial category with a single object A;
e SEN: Sign — Set is specified by SEN(A) = {a,b};

o N is the category of natural transformations generated by the single
binary natural transformation o : SEN? — SEN defined by letting o 4 :
{a,b}? > {a,b} be given by oa(x,y) = a, for all x,y € SEN(A).

A is an N'-algebraic system, as can be seen by sending o® — o and extending

to categories by composition.
Now let (F,a): F - A be the morphism defined as follows:

e F:Sign’ — Sign is the obvious functor between trivial categories;

e o : SEN’ - SEN o F is defined by setting ax(0) = a, ax(1) = a and
042(2) =b.

SEN(A)

SEN(Z)

Our goal is to show that I has the local antisymmetry in Z but that I does
not have the local antisymmetry in A. We have, for all ¢, € SEN(X),
o5(¢,v) ¢ Thmy(Z) and 0% (¢, ¢) ¢ Thix(Z), whence the defining condition
of local antisymmetry for I® is vacuously true. So I is locally antisymmetric
n L.

On the other hand, note that the least Z-filter system on A is SEN. More-
over, we have ga(a,b) = oa(b,a) = a € SEN(A), with a #+ b. Thus I = {c}
does not have the local antisymmetry in A.

10.8 Order

We look next at sets of natural transformations I°, with two distinguished
arguments, that define (modulo theory families) partial order families on the
underlying algebraic system of a m-institution Z. We assume that I® has the
reflexivity property and study combinations of possible antisymmetry and
transitivity properties that the set of connectives may or may not possess.
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Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a -
institution based on F and I* : (SEN’)* — SEN’ a set of natural trans-
formations in N’ with two distinguished arguments. Let X € {LC,GB},
where LC and GB stand for “LoCal” and “GloBal”, respectively, and let
Y € {LF,LS,GB}, where LF stands for “Local Family” and LS for “Local
System”. We say that I® has the XY poset property in Z if it has

(a) reflexivity in Z;
(b) X antisymmetry in Z and
(¢) Y transitivity in Z.

Recall, again, the following hierarchies of antisymmetry and of transitivity
properties, which were established in Sections 10.7 and 10.5, respectively:

Local Antisymmetry Local Family Transitivity

Global Antisymmetry Local System Transitivity

Global Transitivity
From these, we can infer the following hierarchy of poset properties.
Corollary 705 Let F = (Sign’, SEN’, N*) be an algebraic system, T = (F,C)
be a m-institution based on F and I': (SEN")* — SEN' a set of natural trans-

formations in N*, with two distinguished arqguments. The siz poset properties
of I' satisfy the hierarchy depicted in the accompanying diagram.

Proof: The statement is a direct consequence of Propositions 701 and 689.
[ ]

LCLF Poset
RN
GBLF Poset LCLS Poset
NN
GBLS Poset LCGB Poset
NS
GBGB Poset

Based on the analyses performed on antisymmetry and transitivity, we
have the following result regarding natural sufficient conditions under which
some of these poset properties coincide.
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Corollary 706 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)
be a m-institution based on F and I' : (SEN")* — SEN' q set of natural
transformations in N°, with two distinguished arguments.

(a) If T is systemic, then the hierarchy of poset properties collapses to the
one depicted on the left of the accompanying diagram;

(b) If I' has only two arguments (i.e., is parameter free), then the hierarchy
of poset properties collapses to the one depicted on the right of the
diagram, where, since there is only one antisymmetry property, the
qualifications refer to the type of transitivity that holds.

Proof: The statement follows directly from Propositions 690 and 702. m

LCLC Poset LF Poset
GBLC Poset LCGB Poset
GBGB Poset LS/GB Poset

For a systemic w-institution with a parameter free set of natural transfor-
mations, there is only one poset property, since the two versions of antisym-
metry and all three versions of transitivity collapse, respectively, to a single
property.

We provide some examples to show that the implications of Corollary 705
are not equivalences, i.e., the six classes of the poset hierarchy are all distinct
in general.

First, we present an example to show that there exists a w-institution Z,
with a set of natural transformations that has the GBLF poset property, but
not the LCGB poset property in Z.

Example 707 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 - X, such that fo f = f;

e SEN’: Sign’ - Set is specified by SEN*(X) = {0,1,2,3} and SEN"(f):
[0,1,2,3} - {0,1,2,3} given by 0>2, 13, 2> 2 and 3 3;

e N is the category of natural transformations generated by the single
ternary natural transformation o* : (SEN)3 — SEN' defined by letting
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0 :{0,1,2,3}% > {0,1,2,3} be given by

2, ifx=yor(z,y)=(0,1) or (z,y) = (1,0)
ob(z,y,2) = orz=2orz=3
0, otherwise

N\

SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

Cy ={{2,3},{0,1,2,3}}.

Note that both theory families, Thm(Z) and SEN’, are also theory systems.
So 7 is a systemic w-institution.

Consider the set I' = {0}, with o* : (SEN")3 - SEN’ having two distin-
quished arguments. We show that I’ has the GBLF poset property in T, but
it does not have the LCGB poset property in I.

Note, first, that reflexivity is obvious, since, by definition, for all ¢ €
SEN" (), 04(¢,¢,€) = 2 € Thmy(Z), for all & e SEN'(X). For global an-
tisymmetry, note that if, for some ¢, € SEN*(X), o%[#,v] < Thm(Z) and
ob[1,¢] < Thm(Z), then we must have ¢ = ). Finally, for local family transi-
tivity, the defining equation holds trivially for T = SEN', whereas, if for some
6,0, € SEN'(D), with ¢ % x, 0%(6,1,€) € {2,3} and ob(1,x,€) € {2.3},
for all € € SEN*(X), we must have ¢ =1 or 1 = x, whence the condition is
satisfied in this case as well. Thus, I' is also locally family transitive in T
and, therefore, has the GBLF poset property in I.

On the other hand, since 0%(0,1,€) = 2 € Thmy(Z) and 0%(1,0,§) =
2 € Thmg(Z), for all € € SEN’(X), I* does not have the local antisymmetry
property. A fortiori, I' does not have the LCGB poset property in I.

Next, we present an example to show that there is a m-institution Z with
a set of natural transformations that has the LCLS poset property but not
the GBLF poset property in Z.

Example 708 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:
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e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:3 — X, with fo f =ix;

e SEN': Sign’ — Set is specified by SEN"(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 01, 1 =0 and 2~ 2;

e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 — SEN’ defined by letting
05 :{0,1,2}%2 > {0,1,2} be given by

0, if (z,y)=(0,1) or (z,y) =(1,2)
o%s(z,y,2) =1 1, if (v,y) = (1,0) or (z,y) = (0,2) .
2, otherwise

AVAVITAY,

1

SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

Cs = {{2},{0,2},{1,2},{0,1,2}}.

T has four theory families, but only Thm(Z) and SEN" are theory systems.
So T is not systemic.

Consider the set I' = {0}, with o* : (SEN")2 - SEN’ having two distin-
guished arguments. We show that I' has the LCLS poset property but it does
not have the GBLF poset property in T.

First, note that o%(¢,¢) = 2 € Thmy(Z), for all ¢ € SEN*(X). Thus, I* is
reflexive in I. For the local antisymmetry, note that for no ¢, € SEN"(X),
with ¢ # 1 is it the case that both o3 (p,) = ob(¥, @) = 2. Finally, for the
local system transitivity, the defining condition is trivially satisfied for SEN’,
whereas the pairs related modulo Thm(Z) are as in the following diagram, an
examination of which verifies transitivity. Therefore I' is also locally system
transitive in I and, hence has the LCLS poset property in T.

On the other hand, for T = {{0,2}} € ThFam(Z), we have 0%(0,1) =
04 (1,2) =0 e Ty, whereas 0%(0,2) =1 ¢ Tx. So the implication defining local
family transitivity fails for T. Therefore, I' does not have the local family
transitivity and, a fortiori, does not have the GBLF poset property in Z.
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9,

0

7O

Finally, we look at an example that shows that there is m-institution Z
with a set of natural transformations that has the LCGB poset property but
not the GBLS poset property in Z.

Example 709 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:3 — X, with fo f=f;

e SEN’ : Sign’ - Set is specified by SEN*(X) = {0,1,2,3,4,5} and
SENb(f) :{0,1,2,3,4,5} - {0,1,2,3,4,5} given by0 3, 1 »>4, 25,
3—3,4—4 and 5~ 5;

e N is the category of natural transformations generated by the single
ternary natural transformation o* : (SEN")3 - SEN' defined by letting
0:{0,1,2,3,4,5}3 - {0,1,2,3,4,5} be given by

3, ifx=y or(z,y)=(0,1) or (z,y) = (1,2)
on(z,y,2) = orz=3o0rz=4o0rz=5
0, otherwise

SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by
Cs = {{3,4,5),10,1,2,3,4,5)).
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T has two theory families, Thm(Z) and SEN’, both of which are also theory
systems. So it is a systemic m-institution.

Consider the set I' = {0}, with o* : (SEN")3 - SEN’ having two distin-
guished arguments. We show that I® has the LCGB poset property in I, but
not the GBLS poset property in T.

First, note that, for all ¢ € SEN"(X), ob(¢,¢,&) = 3 € Thmy(Z), for
all € € SEN"(X). Thus, I' is reflexive in I. For local antisymmetry, it
suffices to observe that, for no ¢, € SEN"(X), with ¢ # ¢, is it the case
that o%(¢,9,€) € Thmy(Z) and o (¥, ¢,€) € Thmy(Z), for all € € SEN'(X).
For global transitivity, the defining condition holds trivially for T = SEN’,
whereas for T = Thm(Z), it suffices to note that, for no ¢, € SEN’(X), with
¢ # 1, is it the case that oy[¢,¢] < Thm(Z). We conclude that I’ has the
LCGB poset property in T.

On the other hand, we have 0%(0,1,§) = 3 € Thmy(Z) and 0%(1,2,§) =
3 € Thmy(Z), for all € € SEN’(Y), but 04,(0,2,0) = 0 ¢ Thmg(Z). So the
implication defining local system transitivity fails for Thm(Z). Therefore, I°
does not have the local system transitivity in Z and, hence, a fortiori, it does
not have the GBLS poset property in I.

Because of the non-transference of antisymmetry, which was shown in
Example 704, it is to be expected that none of the poset properties transfers
from a w-institution to its models. We provide an example that showcases
a m-institution Z, with a set I’ of natural transformations having two dis-
tinguished arguments, that has the LCLF poset property, but one of whose
models does not have the GBGB poset property.

Example 710 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with a single object ;
e SEN':Sign’ - Set is specified by SEN"(X) = {0,1,2};

e N’ is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 — SEN’ defined by letting
0v.:{0,1,2}%2 > {0,1,2} be given, for all z,y € SEN’(Y), by

1, ife=y

Let T = (F,C') be the m-institution determined by Cs = {{1,2},{0,1,2}}.
Consider the set I' = {o*}, with ¢ : (SEN")2 - SEN’ having two dis-
tinguished arguments. We show that I* has the LCLF poset property in
Z, but that there exists an F-algebraic system A = (A, (F,«)), with A =
(Sign, SEN, N), such that I does not have the GBGB poset property in A.
Let A = (Sign, SEN, N) be the algebraic system determined as follows:
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SEN(Z)

e Sign is the trivial category with a single object A;
e SEN : Sign — Set is specified by SEN(A) = {a,b};

o N s the category of natural transformations generated by the single
binary natural transformation o : SEN? — SEN defined by letting o 4 :
{a,b}? - {a,b} be given, for all x,y € SEN(A), by

UA($ay) = a.

A is an N'-algebraic system, as can be seen by sending o® — o and extending

to categories by composition.
Now let (F,a): F - A be the morphism defined as follows:

e F:Sign’ — Sign is the obvious functor between trivial categories;

e o : SEN’ - SEN o F is defined by setting ax(0) = a, ax(1l) = a and
OéE(Q) =b.

SEN(A)

SEN(Z)

We show that I° has the LCLF poset property in Z but that I does not have
the GBGB poset property in A.
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First, since o%(¢,¢) = 1 € Thmy(Z), we have that I is reflexive in I.
Second, if o%(p,¥) = 1 = o&(¥,¢), then ¢ = 1. So I' has the local an-
tisymmetry in L. Finally, local family transitivity is obvious, since for no
¢, € SEN*(X), with ¢ # 1 is it the case that 0% (¢,v) = 1. We conclude that
I" has the LCLF poset property in T.

On the other hand, note that the least Z-filter system on A is SEN and
since ga(a,b) =oa(b,a) =a e SEN(A), with a +b, I ={c} does not have the
global antisymmetry in A. So, a fortiori, it does not have the GBGB poset
property in A.

10.9 Compatibility

We look next at various versions of the compatibility property, taking again
into account both the duality between local versus global membership and
the difference between considering all theory families versus restricting only
to theory systems.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a n-
institution based on F and I : (SEN")~ — SEN" a set of natural transforma-
tions in N*, with two distinguished arguments. We say that:

e [’ has the local family compatibility in Z if, for all 7' € ThFam(Z),

all ¥ e [Sign’| and all ¢, € SEN*(X), Ity (¢,0,€) € Tk, for all £ €
SEN’(X), implies

I;]’(U;J’(SENb(f)(qﬁ%)Z)>O-;J’(SENI7(./:)(¢)’)2)75) € TE’>
for all o* € N*, 37 € |Sign’|, f € Sign’ (%, %) and ¥, € SEN'(X);

e [’ has the local system compatibility in Z if, for all 7" € ThSys(Z),

all ¥ e [Sign’| and all ¢,¢ € SEN'(X), Ity (¢,0,€) € Tk, for all £ ¢
SEN’(X), implies

I%’(UE’(SEN[)(JC)((?%2)70;]’(SENb(f)(w)7>2)7g) c TE’7
for all o* € N*, 3/ €|Sign’|, f € Sign’(%,Y’) and ¥, € SEN'(X);

e [’ has the global family compatibility in Z if, for all 7' € ThFam(Z),
all ¥ € [Sign’| and all ¢, € SEN"(X), I's[¢, 7] < T implies

Ly [0% (SEN'(f)(9), X), 0% (SEN' () (), X)] < T,

for all o* € N*, ¥/ € [Sign’|, f € Sign’ (%, %) and y € SEN"(X);



Voutsadakis ~ CHAPTER 10. ELEMENTS OF SYNTAX 779

e [’ has the global system compatibility in Z if, for all 7' € ThSys(Z),
all ¥ € [Sign’| and all ¢,9 ¢ SEN’(X), I'x[¢, 1] < T implies

I3, [0%, (SEN'(£)(6),X), 0% (SEN"(f)(¢),X)] < T,
for all o* € N*, ¥/ € [Sign’|, f € Sign’(%,%’) and y € SEN*(X).

The following proposition establishes a hierarchy of compatibility prop-
erties.

Proposition 711 Let F = (Sign’,SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I' : (SEN")~ — SEN’ a set of natural
transformations in N°, with two distinguished arguments.

(a) If I' has the local family compatibility, then it has the local system
compatibility in L;

(b) If I has the local system compatibility, then it has the global family
compatibility in L;

(¢) I' has the global family compatibility in T if and only if it has the global
system compatibility in I.

Proof: Part (a) and one of the implications in Part (c) follow directly from
the fact that every theory system of Z is also a theory family of Z.
For Part (b), suppose that I’ has the local system compatibility in Z. Let

T € ThFam(Z), X € [Sign’|, ¢,1 € SEN’(X), such that I's,[¢,1)] < T. Then,
by Lemma 93, for all ¥’ € |Sign’| and all f ¢ Sign’(X,Y),

I [SEN'(£)(6), SEN'(f)()] < T.

This implies, by Lemma 99, that, for all £ ¢ SEN*(X/),

Is (SEN(£)(6), SEN(f) (), €) € Ty,

Since I’ has the local system compatibility and, by Proposition 42, T ¢
ThSys(Z), we get that, for all o* € N*, all ¥” ¢ |Sign’|, all g € Sign’ (X, %)

f g

E E/ 2//

and all ¥ € SEN*(X') and € € SEN*(2"),

L3 (0%, (SEN"(g£)(9), SEN*(9) (X)), )
0%, (SEN' (¢.) (1), SEN"(9) (X)) €) € T,
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or, equivalently,

15, (SEN'(9) (0%, (SEN"() (), Y)). )
SEN(9) (0%, (SEN* (/) (1), 1)), €) € T

Since this holds for all ¥ € [Sign’|, g € Sign’(%’,%") and € € SEN’(X"), we
conclude that 1%, [o%, (SEN'(£)(9),X), 0% (SEN"(£)(¥),X)] < T. Therefore
I’ has the global family compatibility in Z.

Suppose, finally, that I’ has the global system compatibility in Z and let

T € ThFam(Z), ¥ € |Sign’| and ¢,v € SEN*(2), such that I's[p,v] < T.
By Lemma 99, we get that ﬁ2[¢,¢] < T. Since I' has the global sys-
tem compatibility and, by Proposition 42, T ¢ ThSys(Z), we get that,
for all o* € N, all 3/ ¢ |Sign’|, all f e Sign’(X,%’) and ¥ € SEN*(X/),
15, [0, (SEN*(£)(6), X), o (SEN*(£)(¥),¥)] < T. Using again Lemma 99,
we conclude that I2,[o%, (SEN"(£)(9),X), 0% (SEN*(£)(¥),¥)] < T. There-
fore, I’ has the global family compatibility in Z. ]

Proposition 711 has established the following hierarchy of compatibility
properties:

Local Family Compatibility

Local System Compatibility

Global Compatibility

We look, next, at some natural sufficient conditions under which some of
these three compatibility properties coincide.

Proposition 712 Let F = (Sign’, SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I' : (SEN")* — SEN’ a set of natural
transformations in N°, with two distinguished arguments.

(a) If T is systemic, then the local family and the local system compatibility
coincide;

(b) If I" has only two arguments (i.e., is parameter free), then the local
system compatibility and the global compatibility coincide.

Proof: If 7 is systemic, then all theory families are theory systems and,
hence, the local family and local system compatibility properties coincide.

Suppose, next that I’ is parameter free and has the global system com-
patibility in Z. Let 7' e ThSys(Z), ¥ € [Sign’|, ¢,v € SEN’(X), such that
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I's(¢,v) € Tx.. Then, by Proposition 99, I's[¢,1] < T. Thus, by the global
system compatibility, for all o € N, all ¥/ ¢ |Sign’|, all f € Sign’(%,%’) and
All § € SEN'(S), I [0 (SENY(£)(9), %), ot (SEN*(£)(4), ¥)] < T, which
implies that, for all o* € N*, all ¥’ € |Sign’|, all f € Sign’(Z,Y’) and all
% € SEN'(S), I (o (SEN'(£)(9), %), 0% (SEN'() (¢, Y)) € Ty There-
fore, I’ has the local system compatibility in Z. [

So in the case of a systemic m-institution Z, we have the hierarchy pic-
tured on the left, whereas in the case of a parameter free set of natural
transformations we have the hierarchy on the right.

Local Compatibility Local Family Compatibility

Global Compatibility Local System/Global Compatibility

Of course, for a systemic m-institution with a parameter free set of natural
transformations all four compatibility properties coincide.

We provide some examples to show that the implications of Proposition
711 are not equivalences in general, i.e., in the 3-class hierarchy all inclusions
of classes of w-institutions with a set of natural transformations satisfying
the corresponding compatibility properties are proper inclusions.

We first present an example to show that there exists a w-institution Z,
with a set of natural transformations that has the local system compatibility
but not the local family compatibility in Z.

Example 713 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fo f=f;

e SEN': Sign’ - Set is specified by SEN"(X) = {0,1,2} and SEN’(f) :
[0,1,2} > {0,1,2} given by 00, 10 and 2 — 2;

e NV is the category of natural transformations generated by two binary
natural transformations:

— 0: (SEN’)? - SEN’ defined by letting 0% : {0,1,2}2 - {0,1,2} be
given by
2, ifx=2o0ry=2
on(z,y) =1 1, if {z,y} ={0,1} ;
0, otherwise

— A': (SEN")?2 > SEN’ defined by letting Ny, : {0,1,2}2 - {0,1,2} be
given by

2, ifx=2o0ry=2
b _ )
An(,y) = { 0, otherwise '
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2 2

1 L 1

0 0
SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

Cy = {{2}7 {1a2}> {Oa 1a2}}'

Note that there are three theory families, but only Thm(Z) and SEN' are
theory systems.

Consider the set I' = {o*}, with o* : (SEN")2 - SEN’ having two distin-
guished arguments. We show that I" has the local system compatibility in T,
but it does not have the local family compatibility in T.

For the local system compatibility note that, if T = SEN’, then the defin-
ing implication is trivially true. If, on the other hand, T = Thm(Z), then
ob(p,) = 2 if and only if ¢ = 2 or ¢ = 2. But then we get, for all
x € SEN' (%),

0% (0%(6,x), 0% (1, X)) =2,
(N (6,0, A% (8,1)) = 2.
So I" has the local system compatibility in T.

To see that I does not have the local family compatibility in I, consider
the theory family T = {{1,2}}. We have 0%(0,1) = 0%(1,0) =1 € Ty, but

UbE()‘;J(LO)a )‘;)(0’ 0)) = U%(an) =0¢Ts.
Therefore, the implication defining local family compatibility fails for T =
{{1,2}}. So I" does not have the local family compatibility in Z.

Next, we present an example to show that there is 7w-institution Z with a
set of natural transformations that has the global (family) compatibility but
not the local system compatibility in Z.

Example 714 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with two objects ¥, %' and a single (non-identity)
morphism f: X — ¥';

e SEN’ : Sign’ — Set is specified by SEN’(X) = {0,1}, SEN*(¥') =
{a,b,c} and SEN’(f):{0,1} = {a,b,c} given by 0+ b, 1 c;
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e NV is the category of natural transformations generated by one ternary
natural transformation o : (SEN")3 - SEN’, defined as follows:

— 0%:{0,1}3 > {0,1} is given by
UE(ZE’,y,Z) =0, fOT all T,Y,%z € {07 1}7

— 0¥, :{a,b,c}® - {a,b,c} is given by

b B a,, ifae{l',yaz}
os(2,y,2) = { b, otherwise '

G ._-——-—"a

SEN(Z)

SEN(Z')
Let T = (F,C') be the m-institution determined by

Cy = {{l}a {07 1}}> Cy = {{C}> {ba C}a {CL, b,C}}.

T has siz theory families all of which, except {{0,1},{c}}, are theory systems.

Consider the set I' = {0}, with o* : (SEN")3 - SEN" having two distin-
guished arguments. We show that I® has the global family compatibility in T,
but it does not have the local system compatibility in T.

For the global compatibility note that, if, for some z,y € SEN’(X), we
have o%[x,y] < T, then T = SEN’. Similarly, if, for some x,y € SEN*(X/),
ol [x,y] < T, then Tsv = {a,b,c}. In both cases, the conclusion of the defining
implication is trivially true. So I' has the global compatibility in T.

On the other hand, consider the theory system T = {{0,1},{b,c}}. Let
¢ =0 and ¢ =1. Then, we have, for all z € {0,1},

05(0,1,2) = 05(1,0,2) =0 € T.
On the contrary,
U%’(Ug’(SENb(f)(OLCa C),O’g,(SENb(f)(l),C, C)aa) =a ¢ TE’-

Therefore, the implication defining local system compatibility fails for T'. So
I" does not have the local system compatibility in T.
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We close by proving that all three compatibility properties transfer from
m-institutions to their models.

Proposition 715 Let F = (Sign’, SEN’, N*) be an algebraic system, I' a
collection of natural transformations I' : (SEN")* — SEN’ in N*, with two
distinguished arguments, and I = (F,C) a w-institution based on F. I" has a
compatibility property in I if and only if, for every F-algebraic system A =
(A, (F,«)), with A = (Sign,SEN, N), I has the corresponding compatibility
property in A.

Proof: If I has a compatibility property in A, for all A, then it has the same
compatibility property in F = (F,([,¢)). Since (F,C%%) =7, we conclude
that I* has the corresponding compatibility in Z.

Suppose, conversely, that I’ has a compatibility property in Z. We look
at each of the three properties in turn.

(a) Suppose I’ has the local family compatibility in Z and let A = (A,
(F,a)), with A = (Sign,SEN, N}, be an F-algebraic system, let T €
FiFam®(A), ¥ € |Sign’| and ¢, € SEN’(X), such that

FF(E)(az(cb)a as (1), a5 (€)) € Tres),

for all £ e SEN*(X). Since this is equivalent to ag(fbg(qb, ¥, €)) ¢ Try,

we get that I's(¢,1,€) € a5 (Trey), for all € € SEN*(X). But, by
hypothesis, I" has the local family compatibility in Z and, by Lemma
51, a7 1(T) € ThFam(Z). Therefore, we get that, for all \» € N*, all
> e |Sign’|, all f € Sign’(2,%) and all ¥, & € SEN’(X),

L (A (SEN'(f)(9), %), My (SEN'() (1), 1), €) € ash (Tisyy)-

This now gives

sy (13 (M (SEN"(£)(9), X), A (SEN' () (40). %), €)) € Ty,

or, equivalently,

Ipemny (Ap) (SEN(F(f))(ax(¢)), as (X)), )
Ar(e) (SEN(F(f)) (as(9)), as (X)), axx (€)) € Trey-

Taking into account the surjectivity of (F,«), we conclude that I has
the local family compatibility in A.

(b) The case of the local system compatibility can be proven similarly,
taking into account that, if T € FiSys”(A), then a~}(T") € ThSys(Z).
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(¢) Suppose that I’ has the global (family) compatibility in Z and let A =
(A, (F,«)), with A = (Sign,SEN, N), be an F-algebraic system, T €
FiFam?(A), ¥ ¢ |Sign’| and ¢, 1) e SEN’(X), such that

?F(z)[az(cb)»az(?/))] <T.

Then, we have, by Lemma 95, I's[¢,¢] < o7 '(T). Now, since, by
hypothesis, I* has the global family compatibility in Z and, by Lemma
51, a~}(T') € ThFam(Z), we get that, for all \* € N*, ¥/ € |Sign’|, all
f e Sign’(2, %) and all ¥ e SEN*(X),

Ly [A (SEN(£)(9),X), A (SEN(f)(¥), X)] < a7(T),

or, equivalently, by Lemma 95,

Ipsnlas (A (SEN'(£)(9), X)), asr (A% (SEN" () (¥), X)) < T
But this amounts to

I [Are) (SEN(E(f))(as(9)), as (X)),
Apen (SEN(F(f))(as(¥)),ax (X)) < T

Thus, I has the global family compatibility in A.

10.10 Congruence

In this section we focus on the three uniform equivalence properties, i.e., on
LFLF equivalence, LSLS equivalence and GBGB equivalence, and to those
we add versions of the compatibility property to obtain several versions of
the congruence property.

To fix some terminology, we say that a set I° of natural transformations
in a m-institution Z has:

e the local family equivalence in 7 if it has the LFLF equivalence in
1;

e the local system equivalence in 7 if it has the LSLS equivalence in
1;

¢ the global equivalence in 7 if it has the GBGB equivalence in Z.

By our work in Section 10.6, we know that these three uniform equivalence
properties are stratified in the linear hierarchy shown on the left below.
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Local Family Equivalence Local Family Compatibility
Local System Equivalence Local System Compatibility
Global Equivalence Global Compatibility

Moreover, by our study of the compatibility properties in Section 10.9, we
know that they also fall into a similar linear hierarchy, as shown in the right
diagram.

By combining equivalence with compatibility properties, we obtain nine
congruence properties as follows. Let XY e {LF,LS, GB}, where, as before,
LF stands for “Local Family”, LS stands for “Local System” and GB stands
for “GloBal”.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a n-
institution based on F and I’ : (SEN')* — SEN' a set of natural transfor-
mations in N*, with two distinguished arguments. We say that I’ has the
XY-congruence in 7 if it has

e the X (uniform) equivalence in Z;

e the Y compatibility in Z.

Based on the hierarchies of the equivalence and compatibility properties,
obtained in Sections 10.6 and 10.9, respectively, we obtain the following
hierarchical structure for the various flavors of the congruence property.

Corollary 716 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C')
be a m-institution based on F and I' : (SEN")* - SEN’ a set of natural trans-
formations in N*, with two distinguished arguments. The nine congruence
properties form the hierarchy shown in the accompanying diagram.

Proof: This follows directly from Corollary 694 and Proposition 711. ]
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LFLF Congruence

AN
/

LSLF Congruence LFLS Congruence

/ N\

GBLF Congruence LSLS Congruence LFGB Congruence

N\ /

GBLS Congruence LSGB Congruence

S ENES
NEE N

GBGB Congruence

Based on the analysis performed on symmetry and transitivity properties
in Sections 10.4 and 10.5, respectively, we have the following result regard-
ing natural sufficient conditions under which some of the nine congruence
properties above coincide.

Corollary 717 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)
be a m-institution based on F and I' : (SEN")* — SEN’ o set of natural
transformations in N°, with two distinguished arguments.

(a) If T is systemic, then the congruence hierarchy collapses to the one

depicted below, where LC' (for LoCal) is used to incorporate the LF and
LS properties, which coincide;

LCLC Congruence

/N

LCGB Congruence GBLC Congruence

N

GBGB Congruence

(b) If I’ has only two arguments (i.e., is parameter free), then the con-
gruence hierarchy collapses to the one depicted below, where the Local
System versions coincide with (and, thus, are incorporated into) the
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GloBal versions.

LFLF Congruence

AN
/

LFGB Congruence GBLF Congruence

/
AN

GBGB Congruence

Proof: The statement follows from Corollary 695 and Proposition 712. =

For a systemic m-institution with a parameter free set of natural transfor-
mations, there is only one congruence property, since all versions of equiva-
lence and all versions of compatibility collapse to a single property.

Instead of studying this entire hierarchy in detail, we refocus, once again,
to the uniformly defined classes. So we define LF congruence, LS congru-
ence and GB congruence to mean, respectively, LFLF congruence, LSLS
congruence and GBGB congruence. These are the three diagonal classes in
the original diagram which form, according to Corollary 716, the subhierar-
chy depicted below.

LF Congruence

|

LS Congruence

|

GB Congruence

And, of course, according to Corollary 717, this reduces to the hierarchy
depicted on the left below for a systemic m-institution and to the one depicted
on the right below for a parameter free set of natural transformations.

LF /LS Congruence LF Congruence

GB Congruence LS/GB Congruence

We provide examples to show that the three uniform classes of the con-
gruence hierarchy are distinct in general.

First, we present an example to show that there exists a m-institution Z,
with a set of natural transformations that has the LS congruence, but not
the LF congruence property in Z.
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Example 718 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:X — X, such that fo f = f;

e SEN’: Sign’ — Set is specified by SEN*(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 00, 1 =0 and 2~ 2;

e NV is the category of natural transformations generated by a single bi-
nary natural transformation o® : (SEN")2 - SEN’ defined by letting
0y :{0,1,2}2 > {0,1,2} be given by

2, ifex=y or{x,y}={0,1}
on(r,y) =1 1, if (z,y9) =(1,2)

0, otherwise

2 2

1 \ 1

0 0
SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by

Cy = {{Q}a {172}a {07 172}}'

Note that there are three theory families, but only Thm(Z) and SEN® are
theory systems.

Consider the set I' = {0}, with o* : (SEN")2 - SEN’ having two distin-
guished arguments. We show that I' has the local system congruence in I,
but it does not have the local family congruence in ZI.

First note that o%(¢,¢) =2 € Thmy(Z), for all ¢ € {0,1,2}, whence I* is
reflexive in . Next note that the condition defining local system symmetry
holds trivially for SEN’, whereas for Thm(Z), if o&(¢,v) € Thmy(Z), for
some ¢ # 1, then {¢,¢} = {0,1}, whence 0%(¢,¢) € Thmy(Z). So I' is
locally system symmetric in Z. For local system transitivity, the defining
condition holds, again, trivially for SEN’, whereas for Thm(Z), it holds due
to the fact that o (¢,1) € Thms(Z) for no ¢, € SEN'(X), with ¢ # 1, other
than (¢,v) = (0,1) or (1,0). Thus, I® is also locally system transitive in
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Z. Finally, note that the condition defining local system compatibility is also
trivial for SEN’, whereas for Thm(Z), if o%(¢,1) = 2 and o1, ¢) = 2, with
o+, then {p,1} ={0,1} and, in that case,

0% (0%(SEN()(9), 1), 0%, (SEN"(h) (¥), X)) =2

and
o5 (0%(x, SEN(h)()), 0% (x, SEN (1) (¢))) = 2,

for all h € Sign’(,%) and all x € {0,1,2}. Thus, I' has the local system
compatibility in T and, therefore, has the local system congruence in I.

On the other hand, note that 0%(1,2) = 1€ {1,2}, but 0%(2,1) =0 ¢ {1,2}.
Thus, the defining condition for local family symmetry fails for T = {{1,2}} €
ThFam(Z). Hence, I° is not locally family symmetric in T and, therefore, a
fortiori, it fails to satisfy the local family congruence in ZI.

Finally, we present an example to show that there is a 7-institution Z
with a set of natural transformations that has the GB congruence but not
the LS congruence in Z.

Example 719 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN':Sign’ - Set is specified by SEN’(X) = {0,1,2,3} and SEN"(f):
{0,1,2,3} - {0,1,2,3} given by 0~ 2, 1 >3, 22 and 3+~ 3;

e N’ is the category of natural transformations generated by the single
ternary natural transformation o : (SEN")3 - SEN’ defined by letting
0 :{0,1,2,3}3 - {0,1,2,3} be given by

2, ifx=yor(zy)=(0.1) orz=20rz=3
b - ’ ’ 7
o5, (z,y,2) _{ 0, otherwise .

Let T = (F,C') be the m-institution determined by

Cs ={{2,3},{0,1,2,3}}.

Note that both theory families, Thm(Z) and SEN’, are also theory systems.
So T is a systemic w-institution.

Consider the set I' = {0}, with o* : (SEN")? - SEN® having two distin-
guished arguments. We show that I* has the GB congruence in I, but it does
not have the LS congruence in I.
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SEN(Z) SEN(Z)

Note, first, that reflexivity is obvious, since, by definition, for all ¢ €
SEN"(Y), o%(¢,¢,€) = 2 € Thmy(Z), for all £ € SEN'(X). For global sym-
metry, note that if, for some ¢, € SEN*(X), ob[p,v] < Thm(Z), then we
must have ¢ = 1, whence o[, ¢] < Thm(Z) holds. For global transiti-
vity, note again that for no ¢, € SEN’(X), with ¢ # 1, is it the case that
ob[¢,v] < Thm(Z), whence the condition is satisfied in this case as well. Fi-
nally, the same observation leads to the conclusion that I' satisfies the global
compatibility property in L. We conclude that I' has the GB congruence in
T.

On the other hand, since 0%(0,1,£) =2 € Thmx(Z), for all £ e SEN’(X),
but 0%(1,0,0) = 0 ¢ Thmy(Z), I does not have the local system symmetry.
A fortiori, I' does not have the LS congruence in Z.

And here is a transfer property for the congruence properties that we
have focused on in this section.

Corollary 720 Let F = (Sign’,SEN’, N*) be an algebraic system, I' a col-
lection of natural transformations I' : (SEN")* — SEN’ in N*, with two
distinguished arguments, and T = (F,C) a w-institution based on F. I°
has a congruence property in I if and only if, for every F-algebraic sys-
tem A= (A, (F,«)), with A = (Sign, SEN, N), I has the corresponding con-
grunece property in A.

Proof: This follows directly from Corollary 700 and Proposition 715. [ |

10.11 Modus Ponens

We turn now to the study of various versions of the modus ponens prop-
erty, taking again into account both the duality between local versus global
membership and the difference between considering all theory families versus
restricting only to theory systems.
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Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a n-
institution based on F and I’ : (SEN")~ — SEN" a set of natural transforma-
tions in N*, with two distinguished arguments. We say that:

e [’ has the local family modus ponens (local family MP) in 7 if|
for all T € ThFam(Z), all ¥ € |Sign’| and all ¢, € SEN*(2),

¢ € Tx, and, for all ¥ € SEN"(X), I%(¢,%,X) € Tx imply v € Tk;

e [’ has the local system modus ponens (local system MP) in 7
if, for all T'e ThSys(Z), all ¥ € |Sign’| and all ¢,1) ¢ SEN"(X),

¢ € Ty, and, for all ¥ e SEN*(2), I%(4,v, %) € Ty, imply 9 € T;;

e [’ has the global family modus ponens (global family MP) in 7
if, for all 7' e ThFam(Z), all ¥ € [Sign’| and all ¢, 1) € SEN*(),

¢ € Ty and Ip[¢, 4] < T imply ¢ € Ty;

e [’ has the global system modus ponens (global system MP) in
T if, for all T' € ThSys(Z), all ¥ € |Sign’| and all ¢, € SEN*(2),

¢ €Ty and IL[p, ] < T imply ¢ € Ty,.

The following proposition establishes the hierarchy of modus ponens rules.

Proposition 721 Let F = (Sign’,SEN’, N*) be an algebraic system, I =
(F,C) be a m-institution based on F and I' : (SEN")* - SEN’ a set of natural
transformations in N* having two distinguished arguments.

(a) If I' has the local family MP, then it has both the global family MP in
T and the local system MP in L;

(b) If I’ has the global family MP, then it has the global system MP in Z;
(c¢) If I' has the local system MP, then it has the global system MP in T.
Proof:

(a) Suppose that I’ has the local family MP in Z. Let 7' € ThFam(Z),
Y € |Sign’| and ¢, € SEN’(X), such that ¢ € T and IL[¢, ] < T.
Then, we have, in particular, that, for all ¥ € SEN’(X), I%(¢,v,¥) € T.
But then, since ¢ € Ty and, for all Y € SEN*(X), I%(¢,,%) € Ty, we
get, by the local family MP, that ¢ € Tx,. We conclude that I has the
global family MP in Z.

If I’ has the local family MP in Z, then it has, a fortiori, the local
system MP in Z due to the fact that every theory system of Z is also a
theory family.
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(b) This follows, similarly to the second part of (a), from the fact that
every theory system of Z is also a theory family.

(c) We repeat the argument used in the proof of the first part of (a) ex-
cept reasoning exclusively in terms of theory systems rather than using

arbitrary theory families. -

Proposition 721 has established the following hierarchy of modus ponens
properties, where the southwest arrows are based on the family-system du-
ality, whereas the southeast arrows on the local-global duality.

Local Family MP

/N

Local System MP Global Family MP

NS

Global System MP

We also note the following regarding natural sufficient conditions under
which some of these four classes coincide.

Proposition 722 Let F = (Sign’, SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I' : (SEN")® - SEN’ a set of natural
transformations in N having two distinguished arguments.

(a) If T is systemic, then the local (global) family MP and the local (global)
system MP coincide;

(b) If I’ has only two arguments (i.e., is parameter free), then the local
system MP and the global system MP coincide;

(c) If T is systemic and I° is parameter free, then the local family MP and
the global family MP also coincide.

Proof:

(a) If Z is systemic, then all theory families are theory systems and the
family and system properties collapse.

(b) Suppose that I’ is parameter free and that I® has the global system
MP in Z. Let T € ThSys(Z), ¥ € |Sign’| and ¢, 1) € SEN’(X), such that
I%(¢,v) € Ts. Since T is a theory system, we have, for all ¥ € |Sign’|
and all f € Sign’(%,%),

L3/ (SEN"(f)(¢),SEN'(f)(¥)) = SEN’(f)(L5:(6,%)) € T

Equivalently, I%[¢,¢] <T. Thus, by the global system MP, we get that
Y € Tx,. Thus, I" has the local system MP.
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(c¢) This follows from Parts (a) and (b). i

So, in the case of a systemic m-institution Z, we have the hierarchy pic-

tured on the left, whereas, in the case of a parameter free set of natural
transformations, we have the hierarchy on the right.

Local MP Local Family MP
Global MP Global Family MP
System MP

Finally, for a systemic m-institution with a parameter free set of natural
transformations all four MP properties collapse to a single one.

We provide some examples to show that the implications of Proposition
721 are not equivalences in general, i.e., in the hierarchy shown above all
inclusions of classes of w-institutions with a set of natural transformations
satisfying the corresponding modus ponens properties are proper inclusions.

We first present an example to show that there is m-institution Z with a
set of natural transformations that have the global family MP but not the
local system MP in Z.

Example 723 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN' : Sign’ — Set is specified by SEN'(X) = {0,1} and SEN’(f) :
{0,1} - {0,1} given by 0~ 1 and 1~ 1;

e N’ is the category of natural transformations generated by the single
ternary natural transformation o* : (SEN)3 - SEN' defined by letting
0v.:{0,1}3 - {0,1} be given by

b 0, i (a,b,c)=(1,1,0)
ox(a,b,¢) :{ 1, otherwise ’
Let T = (F,C') be the m-institution determined by Cs = {{1},{0,1}}.
Consider the set I' = {0}, with o* : (SEN")3 - SEN’ having two distin-
gquished arguments.
Clearly, both Thm(Z) and SEN, which are the only theory families, are
also theory systems. We show that I° has the global family MP in I, but it
does not have the local system MP in I.
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1 1
]
0 0
SEN(Z) SEN(Z)

For the global family MP notice that we only need to check the case with
T = Thm(Z), ¢ = 1 and ¢ = 0. Since o&(SEN’(f)(1),SEN’(£)(0),0) =
0%(1,1,0) = 0, we have that I%[¢,1] £ T, whence the condition is vacuously
satisfied. Therefore, we get that I’ has the global family MP in T.

On the other hand, we have 0%(1,0,0) = 0%(1,0,1) = 1 € Thmy(Z) and
1 € Thmg(Z), but 0 ¢ Thmyx(Z), which shows that I* does not have the local
system MP in L.

Next we present an example to show that there exists a m-institution Z,
with a set of natural transformations that have the local system MP but not
the global family MP in Z.

Example 724 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:X — X, such that fo f =1ix;

e SEN’: Sign’ — Set is specified by SEN*(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 01, 1 =0 and 2~ 2;

e N is the category of natural transformations generated by the single
binary natural transformation o® : (SEN")2 — SEN’ defined by letting
0% :{0,1,2}2 - {0,1,2} be given, for all a,be SEN’(X), by

1, if (a,b) = (2,0)
ot(a,b) =1 0, if (a,) = (2,1) .

2, otherwise

Let T = (F,C') be the m-institution determined by

Cy = {{Q}a {072}a {172}a {07 172}}'

Consider the set I' = {0}, with o* : (SEN")2 - SEN’ having two distin-
gquished arguments.



796 CHAPTER 10. ELEMENTS OF SYNTAX  Voutsadakis

@\‘

SEN(Z) SEN(Z)

T has four theory families, Thm(Z), T = {{0,2}}, T’ = {{1,2}} and SEN’,
but only two theory systems, Thm(Z) and SEN". We show that I’ has the
local system MP in I, but it does not have the global family MP in T.

For the local system MP notice that we only need to check the case for
Thm(Z), ¢ =2 and ¢p =0 or ¢ = 1. Since 0%(2,0) = 1 ¢ Thmy(Z) and
05(2,1) =0 ¢ Thmy(Z), we conclude that I' has the local system MP in T.

On the other hand, for the theory family T and for ¢ =0 and ¢ =1, we
get that ¢ =0 €T and 0% (¢p,¢) =0%(0,1) =2 and

0% (SEN'(£)(¢),SEN’(f)(¥)) = 0%:(1,0)

whence 0%,[0,1] < T. But clearly 1 ¢ Ts;. Therefore I® does not have the global
family MP in T.

2,

We prove next a transfer property for modus ponens.

Proposition 725 Let F = (Sign’, SEN’, N*) be an algebraic system, I' a
collection of natural transformations I* : (SEN")* — SEN’ in N, with two
distinguished arguments, and I = (F,C) a m-institution based on F. I" has
a modus ponens property in L if and only if, for every F-algebraic system
A = (A, (F,«)), with A = (Sign,SEN,N), I has the corresponding modus
ponens property in A.

Proof: If I has a modus ponens property in A, for all A, then it has the
same modus ponens in F = (F, (I,.)). Since (F,C%%) =T, we conclude that
I’ has the corresponding modus ponens in Z.

Suppose, conversely, that I’ has a modus ponens property in Z. We look
at each of the four properties in turn.

(a) Suppose I" has the local family MP in Z and let A = (A, (F, «)), with
A = (Sign,SEN, N), be an F-algebraic system, T ¢ FiFam®(A), ¥ €
Sign’| and ¢, v € SEN’(X), such that ax(¢) € Ty and

Irsy(as(d), as(¥), as(X)) € Tr),
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(d)

for all ¥ € SEN’(X). Since the latter is equivalent to ax(I%(¢,%,%)) €
Tr(s), we get that ¢ € of' (Trex)) and I2(¢,9,X) € o5 (Tr)), for
all Y e SEN’(X). But, by hypothesis, I’ has the local family MP in
Z and, by Lemma 51, a7!(7") € ThFam(Z). Therefore, we get that
Y € o' (Trsy), or, equivalently, ax (1)) € Tr(sy. This proves that I has
the local family MP in A.

The case of the local system MP can be proven similarly, taking into
account that, if 7' € FiSys”(.A), then a~-1(T") € ThSys(Z).

Suppose that I’ has the global family MP in Z and let A = (A, (F, «)),
with A = (Sign, SEN, N), be an F-algebraic system, T' € FiFam®(A),
Y € |Sign’| and ¢, € SEN*(X), such that

as(¢) and Ip)[as(d),an(¥)] <T.

Then, we have ¢ € ag'(Tr(x)) and, by Lemma 95, I3.[¢,¥] < o }(T).
Now, since, by hypothesis, I® has the global family MP in Z and, by
Lemma 51, o~1(T") € ThFam(Z), we get that ¢ € ag'(Tr(s)), or, equiv-
alently, ax; () € Tp(sy. Thus, I has the global family MP in A.

Similar to (c).

10.12 Syntactic Protoalgebraicity

In this section we focus on the three uniform congruence properties, i.e., on
LF congruence, LS congruence and GB congruence, and to those we add ver-
sions of the modus ponens property to obtain several versions of the syntactic
protoalgebraicity property.

By our work in Section 10.10, we know that the three uniform congruence
properties are stratified in the linear hierarchy shown in the left diagram.

Local Family Congruence Local Family MP

SN

Local System Congruence Local System MP  Global Family MP

NS

Global Congruence Global System MP

Moreover, by our study of the modus ponens properties in Section 10.11, we
know that they fall into the hierarchy shown in the right diagram.

By combining congruence with modus ponens properties, we obtain twelve
syntactic protoalgebraicity properties as follows. Let X e {LF,LS,GB} and
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Y e {LF,LS,GF,GS}, where, as before, LF stands for “Local Family”, LS
stands for “Local System”, GF stands for “Global Family”, GS stands for
“Global System” and GB stands for “GloBal”.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a n-
institution based on F and I* : (SEN")« - SEN" a set of natural transforma-
tions in N°*, with two distinguished arguments. We say that I* has the XY
syntactic protoalgebraicity in Z (XY SPA in 7) if it has

e the X congruence in Z;
e the Y modus ponens in Z.

Based on the hierarchies of the congruence and MP properties, established
in Sections 10.10 and 10.11, respectively, we obtain the following hierarchical
structure for the various flavors of the syntactic protoalgebraicity property.

Corollary 726 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C')
be a m-institution based on F and I': (SEN")* — SEN' a set of natural trans-
formations in N* having two distinguished arguments. The twelve syntactic
protoalgebraicity properties form the hierarchy shown wn the accompanying
diagram.

Proof: This follows directly from Corollary 716 and Proposition 721. ]

LFLF SPA

LFLS SPA LSLF SPA LFGF SPA

LSLS SPA GBLF SPA LSGF SPA

GBLS SPA LFGS SPA GBGF SPA

LSGS SPA

GBGS SPA

Based on the corresponding analysis performed on congruence properties
in Section 10.10 and on modus ponens properties in Section 10.11, we have
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the following result regarding natural sufficient conditions under which some
of the twelve syntactic protoalgebraicity properties coincide.

Corollary 727 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)
be a m-institution based on F and I' : (SEN’)* — SEN’ o set of natural
transformations in N having two distinguished arguments.

(a) If T is systemic, then the syntactic protoalgebraicity hierarchy collapses
to the one depicted below;,

LCLC SPA

/N

LCGB SPA GBLC SPA

NS

GBGB SPA

(b) If I’ has only two arquments (i.e., is parameter free), then the syn-
tactic protoalgebraicity hierarchy collapses to the one depicted below,
where the Local System versions of congruence coincide with (and are
incorporated into) the global versions and the Local and Global System
versions of MP also coincide and are denoted by SYS.

LFLF SPA

| S

GBLF SPA LFGF SPA

NN

GBGF SPA LFSYS SPA

Ny

GBSYS SPA

Proof: The statement follows from Corollary 717 and Proposition 722. =

For a systemic m-institution with a parameter free set of natural trans-
formations, there is only one syntactic protoalgebraicity property, since all
versions of congruence and all versions of modus ponens collapse to a single
property.

Instead of studying this entire hierarchy in detail, we refocus, once again,
on the uniformly defined classes. So we define LF SPA, LS SPA, GF SPA
and GS SPA to mean, respectively, LFLF syntactic, LSLS syntactic, GBGF
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syntactic and GBGS syntactic protoalgebraicity. These classes form,
according to the diagram above, based on Corollary 726, the sub hierarchy
depicted below.

LF SPA

/N

LS SPA GF SPA

NS

GS SPA

Moreover, according to Corollary 727, this reduces to the hierarchy depicted
on the left below for a systemic m-institution and to the one depicted on the
right below for a parameter free set of natural transformations.

LC SPA LF SPA
GB SPA GF SPA
SYS SPA

We provide examples to show that the four uniform classes of the syntactic
protoalgebraicity hierarchy are distinct in general.

First, we present an example to show that there exists a w-institution Z,
with a set of natural transformations that has the LS syntactic protoalge-
braicity, but not the GF syntactic protoalgebraicity in Z.

Example 728 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 - X, such that fo f = f;

e SEN': Sign’ — Set is specified by SEN"(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 00, 1 =~ 0 and 2~ 2;

e N’ is the category of natural transformations generated by a single bi-
nary natural transformation o' : (SEN*)2 — SEN’ defined by letting
0v.:{0,1,2}2 > {0,1,2} be given by

2, ifx=y or{x,y}={0,1}
ob(z,y) =1 1, if {z,y} ={1,2}
0, otherwise
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2 2

1 \ 1

0 0
SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by

CE = {{2}7 {17 2}7 {Ov 17 2}}

Note that there are three theory families, but only Thm(Z) and SEN’ are
theory systems.

Consider the set I' = {0}, with o* : (SEN")2 - SEN" having two distin-
guished arguments. We show that I® has the local system syntactic protoalge-
braicity in I, but it does not have the global family syntactic protoalgebraicity
n L.

First note that 0%(¢, ¢) = 2 € Thmy(Z), for all ¢ €{0,1,2}, whence I° is
reflexive in I.

Next, note that the condition defining local system symmetry holds triv-
ially for SEN®, whereas for Thm(Z), if o3 (¢p,1) €e Thmy(Z), for some ¢ + 1Y,
then {¢,v} = {0,1}, whence o%(¢,$) € Thmx(Z). So I' is local system
symmetric in L.

For local system transitivity, the defining condition holds, again, triv-
ially for SEN, whereas for Thm(ZT), it holds due to the fact that on(p, 1) €
Thmy(Z) for no ¢,v € SEN*(X), with ¢ # 1, other than (¢,7) = (0,1) or
(1,0). Thus, I" is also local system transitive in I.

Next, note that the condition defining local system compatibility is also
trivial for SEN', whereas for Thm(Z), if o%(¢,1) = 2 and o1, ¢) = 2, with
o+, then {p,9} ={0,1} and, in that case,

o3 (0% (SEN' (7)(¢), x), 0%, (SEN" (1) (), x)) =2

and
o5 (0% (X, SEN’(h)(9)), 0% (x, SEN’ (1) (¢))) = 2,

for all h e Sign’(X,%) and all x € {0,1,2}. Thus, I’ has the local system
compatibility in T and, therefore, has the local system congruence in I.

To finish up, note that, since the only pairs (¢,), with ¢ + 1, such
that 0% (¢,v) € Thmg(Z) are (0,1) and (1,0) and for neither of these is
¢ € Thmyx(Z), I' has the local system modus ponens in I and, therefore, it
has the local system syntactic protoalgebraicity in I as well.
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On the other hand, 1 € {1,2} and o%[1,0] < {{1,2}}, but 0 ¢ {1,2}.
Therefore, I' does not have the global family modus ponens in Z and, hence,
a fortiori, it does not have the global family syntactic protoalgebraicity in I.

Next, we present an example to show that there is w-institution Z with
a set of natural transformations that has the GF syntactic protoalgebraicity
but not the LS syntactic protoalgebraicity in Z.

Example 729 Let F = (Sign’, SEN", N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:X — X, such that fo f=f;

e SEN’: Sign’ - Set is specified by SEN*(X) = {0,1,2,3} and SEN"(f):
{0,1,2,3} - {0,1,2,3} given by 0~ 2, 1 >3, 22 and 3+~ 3;

e N is the category of natural transformations generated by the single
ternary natural transformation o* : (SEN)3 - SEN' defined by letting
0:{0,1,2,3}% > {0,1,2,3} be given by

2, ifr=yor(z,y)=(0,1) orz=2o0rz=3
b _ ) ) )
(29,2 = { 0, otherwise '

A\

SEN(3) SEN(Z)
Let T = (F,C') be the m-institution determined by

Cy = {{2,3},{0,1,2,3}}.

Note that both theory families, Thm(Z) and SEN’, are also theory systems.
So T is a systemic w-institution.

Consider the set I' = {0}, with o* : (SEN")3 - SEN’ having two distin-
guished arguments. We show that I' has the global family syntactic protoalge-

braicity in L, but it does not have the local system syntactic protoalgebraicity
n L.
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Note, first, that reflexivity is obvious, since, by definition, for all ¢ €
SEN"(X), o%(¢,¢,€) = 2 € Thmx(Z), for all £ € SEN'(X). For global sym-
metry, note that if, for some ¢, € SEN*(X), o4[¢,v] < Thm(Z), then we
must have ¢ = ¢, whence o%[¢,¢] < Thm(Z) holds. For global transiti-
vity, note again that for no ¢, € SEN'(X), with ¢ # 1, is it the case that
ob[¢,v] < Thm(Z), whence the condition is satisfied in this case as well. Fi-
nally, the same observation leads to the conclusion that I® satisfies both the
global compatibility property in L and the global modus ponens. We conclude
that I has the global family syntactic protoalgebtaicity in T.

On the other hand, since 0%(0,1,£) =2 € Thmx(Z), for all £ € SEN’(),
but 0%(1,0,0) = 0 ¢ Thmy(Z), I does not have the local system symmetry.
A fortiori, I' does not have the local system congruence and, hence, does not
have the local system syntactic protoalgebraicity in I either.

And here is a transfer property for the syntactic protoalgebraicity prop-
erties that we have focused on in this section.

Corollary 730 Let F = (Sign’, SEN’, N*) be an algebraic system, I' a col-
lection of natural transformations I' : (SEN")* — SEN' in N*, with two
distinguished arqguments, and I = (F,C) a mw-institution based on F. I' has
a (uniform) syntactic protoalgebraicity property in L if and only if, for ev-
ery algebraic system A = (A,(F,«a)), with A = (Sign,SEN,N), I has the
corresponding syntactic protoalgebraicity property in A.

Proof: This follows directly from Corollary 720 and Proposition 1477. m

10.13 Invertibility

We study, next, various versions of the invertibility property, once again
based on the local versus global and the theory family versus theory system
dualities.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a n-
institution based on F and I*: (SEN")» - SEN' a set of natural transforma-
tions in N* having two distinguished arguments. We say that:

e [’ has the local family invertibility in Z if there exists a set 7° :
(SEN")» — (SEN")2 of natural transformations in N*, with one distin-
guished argument, such that, for all 7€ ThFam(Z), all ¥ € |Sign’| and
all ¢ e SEN*(X),

6Ty iff IL(rh(6,¥).€) € Ty, for all ¥, € SEN*(X);
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e [’ has the local system invertibility in Z if there exists a set 7 :
(SEN)« — (SEN")2 of natural transformations in N°*, with one distin-
guished argument, such that, for all 7' € ThSys(Z), all ¥ € |Sign’| and
all ¢ € SEN'(X),

peTs iff Iy(r(6,%),€) € Ty, for all ¥, e SEN*(E);

e [/’ has the global family invertibility in Z if there exists a set
701 (SEN")» — (SEN")2 of natural transformations in N*, with one dis-
tinguished argument, such that, for all 7 ¢ ThFam(Z), all ¥ ¢ [Sign’|
and all ¢ € SEN"(X),

¢peTy iff I'[rgle]] < T

e [’ has the global system invertibility in Z if there exists a set
0+ (SEN")* — (SEN’)2 of natural transformations in N*, with one
distinguished argument, such that, for all 7 € ThSys(Z), all ¥ € [Sign’|
and all ¢ € SEN"(X),

$eTy iff I'[r[6]]<T.

We look at the hierarchy of invertibility properties.

Proposition 731 Let F = (Sign’, SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I' : (SEN")* — SEN’ a set of natural
transformations in N having two distinguished arguments.

(a) If I* has the local (global) family invertibility, then it has the local
(global) system invertibility in Z.

(b) If I’ has the local system invertibility, then it has the global system
invertibility in Z.

Proof: Since every theory system of Z is a theory family, if I* has the local
(global) family invertibility in Z, then it has, a fortiori, the local (global)
system invertibility in Z, with the same witnessing set 7" of natural transfor-
mations in N°.

Suppose, next, that I’ has the local system invertibility in Z, with wit-
nessing set of natural transformations 7¢, and let 7' e ThSys(Z), ¥ € |Sign’|
and ¢ € SEN"(X).

o If ¢ € Ty, then, since T ¢ ThSys(Z), for all ¥/, %" ¢ |Sign’| and all
f e Sign’(X, %) and g € Sign’ (X, %),

f g

2 E/ E//
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SEN'(9)(SEN'(f)(¢)) € T
Thus, by the local system invertibility, for all ¥, ¢ € SEN*(%"),
L (30 (SEN' (9) (SEN'(£)(6)), X)) € T

In particular, for all y e SEN*(X’) and all £ e SEN*(X7),

L (73 (SEN'(9) (SEN' (f)(¢)), SEN*(9) (V) €) € T

So, we get, for all ¥ € SEN"(X/) and all £ € SEN* (%),

L, (SEN"(9) (78 (SEN*(f)(). X)), &) € T

Since 3, %" € |Sign’|, f € Sign’(%,%'), g € Sign’(X',¥"), Y € SEN'(X')
and € € SEN'(X") were arbitrary, we conclude that I o]l <T.

e Suppose, conversely, that I’[74[¢]] <T. This implies
I(15(6,X),€) € Ty, for all Y, & e SEN*(X).
Thus, by the local system invertibility, ¢ € T%.

We conclude that ¢ € Ty if and only if I’[74[¢]] < T, whence, I® has the
global system invertibility in Z. [

Proposition 731 has established the following hierarchy of invertibility
properties:

Local Family Invertible

|

Local System Invertible  Global Family Invertible

/

Global System Invertible

The following holds regarding natural sufficient conditions under which
some of these properties coincide.

Proposition 732 Let F = (Sign’,SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I' : (SEN")® - SEN’ a set of natural
transformations in N having two distinguished arguments.

(a) If T is systemic, then the local (global) family invertibility and the local
(global) system invertibility properties coincide;
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(b) If I' is parameter free, then the local system invertibility and the global
system invertibility properties coincide, provided that they are witnessed
by a parameter free collection 7° : SEN’ — (SEN")2 of natural transfor-
mations in N°.

Proof: If 7 is systemic, then the local (global) system invertibility property
coincides with the local (global) family invertibility property because of the
fact that every theory family in Z is also a theory system.

Suppose, next, that I’ is parameter free and that I® has the global system
invertibility with a parameter free witnessing set of natural transformations
70 : SEN’ - (SEN")2. Let T € ThSys(Z), ¥ € |Sign’| and ¢ € SEN’(2).

e If ¢ € Ty, then, by the global system invertibility, I*[7%[¢]] < T. In
particular, I%(7s(¢)) € T5..

e If, conversely, I%(7.(¢)) ¢ Tk, then, since T € ThSys(Z), we get that,
for all ¥/, %" € [Sign’|, all f ¢ Sign’(2, %) and all g € Sign"(X’, %"),

f g

= =/ x"
SEN'(g)(SEN'(f)(13:(73:(¢)))) & T

This can be rewritten as 1%, (SEN’(¢) (7, (SEN*(£)(¢)))) € Tx». Hence,
I'7.[¢]] < T. Using the global system invertibility, we now conclude
that (b € Tg.

Thus, the global system invertibility implies the local system invertibility
property and, therefore, the local and global system invertibility properties
coincide. ]

So, in the case of a systemic m-institution Z, the hierarchy of invertibility
properties reduces to the one depicted in the left diagram, whereas in the case
of a parameter free set of natural transformations I®, we get the hierarchy
depicted on the right, under the proviso that witnessing collections of natural
transformations are also parameter free.

. Local Family Global Family
Local Invertible Invertible Invertible
Global Invertible System Invertible

Finally, for a systemic m-institution and a parameter free set of natural trans-
formations, all four invertibility properties coincide, subject to the same hy-
pothesis on witnessing collections of natural transformations.

We provide some examples to show that the implications of Proposition
731 are not equivalences in general, i.e., in the hierarchy shown above all
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inclusions of classes of w-institutions with a set of natural transformations
satisfying the corresponding invertibility properties are proper inclusions.

We first present an example to show that there is 7-institution Z with a
set of natural transformations that has the local family invertibility but not
the global family invertibility in Z.

Example 733 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with two objects ¥ and %' and a single (non-
identity) morphism f: 3 — 3';

e SEN' : Sign’ — Set is specified by SEN"(Z) = {0,1,2}, SEN*(X') =
{a,b,c} and SEN’(f) : {0,1,2} - {a,b,c} given by 0+ a, 1 = a and

2

e NV is the trivial category of natural transformations consisting of the
projections only.

2 c

1 - b

0 a
SEN(Z) SEN(Z'")

Let T = (F,C') be the m-institution determined by

Cs ={{2},{1,2},{0,1,2}} and Cs ={{c},{b,c},{a,b,c}}.

Consider the set I = {p20}, with p>° : (SEN’)2 - SEN’ being the pro-
jection binary natural transformation (onto the first coordinate), viewed as
having two distinguished arguments.

Z has nine theory families, but only five of those are theory systems.
So it is not a systemic w-institution. We show that I’ has the local family
invertibility in Z, but it does not have the global family invertibility in T.

For the local family invertibility, let m° = {1 ~ 1}, where v : SEN" - SEN’
is the identity (or unary first coordinate projection) natural transformation.
Then, for all T € ThFam(ZT), all ¥ € |Sign’| and all ¢ € SEN"(X),

L(i(6),ix(0)) € T iff ¢ T,
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Thus, I* has the local family invertibility in ZT.
On the other hand, for T = {{1,2},{b,c}} € ThFam(Z), we have 1 € T¥,,
but

ps (SEN'(f)(1),SEN'(f)(1)) = p3y/(a.a) = a ¢ Ty

Therefore I' does not have the global family invertibility in T.

Next we present an example to show that there exists a m-institution Z,
with a set of natural transformations that has the global family invertibility
but not the local system invertibility in Z.

Example 734 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN': Sign’ — Set is specified by SEN"(XZ) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 01, 1 =1 and 2~ 2;

e N’ is the category of natural transformations generated by the single
ternary natural transformation o* : (SEN’)3 — SEN' defined by letting
0% :{0,1,2}3 - {0,1,2} be given, for all x,y,z € SEN'(X), by

1, ifx,ye{0,1} and z =2
b - ’ ' ’
oy(z,y,2) = { 2, otherwise .

SEN(Z) SEN(Z)

Let T = (F,C) be the w-institution determined by Cx, = {{2},{0,1,2}}. Con-
sider the set I' = {0}, with o’ having two distinguished arquments.

T has two theory families, Thm(Z) and SEN’, both of which are also
theory systems. So I is systemic. We show that I* has the global family
wnvertibility in L, but it does not have the local system invertibility in Z.
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For the global family invertibility, consider 70 = {1~ 1}, where ¢ : SEN® —
SEN’ is the identity natural transformation. The case of SEN’ is trivial,
whereas for Thm(Z), we have, for all ¥ € |Sign’| and ¢ € SEN*(X),

6=2 iff I[6,6]<{{2}},

which holds, for all ¢ € {0,1,2}, as can be checked on a case-by-case basis.

On the other hand, for the local system invertibility, note that 0 ¢ {2},
but 0% (75(0),1) = 2 € {2}, for every set of unary natural transformations
7 : SEN’ - (SEN")2 in N*. We conclude that I' does not have the local
system invertibility in .

Finally, we present an example to show that there exists a w-institution Z,
with a set of natural transformations that has the local system invertibility
but not the local family invertibility in Z.

Example 735 Let F = (Sign’, SEN", N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:X — X, such that fo f=f;

e SEN': Sign’ — Set is specified by SEN"(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 0~ 0, 1 =0 and 2~ 2;

e N is the category of natural transformations generated by the single
binary natural transformation o® : (SEN")2 — SEN’ defined by letting
0% :{0,1,2}2 - {0,1,2} be given, for all x,y € SEN’(X), by

U%(l’,y) :{ 2, if (l’,y) = (272) .

0, otherwise

2 2

1 ] 1

0 0
SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

CE = {{2}7 {17 2}7 {Ov 17 2}}
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Consider the set I' = {¢"}, with ¢® having two distinguished arguments.

T has three theory families, but only Thm(Z), SEN’ are theory systems.
So T is not systemic. We show that I* has the local system invertibility in T,
but it does not have the local family invertibility in T.

For the local system invertibility, consider 70 = {1 ~ 1}, where ¢+ : SEN’ —
SEN’ is the identity natural transformation. The case of SEN' is trivial,
whereas, for Thm(Z), we have to verify that, for all ¥ € |Sign’| and ¢ €
SEN"(%),

o=2 iff Ii(é,0)<{{2}}.
But this obviously holds, by the definition of I'.
On the other hand, for the local family invertibility, note that 1 € {1,2},
but
o5 (72(1)) =0 ¢ {1,2},
for every set of unary natural transformations T : SEN* — (SEN")2 in N*.
We conclude that I° does not have the local family invertibility in Z.

We now prove a transfer property for invertibility.

Proposition 736 Let F = (Sign’, SEN’, N*) be an algebraic system, I' a
collection of natural transformations I' : (SEN")* — SEN’ in N*, with two
distinguished arguments, and Z = (F,C') a w-institution based on F. I° has
an invertibility property in I if and only if, for every F-algebraic system A =
(A, (F,«)), with A = (Sign,SEN, N), I has the corresponding invertibility
property in A.

Proof: If I has an invertibility property in A, for all A, then it has the same
invertibility property in F = (F,(I,.)). Since (F,C%7) =T, we conclude that
I’ has the corresponding invertibility property in Z.

Suppose, conversely, that I’ has an invertibility property in Z, with wit-
nessing set of natural transformations 7° : (SEN")* — (SEN’)2 in N*, having
a single distinguished argument. We look at each of the four properties in
turn.

(a) Suppose I" has the global family invertibility in Z and let A = (A, (F, «)),
with A = (Sign, SEN, N), be an F-algebraic system, T ¢ FiFam”(A),
% € |Sign’| and ¢ € SEN’(X). We then have
ax(¢) € Tpesy iff ¢ e a5 (Tr(s))
iff I'[7A[¢]] <o Y(T) (by hypothesis)
iff a(l'[r[¢]]) <T
iff Ila(re[¢])]<T (by Lemma 96)

>

iff I[7pey[ox(¢)]] <T. (by Lemma 96)

Taking, once more, into account the surjetivity of (F,«), we conclude
that I has the global family invertibility in A.
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(b) The global system invertibility follows analogously, taking into account
the fact that if T'e FiSys®(A), then a~1(T) € ThSys(Z).

(¢) Suppose I* has the local family invertibility in Z and let A = (A (F, «v)),
with A = (Sign, SEN, N), be an F-algebraic system, T € FiFam”(A),
Y € |Sign’| and ¢ € SEN"(X). Then we have

Oég(¢) € TF(Z}) iff ?)E Oéil (TF(Z}))

iff I%(TXI?)(QS))Z))&:) S Oéil(TF(?)),
for all ¥, £ € SEN’(X),

iff az(Ig(Té(@X)f))ETF@a
for all ¥, & € SEN’(%),

if ?F(E)(TF(E) (a2(¢)a ay; ()2))’ ay (g)) = TF(E)’

=

for all y,& e SEN"(X).

Taking again into account the surjectivity of (F,«), we conclude that
I has the local family invertibility in A.

(d) The local system invertibility follows along the same lines, taking again
into account the fact that if 7' € FiSys”(A), then a~*(T") € ThSys(Z).
|

10.14 Syntactic Algebraizability

In this section we focus on the four uniform syntactic protoalgebraicity prop-
erties, i.e., on LF SPA, LS SPA, GF SPA and GS SPA, and we add to those
versions of the invertibility property to obtain several versions of the syntactic
algebraizability property.

By previous work, we know that the four uniform SPA properties consti-
tute the hierarchy shown on the left below.

LF SPA LF Invertibility
LS SPA GF SPA LS Invertibility ~ GF Invertibility
GS SPA GS Invertibility

Moreover, by our study of invertibility, we know that the various versions of
invertibility fall into the hierarchy shown in the right diagram.

By combining syntactic protoalgebraicity with invertibility properties, we
obtain sixteen syntactic algebraizability properties as follows. Let X,Y ¢
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{LF,LS,GF,GS}, where LF stands for “Local Family”, LS stands for “Local
System”, GF stands for “Global Family” and GS stands for “Global System”.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a 7-
institution based on F and I’ : (SEN")~ — SEN" a set of natural transforma-
tions in N°*, with two distinguished arguments. We say that I’ has the XY
syntactic algebraizability in Z (XY SA in 7) if it has

e the X syntactic protoalgebraicity in Z;
e the Y invertibility in Z.

Based on the hierarchies of the syntactic protoalgebraicity and invertibil-
ity properties, we obtain the following hierarchical structure for the various
flavors of the syntactic algebraizability property.

Corollary 737 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)
be a m-institution based on F and I': (SEN")* — SEN' a set of natural trans-
formations in N*® having two distinguished arqguments. The sizteen syntactic
algebraizability properties form the hierarchy shown in the accompanying di-
agram.

Proof: This follows directly from Corollary 726 and Proposition 731. ]

LFLF SA
PN
LSLF SA LFLSSA GFLF SA LFGF SA
LSLSSA GSLF SA GFLSSA LFGSSA LSGF SA GFGF SA
ok SRS N
GSLS SA LSGS SA GFGS SA GSGF SA
S
GSGS SA

Based on the analysis performed on SPA and Invertibility, we have the fol-
lowing result regarding sufficient conditions under which some of the sixteen
syntactic algebraizability properties coincide.

Corollary 738 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C')
be a m-institution based on F and I' : (SEN")* — SEN' q set of natural
transformations in N having two distinguished arguments.
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(a) If T is systemic, then the syntactic algebraizability hierarchy collapses
to the one depicted below;

LCLC SA

/N

LCGB SA GBLC SA

NS

GBGB SA

(b) If I' has only two arguments (i.e., is parameter free), then the syntactic
algebraizability hierarchy collapses to the one depicted below, where the
system wversions of both the SPA and the invertibility properties are
grouped together under the label SYS.

LFLF SA LFGF SA

O\

GFLF SA LFSYS SA GFGF SA

N

SYSLF SA GFSYS SA SYSGF SA

S

SYSSYS SA

\

S

Proof: The statement follows from Corollary 727 and Proposition 732. =

For a systemic m-institution with a parameter free set of natural trans-
formations, there is only one syntactic protoalgebraicity property, since all
versions of syntactic protoalgebraicity and all versions of invertibility collapse
to a single property.

Instead of studying this entire hierarchy in detail, we refocus, once again,
on the uniformly defined classes. So we define LF SA, LS SA, GF SA
and GS SA to mean, respectively, LFLF syntactic, LSLS syntactic, GFGF

syntactic and GSGS syntactic algebraizability. These classes form the
subhierarchy depicted below.

LF SA

LS SA GF SA

NS

GS SA
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Moreover, according to Corollary 738, this reduces to the hierarchy depicted
in the left diagram for a systemic m-institution and to the one depicted on
the right for a parameter free set of natural transformations.

LC SA LF SA GF SA

| NS

GB SA SYS SA

We provide examples to show that the inclusions between the four uniform
classes of the syntactic algebraizability hierarchy are proper in general.

First, we present an example to show that there exists a m-institution Z,
with a set of natural transformations that has the LS syntactic algebraizabil-
ity, but not the LF syntactic algebraizability in Z.

Example 739 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN': Sign’ — Set is specified by SEN"(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 0~ 0, 1 » 0 and 2~ 2;

e N' is the category of natural transformations generated by

— a unary natural transformation A\* : SEN’ — SEN' defined by
letting A}, : {0,1,2} — {0,1,2} be given by Ny(x) = 2, for all
re{0,1,2};

— a binary natural transformation o* : (SEN")2 - SEN’ defined by
letting 0¥ : {0,1,2}2 - {0,1,2} be given by

2, ifx=y or{x,y}={0,1}
oz, y) =4 1, if{x,y}={1,2}
0, otherwise

Let T = (F,C) be the m-institution determined by

Cy = {{2}> {1’2}> {Oa 1a2}}'

Note that there are three theory families, but only Thm(Z) and SEN’ are
theory systems. So T is not systemic.

Consider the set I' = {0}, with o* : (SEN")2 - SEN’ having two distin-
guished arguments. We show that I’ has the local system syntactic algebraiz-

ability in Z, but it does not have the local family syntactic algebraizability in
7.
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2 2

1 \ 1

0 0
SEN(Z) SEN(Z)

First, we look at local system equivalence. The defining conditions for
reflexivity, symmetry and transitivity of 1* in I are all trivially satisfied for
SEN’. For the theory system Thm(Z), it suffices to observe that the elements
of SEN'(X) are related in local system equivalence modulo Thm(Z) as shown
in the diagram. Therefore, I' has the local system equivalence in I.

R

2

d

Next, observe that, for all ¢ € SEN’(X), the pairs (o%(4,0),0%(¢,1)),
(0%(0,0),0%(1,9)) and (X(0),A5(1)) are related via I" modulo Thm(Z).
Thus, I has the local system congruence in I.

Nezt, note that, since the only pairs (¢,1), with ¢ # 1, such that 0% (¢, ) €
Thmy(Z) are (0,1) and (1,0) and for neither of these is ¢ € Thmy(Z), I°
has the local system modus ponens in L.

Finally, consider the set T : SEN" - (SEN")2 of natural transformations
in N*, given by 7° = {1~ X'}, where v : SEN" - SEN’ is the identity natural
transformation. Since, for every ¢ € SEN’(X), we have

¢ Thms(Z) iff I5(6,M\5(4)) € Thng(T),

we also get that I' has the local system invertibility in T and, therefore, we
conclude that I' has the local system algebraizability in T.

On the other hand, 1 € {1,2} and 0%(1,0) = 2 € {1,2}, but 0 ¢ {1,2}.
Therefore, I' does not have the local family modus ponens in T and, hence,
a fortiori, it does not have the local family syntactic algebraizability in T.

Next, we present an example to show that there is w-institution Z with a
set of natural transformations that has the GS syntactic algebraizability but
not the GF syntactic algebraizability in Z.
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Example 740 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fo f=1iyx;

e SEN': Sign’ - Set is specified by SEN"(Z) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 01, 1 =0 and 2~ 2;

e NV is the category of natural transformations generated by

— a unary natural transformation A\° : SEN’ — SEN’ defined by
letting Ay, : {0,1,2} - {0,1,2} be given by Xy(z) = 2, for all
xe{0,1,2};

— a single binary natural transformation o* : (SEN")2 - SEN' de-
fined by letting 0¥ : {0,1,2}? - {0,1,2} be given by

2, ifx=y or{x,y}={0,1}
O-bE(xvy) = 17 Zf {xvy} = {072}
0, if {z,y}={1,2}

AVAVITAY,

1

SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by

Cy = {{Q}a {072}a {172}a {07 172}}'

T has four theory families Thm(Z), T = {{0,2}}, T" = {{1,2}} and SEN’, but
only two theory systems Thm(Z) and SEN’. In particular, T is not systemic.

Consider the set I' = {o"}, with o® having both arguments distinguished.
We show that I’ has the global system syntactic algebraizability in T, but it
does not have the global family syntactic algebraizability in T.

First, we look at global system equivalence. The defining conditions for
reflexivity, symmetry and transitivity of 1* in T are all trivially satisfied for
SEN'. For the theory system Thm(Z), it suffices to observe that the elements
of SEN*(X) are related in global system equivalence modulo Thm(Z) as shown
in the diagram. Therefore, I’ has the global system equivalence in .
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RS

2

d

Next, observe that, for all ¢ € SEN’(X), the pairs (o%(4,0),0%(s,1)),
(0%(0,0),05(1,¢)) and (X(0),A5(1)) are related via I' modulo Thm(ZT).
Thus, I' has the global system congruence in ZI.

Next, note that, since the only pairs (¢,1), with ¢ # ¢, such that o%[$, ] <
Thm(Z) are (0,1) and (1,0) and for neither of these is ¢ € Thmx(Z), I' has
the global system modus ponens in L.

Finally, consider the set T : SEN" - (SEN")2 of natural transformations
in N*, given by 7 = {1~ X'}, where v : SEN’ - SEN’ is the identity natural
transformation. Since, for every ¢ € SEN’(X), we have

¢ e Thms(Z) iff Ts[d,No(¢)] < Thmn(ZT),

we also get that I" has the global system invertibility in T and, therefore, we
conclude that I' has the global system algebraizability in T.

On the other hand, 1 € {1,2} and o4[1,0] < {{1,2}}, but 0 ¢ {1,2}.
Therefore, I' does not have the global family modus ponens in I and, hence,
a fortiori, it does not have the global family syntactic algebraizability in L.

Note that the preceding example also shows that there is m-institution Z
with a set of natural transformations that has the GS syntactic algebraiz-
ability but not the LF syntactic algebraizability in Z. We present also an
additional example depicting a m-institution Z with a set of natural trans-
formations I*, with two distinguished arguments, that has the GS syntactic
algebraizability but not the LS syntactic algebraizability in Z.

Example 741 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f:3 — X, such that fo f=f;

e SEN':Sign’ - Set is specified by SEN’(X) = {0,1,2,3} and SEN"(f):
{0,1,2,3} - {0,1,2,3} given by 02, 1+ 3, 2+ 2 and 3~ 3;

e NV is the category of natural transformations generated by
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— a unary natural transformation X : SEN’ - SEN" defined by let-
ting A% :{0,1,2,3} - {0,1,2,3} be given by 0~ 2, 1~ 3, 2 2
and 3 — 3;

— a ternary natural transformation o : (SEN’)3 - SEN' defined by
letting 0% : {0,1,2,3}3 - {0,1,2,3} be given by

2, ifx=yor(z,y)=(0,1) orz=2o0rz=3
b _ ’ ) )
75(,y,2) _{ 0, otherwise '

w

N

SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

Cs ={{2,3},{0,1,2,3}}.

Note that both theory families, Thm(Z) and SEN’, are also theory systems.
So T is a systemic w-institution.

Consider the set I' = {o*}, with ¢ : (SEN")3 - SEN’ having two dis-
tinguished arguments. We show that I' has the global (family or system)
syntactic algebraizability in I, but it does not have the local (family or sys-
tem) syntactic algebraizability in T.

Concerning global equivalence, the defining conditions for reflexivity, sym-
metry and transitivity of I' in T are all trivially satisfied for SEN®. For the
theory system Thm(Z), it suffices to observe that the relation of global equiv-
alence modulo Thm(Z) is the identity relation. Therefore, I' has the global
system equivalence in L. Because of that, the global compatibility and the
global modus ponens are trivially satisfied.

Finally, consider the set t°: SEN" - (SEN")2 of natural transformations
in N*, given by 7 = {1~ X'}, where v : SEN" - SEN’ is the identity natural
transformation. Since, for every ¢ e SEN’(X), we have

¢ e Thing(Z) iff Ts[¢, No(6)] < Thm(Z),

we also get that I has the global system invertibility in T and, therefore, we
conclude that I' has the global system algebraizability in T.
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On the other hand, 0%(0,1,¢) € Thmx(Z), for all & € SEN'(X), but
0%(1,0,0) = 0 ¢ Thmy(Z), whence I* does not have the local symmetry in
I and, therefore, a fortiori, fails to satisfy the local syntactic algebraizability
in L.

We close with a transfer property for the syntactic algebraizability prop-
erties that we have focused on in this section.

Corollary 742 Let F = (Sign’, SEN’, N*) be an algebraic system, I' a col-
lection of natural transformations I' : (SEN")* — SEN' in N*, with two
distinguished arguments, and I = (F,C) a m-institution based on F. I" has
a (uniform) syntactic algebraizability property in I if and only if, for ev-
ery F-algebraic system A = (A, (F,«a)), with A = (Sign,SEN, N), I has the
corresponding syntactic algebraizability property in A.

Proof: This follows directly from Corollary 730 and Proposition 736. [ |

10.15 Regularity

We turn now to the study of various versions of the regularity property,
based on the local versus global and the theory family versus theory system
dualities.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a -
institution based on F and I : (SEN")~ — SEN" a set of natural transforma-
tions in N, with two distinguished arguments. We say that:

e [’ has the local family regularity in Z if, for all '€ ThFam(Z), all
3 € |Sign’| and all ¢, 1) € SEN"(X),

6,0 € Ty, imply T(,9,€) € T, for all € e SEN'();

e [’ has the local system regularity in Z if, for all 7' € ThSys(Z), all
Y € |Sign’| and all ¢,v € SEN"(X),

¢, € Ty imply I4(¢,4,€) € Tk, for all £ e SEN'(X);

e [’ has the global family regularity in Z if, for all T' € ThFam(Z), all
3 € |Sign’| and all ¢, 1) € SEN"(X),

¢, € Ts, imply I4[¢, 0] < T

e [’ has the global system regularity in Z if, for all '€ ThSys(Z), all
Y € |Sign’| and all ¢,v € SEN"(X),

¢, € Ty imply Iy[¢, 9] <T.
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We give now the hierarchy of regularity properties.

Proposition 743 Let F = (Sign’,SEN’, N*) be an algebraic system, I =
(F,C) be a m-institution based on F and I' : (SEN")* — SEN’ a set of natural
transformations in N* having two distinguished arguments.

(a) If I' has the global family regqularity, then it has the local family regu-
larity in Z;

(b) If I’ has the local family reqularity, then it has the local system regqularity
mL;

(c) I' has the global system regularity if and only if it has the local system
reqularity in L.

Proof:

(a) Suppose that I® has the global family regularity in Z. Consider T €
ThFam(Z), ¥ € |Sign’| and ¢, € SEN’(X), such that ¢,1) € Ts,. Then,
we have, by hypothesis, I%[¢,4] < T. But this implies that I (¢,v,€) €
Ty, for all £ e SEN’(X). Thus, I* has the local family regularity in Z.

(b) The conclusion follows directly from the fact that every theory system
is a theory family of Z.

(¢) For the “only if” direction, we repeat the argument used in the proof of
Part (a) except reasoning exclusively in terms of theory systems rather
than using arbitrary theory families.

Suppose, conversely, that I’ has the local system regularity in Z. Let
T € ThSys(Z), ¥ € |Sign’| and ¢, € SEN*(X), such that ¢, € Tk,
Since T € ThSys(Z), for all ¥ € |Sign’| and all f € Sign’(X, %),

SEN*(1)(6), SEN*(f) (&) € T
Thus, by the local system regularity, for all £ e SEN*(3/),

Ly (SEN(£)(6), SEN'(f)(¥),€) € T
Since this holds for all ¥’ ¢ |Sign’|, all f € Sign’(X,%’) and all € ¢
SEN’(X), we get that I1%[¢,1] < T, Therefore, I’ has the global system

regularity in Z. -

Proposition 743 has established the following hierarchy of regularity prop-
erties:
Global Family Regular

|

Local Family Regular

|

System Regular
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We also note the following regarding natural sufficient conditions under
which some of these properties coincide.

Proposition 744 Let F = (Sign’,SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I’ : (SEN")~ — SEN’ a set of natural
transformations in N°, with two distinguished arquments. If T is systemic,
then all three regqularity properties coincide.

Proof: If 7 is systemic, then the (global) system regularity property coin-
cides with the global family regularity property and this causes the collapsing
of the hierarchy. [

So in the case of a systemic 7w-institution Z, there is only one possible
regularity property.

We provide some examples to show that the implications of Proposition
743 are not equivalences in general, i.e., in the hierarchy shown above all
inclusions of classes of w-institutions with a set of natural transformations
satisfying the corresponding regularity properties are proper inclusions.

We first present an example to show that there is m-institution Z with a
set of natural transformations that has the local family regularity but not
the global family regularity in Z.

Example 745 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fo f=f;

e SEN': Sign’ — Set is specified by SEN"(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 00, 1 =0 and 2~ 2;

e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 - SEN’ defined by letting
oy :{0,1}2 - {0,1} be given by

2, ifx=2o0ry=2

oy(z,y) =y 1, if (z,y) = (1,1)
0, otherwise

Let T = (F,C') be the m-institution determined by Cx = {{2},{1,2},{0,1,2}}.
Consider the set I' = {0}, with o* : (SEN")2 - SEN’ having two distin-
gquished arguments.
T has three theory families, but only Thm(Z) and SEN are theory systems.
We show that I has the local family reqularity in Z, but it does not have the
global family reqularity in Z.
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2 2
1 L 1
0 0
SEN(Z) SEN(Z)

For the local family regularity note, first, that 0%(2,2) = 2, which takes
care of Thm(Z) and that the case of SEN’ is trivial. So we only need to
check the case with T = {{1,2}}. Since 0%,(2,2) =0%(1,2) =0%(2,1) =2 and
o4 (1,1) = 1, the defining condition for local family regularity is also satisfied
for T ={{1,2}}. Therefore, I® has the local family reqularity in Z.

On the other hand, we have 1 € {1,2} but o%(SEN*(£)(1),SEN"(f)(1)) =
0%(0,0) =0 ¢ {1,2}. Thus, 1T, but o%[1,1] £ T, which shows that I' does
not have the global family reqularity in Z.

Next we present an example to show that there exists a w-institution Z,
with a set of natural transformations that has the system regularity but not
the local family regularity in Z.

Example 746 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN': Sign’ — Set is specified by SEN"(Z) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 0~ 0, 1 >0 and 2~ 2;

e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 — SEN’ defined by letting
0% :{0,1,2}2 - {0,1,2} be given, for all a,be SEN*(X), by

2, ifx=2o0ry=2
b _ )
ox(,y) = { 0, otherwise

Let T = (F,C) be the m-institution determined by Cx, = {{2},{1,2},{0,1,2}}.
Consider the set I' = {c"}, with ¢® having two distinguished arguments.

T has three theory families Thm(Z), T = {{1,2}} and SEN’, but only two
theory systems Thm(Z) and SEN’. We show that I' has the (local) system
reqularity in L, but it does not have the local family reqularity in T.



Voutsadakis ~ CHAPTER 10. ELEMENTS OF SYNTAX 823

2 2

1 \ 1

0 0
SEN(Z) SEN(Z)

For the local system regularity note that 0%(2,2) = 2, which takes care of
Thm(Z), and that the case of SEN’ is trivial.

On the other hand, for the local family reqularity, note that 1 € Ty, = {1,2},
but 0% (1,1) =0 ¢ Tx. Therefore I' does not have the local family regularity
n L.

We now prove a transfer property for regularity.

Proposition 747 Let F = (Sign’, SEN’, N*) be an algebraic system, I* a col-
lection of natural transformations I* : (SEN")« — SEN’ in N°*, with two dis-
tinguished arguments, and Z = (F,C') a w-institution based on F. I' has a reg-
ularity property in L if and only if, for every algebraic system A = (A, (F, «a)),
with A = (Sign, SEN, N), I has the corresponding reqularity property in A.

Proof: If I has a regularity property in A, for all A, then it has the same
regularity property in F = (F,(I,¢)). Since (F,C7) =7, we conclude that I*
has the corresponding regularity property in Z.

Suppose, conversely, that I’ has a regularity property in Z. We look at
each of the three properties in turn.

(a) Suppose I’ has the global family regularity in Z and let A = (A, (F, «)),
with A = (Sign, SEN, N), be an F-algebraic system, T € FiFam”(A),
Y € [Sign’| and ¢,¢ € SEN’(X), such that ax(¢) € Tres) and ax(v) €
Tresy. Then ¢ € o5 (Tr(x)) and ¥ € ai' (Trs)). Since, by Lemma
51, a }(T") € ThFam(Z), we get by global family regularity, I4[¢, ] <
a™}(T). Thus, by Lemma 95, Ipis)[ax(¢),ax(¢)] < T. We conclude
that I has the global family regularity in A.

(b) Suppose I® has the local family regularity in Z and let A = (A, (F, «)),
with A = (Sign, SEN, N), be an F-algebraic system, T' ¢ FiFam®(A),
% € |Sign’| and ¢,¢ € SEN’(X), such that as(¢) € Tr(x) and as () €
Trey. Then ¢ € a(Tr)) and ¥ € ag' (Trex)). Since o Y(T) €
ThFam(Z), we get by local family regularity, that

I5(6,9,€) € a5t (Trs)), for all € € SEN'(T).
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Thus, as(1%(4,¥,€)) € Tr(s) or, equivalently,

Iresy(as(0), ax (1), as(€)) € Tr(sy, for all £ e SEN*(X).

It follows, taking into account the surjectivity of (F,«a), that I has the
local family regularity in A.

(¢) The system regularity follows analogously, taking into account the fact

that, if T € FiSys”(A), then a~1(T) € ThSys(Z).
u

10.16 Syntactic Regularity

In this section we focus on the four uniform syntactic protoalgebraicity prop-
erties, LF SPA, LS SPA, GF SPA and GS SPA, and we add to those versions
of the regularity property to obtain several versions of the syntactic regularity
property.

By previous work, we know that the four uniform SPA properties consti-
tute the hierarchy shown in the left diagram.

LF SPA GF Regularity
LS SPA GF SPA LF Regularity
GS SPA SYS Regularity

Moreover, by our study of regularity, we know that the various versions of
regularity fall into the linear hierarchy shown in the right diagram.

By combining syntactic protoalgebraicity with regularity properties, we
obtain twelve syntactic regularity properties as follows. Let X e {LF,LS,
GF,GS} and Y € {LF,GF,SYS}, where LF stands for “Local Family”, LS
stands for “Local System”, GF stands for “Global Family”, GS stands for
“Global System” and SYS stands for “SYStem”, abbreviating both the local
and the global system properties, in case they are identical.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a n-
institution based on F and I’ : (SEN")~ — SEN" a set of natural transforma-
tions in N* having two distinguished arguments. We say that I* has the XY
syntactic regularity in Z (XY SR in 7) if it has

e the X syntactic protoalgebraicity in Z;

e the Y regularity in Z.
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Based on the hierarchies of the syntactic protoalgebraicity and regular-
ity properties, we obtain the following hierarchical structure for the various
flavors of the syntactic regularity property.

Corollary 748 Let F = (Sign’, SEN’, N*) be an algebraic system, T = (F,C')
be a m-institution based on F and I' : (SEN")* - SEN’ a set of natural trans-
formations in N® having two distinguished arguments. The twelve syntactic
reqularity properties form the hierarchy shown in the accompanying diagram.

Proof: This follows directly from Corollary 726 and Proposition 743. [ |

LFGF SR

N

LSGF SR LFLF SR GFGF SR

LSLF SR\ LFSYS SR / GFLF SR
LSSYS SR \. GSGF SR / GFSYS SR
\GSLF SR/

GSSYS SR

Based on the analysis performed on SPA and regularity, we have the
following result regarding sufficient conditions under which some of the twelve
syntactic regularity properties coincide.

Corollary 749 Let F = (Sign’, SEN’, N*) be an algebraic system, T = (F,C')
be a m-institution based on F and I' : (SEN")* — SEN' a set of natural
transformations in N°, with two distinguished arguments.

(a) If T is systemic, then the syntactic reqularity hierarchy collapses to the
one depicted below;

LC Regularity

GB Regularity
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(b) If I* has only two arquments (i.e., is parameter free), then the syn-
tactic reqularity hierarchy collapses to the one depicted below, where
the System versions of both the SPA and the invertibility properties are
grouped together under the label SYS.

LFGF SR

SN

LFLF SR GFGF SR

SN SN

LFSYS SR GFLF SR SYSGF SR

N SN S

GFSYS SR SYSLF SR

NS

SYSSYS SR
Proof: The statement follows from Corollary 727 and Proposition 743. =

For a systemic m-institution with a parameter free set of natural transfor-
mations, there is only one syntactic regularity property, since all versions of
syntactic protoalgebraicity and all versions of regularity collapse to a single
property.

Instead of studying this entire hierarchy in detail, we concentrate again
on the uniformly defined classes. So we define LF SR, LS SR, GF SR and
GS SR to mean, respectively, LFLF syntactic, LSLS syntactic, GFGF
syntactic and GSGS syntactic regularity. These classes form, according to
Corollary 748, the sub hierarchy depicted below.

LF SR
LS SR GF SR
NS
GS SR

Moreover, according to Corollary 749, this reduces to the hierarchy depicted
in the left diagram for a systemic w-institution and to the one depicted in
the right diagram for a parameter free set of natural transformations.

LC SR LF SR GF SR

| NS

GB SR SYS SR

We provide examples to show that the inclusions between these four uni-
form classes of the syntactic regularity hierarchy are proper in general.
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First, we present an example to show that there exists a m-institution Z,
with a set of natural transformations that has the LS syntactic regularity,
but not the LF syntactic regularity in Z.

Example 750 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fo f=f;

e SEN’: Sign’ - Set is specified by SEN*(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 0~ 0, 1 =0 and 2~ 2;

e N is the category of nmatural transformations generated by a binary
natural transformation o : (SEN')2 — SEN' defined by letting 0%
{0,1,2}2 - {0,1,2} be given by

2, ifx=y or{z,y}={0,1}
oy(z,y) =3 1L if {z,y} = {1,2}
0, otherwise

2 2

1 ] 1

0 0
SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

CE = {{2}7 {17 2}7 {Ov 17 2}}

Note that there are three theory families, but only Thm(Z) and SEN® are
theory systems. So I is not systemic.

Consider the set I' = {0}, with ¢* : (SEN")2 - SEN" having two distin-
guished arguments. We show that I' has the local system syntactic reqularity
in L, but it does not have the local family syntactic reqularity in L.

First, we look at local system equivalence. The defining conditions for
reflexivity, symmetry and transitivity of 1* in I are all trivially satisfied for
SEN’. For the theory system Thm(Z), it suffices to observe that the elements
of SEN'(X) are related in local system equivalence modulo Thm(Z) as shown
in the diagram. Therefore, I’ has the local system equivalence in I.
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R ———

2

d

Next, observe that, for all ¢ € SEN’(X), the pairs (ob(¢,0),0%(¢,1)) and
(6%(0,0),05(1,9)) are related via I'* modulo Thm(Z). Thus, I' has the local
system congruence in I.

Neat, note that, since the only pairs (¢,), with ¢ # 1, such that o (¢, 1) €
Thmy(Z) are (0,1) and (1,0) and for neither of these is ¢ € Thmy(Z), I
has the local system modus ponens in L.

Finally, for local system regularity, note that the defining condition is
trivially satisfied for SEN’, whereas, for Thm(Z), we clearly have that, if
¢, € Thmy(T), then ¢ = ¢ = 2, whence 0%(¢p, 1) = 2 € Thmy(Z). Therefore
I" has the local system reqularity in Z and, therefore, we conclude that I’ has
the local system syntactic reqularity in L.

On the other hand, 1 € {1,2} and 0%(1,0) = 2 € {1,2}, but 0 ¢ {1,2}.
Therefore, I* does not have the local family modus ponens in T and, hence,
a fortiori, it does not have the local family syntactic reqularity in L.

Next, we present an example to show that there is w-institution Z with a
set of natural transformations that has the GS syntactic regularity but not
the GF syntactic regularity in Z.

Example 751 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fo f=1ix;

e SEN': Sign’ — Set is specified by SEN"(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 01, 1~ 0 and 2~ 2;

e NV is the category of natural transformations generated by a single bi-
nary natural transformation o' : (SEN*)2 — SEN’ defined by letting
05 :{0,1,2}%2 > {0,1,2} be given by

2, ifx=y or{x,y}={0,1}
on(z,y) =1 1, if {z,y} = {0,2}
0, if {z,y}=1{1,2}
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SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by

Cy = {{Q}a {072}a {172}a {07 172}}'

T has four theory families Thm(Z), T = {{0,2}}, T" = {{1,2}} and SEN’, but
only Thm(Z) and SEN’ are theory systems. In particular, T is not systemic.

Consider the set I' = {o"}, with o® having both arguments distinguished.
We show that I° has the global system syntactic reqularity in I, but it does
not have the global family syntactic reqularity in .

First, we look at global system equivalence. The defining conditions for
reflexivity, symmetry and transitivity of I’ in T are all trivially satisfied for
SEN’. For the theory system Thm(Z), it suffices to observe that the elements
of SEN*(X) are related in global system equivalence modulo Thm(Z) as shown
in the diagram. Therefore, I' has the global system equivalence in T.

R

2

d

Next, observe that, for all ¢ € SEN*(X), the pairs (0%(9,0),0%(¢,1))
and (0%(0,¢),05(1,¢)) are related via I' modulo Thm(Z). Thus, I' has the
global system congruence in L.

Now note that, since the only pairs (¢,v), with ¢ # 1, such that o%[p, ] <
Thm(Z) are (0,1) and (1,0) and for neither of these is ¢ € Thmx(Z), I' has
the global system modus ponens in Z.

For the global system regularity, note that the defining condition is satis-
fied trivially for SEN’, whereas for Thm(Z), if ¢,1 € Thmy,(Z), then ¢, = 2,
whence we get o%[¢, ] < Thm(Z). Therefore, we conclude that I° has the
global system syntactic regularity in Z.
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On the other hand, 1 € {1,2} and o%[1,0] < {{1,2}}, but 0 ¢ {1,2}.
Therefore, I' does not have the global family modus ponens in Z and, hence,
a fortiori, it does not have the global family syntactic reqularity in I.

Finally, we present an example of a w-institution Z with a set of natu-
ral transformations I*, with two distinguished arguments, that has the GS
syntactic regularity but not the LS syntactic regularity in Z.

Example 752 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with a single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN’ : Sign’ — Set is specified by SEN*(X) = {0,1,2,3,4,5} and
SENb(f) :{0,1,2,3,4,5} -{0,1,2,3,4,5} given by 0~ 0, 1 » 1, 2 4,
35 44 and 5 5;

e N’ is the category of natural transformations generated by a ternary
natural transformation o* : (SEN")3 — SEN’ defined by letting o, :
{0,1,2,3,4,5}3 - {0,1,2,3,4,5} be given by

4, ifx=y or{z,y}={4,5}
or ((xz,y) =(1,4) and 2=0,1,4,5)
b ~ or ((xz,y) =(1,5) and 2=0,1,4,5)
ox(,y,2) = 2, elseif {x,y} c{2,3,4,5}
or (z,y) = (1,2) or (z,y) = (1,3)
0, otherwise

SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by

CE = {{47 5}7 {27 3747 5}7 {Ov 17 27 3747 5}}
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Note that all three theory families, Thm(Z), T = {{2,3,4,5}} and SEN’, are
also theory systems. So L is a systemic m-institution.

Consider the set I' = {o*}, with ¢ : (SEN")3 - SEN’ having two dis-
tinguished arguments. We show that I° has the global (family or system)
syntactic reqularity in I, but it does not have the local (family or system)
syntactic reqularity in L.

Concerning global equivalence, the defining conditions for reflexivity, sym-
metry and transitivity of I' in T are all trivially satisfied for SEN®. For the
theory system Thm(Z), it suffices to observe that the relation of global equiv-
alence modulo Thm(Z) is the binary relation on SEN"(X) depicted in the left
graph in the figure. Moreover, the relation of global equivalence modulo T

Q o S =

<7

O

5 29

N

v, O

is the binary relation on SEN"(X) depicted in the right graph in the figure.
Therefore, I' has the global system equivalence in T.

Looking at these two graphs and taking into account the definition of o’,
we can see that the defining conditions of the global compatibility and the
global modus ponens are also satisfied for all three theory systems.

For global regularity, note again that the defining condition is trivially sat-
isfied for SEN’, that o&[¢,] < Thm(Z), if ¢,v € {4,5}, and that o[p,v] <
T, if o, €{2,3,4,5}. Thus, we conclude that I* has the global reqularity in
Z and, therefore, I® has the global system syntactic reqularity in .

On the other hand, 0%(1,2,€) = 2 € Ty, for all £ € SEN'(X), whereas
0%(2,1,0) =0 ¢ Ts;, whence I' does not have the local system symmetry in T
and, therefore, a fortiori, fails to satisfy the local system syntactic reqularity
i L.

We close with a transfer property for the (uniform) syntactic regularity
properties that we have studied in this section.

Corollary 753 Let F = (Sign’,SEN’, N*) be an algebraic system, I’ a col-
lection of natural transformations I' : (SEN")* — SEN’ in N*, with two
distinguished arguments, and I = (F,C) a m-institution based on F. I" has
a (uniform) syntactic regularity property in Z if and only if, for every F-
algebraic system A = (A, (F,«)), with A = (Sign, SEN, N), I has the corre-
sponding syntactic reqularity property in A.

Proof: This follows directly from Corollary 730 and Proposition 747. [ |
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10.17 Modus Fortis

We now study versions of modus fortis. This property is better known as
the Wéjcicki or the Rasiowa property. However, in the next section, we call
“Rasiowa property” the combination of syntactic protoalgebraicity with the
modus fortis.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a n-
institution based on F and I* : (SEN")» - SEN’ a set of natural transforma-
tions in N* having two distinguished arguments. We say that:

e [’ has the local family modus fortis (local family MF) in 7 if,
for all T € ThFam(Z), all ¥ € |[Sign’| and all ¢, € SEN*(),

Y € Ts, implies I5(¢,1,€) € Tk, for all € e SEN*(X);

e [’ has the local system modus fortis (local system MF) in 7 if|
for all T € ThSys(Z), all ¥ € |Sign’| and all ¢, € SEN’(%),

W € Ty implies I3(6,,€) € Ty, for all € e SEN*(E);

e [’ has the global family modus fortis (global family MF) in 7
if, for all '€ ThFam(Z), all ¥ € [Sign’| and all ¢, € SEN*(X),

Y € Ty, implies I%[¢,v] < T}

e [’ has the global system modus fortis (global system MF) in 7
if, for all T'e ThSys(Z), all ¥ € |Sign’| and all ¢, € SEN*(),

¥ € Ty, implies I&[¢, 9] < T.
We give now the hierarchy of modus fortis properties.

Proposition 754 Let F = (Sign’,SEN’, N*) be an algebraic system, I =
(F,C) be a m-institution based on F and I' : (SEN")* — SEN’ a set of natural
transformations in N having two distinguished arguments.
(a) If I’ has the global family MF, then it has the local family MF in Z;
(b) If I’ has the local family MF, then it has the local system MF in Z;

(c) I' has the global system MF if and only if it has the local system MF
n L.

Proof:
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(a) Suppose that I’ has the global family MF in Z. Let T' € ThFam(Z),
Y € |Sign’| and ¢, € SEN’(X), such that ¢ € Tk. Then, we have,
by hypothesis, IL[¢,9] < T. This implies that I5(¢,1,§) ¢ T, for all
£ e SEN’(X). Thus, I’ has the local family MF in Z.

(b) The conclusion follows directly from the fact that every theory system
is a theory family of Z.

(c) For the “only if” direction, we repeat the argument used in the proof of
Part (a) except reasoning exclusively in terms of theory systems rather
than using arbitrary theory families.

Suppose, conversely, that I’ has the local system MF in Z. Let T €
ThSys(Z), ¥ € |Sign’| and ¢,v € SEN’(X), such that v € T%,. Since T €
ThSys(Z), for all ¥ € [Sign’| and all f € Sign’ (%, %), SEN’(f)(¢) €
Ty,. Thus, by the local system MF, for all £ e SEN*(X/),

L3, (SEN"(£)(6), SEN* (/) (%), €) € T

Since this holds, for all X € |Sign’|, all f € Sign’(2,%) and all € €
SEN’(X), we get that I%[¢,1] < T, Therefore, I’ has the global system
MF in Z.
[ ]
Proposition 754 has established the following hierarchy of Modus Fortis
properties:

Global Family MF

|

Local Family MF

|

System MF

We also note the following regarding natural sufficient conditions under
which some of these properties coincide.

Proposition 755 Let F = (Sign’,SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I’ : (SEN")~ — SEN’ a set of natural
transformations in N having two distinguished arguments. If T is systemic,
then all three modus fortis properties coincide.

Proof: If 7 is systemic, then the (global) system modus fortis coincides with
the global family modus fortis property and this causes the collapsing of the
hierarchy. [

So in the case of a systemic 7w-institution Z, there is only one possible
modus fortis property.
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We provide some examples to show that the implications of Proposition
754 are not equivalences in general, i.e., in the hierarchy shown above all
inclusions of classes of m-institutions with a set of natural transformations
satisfying the corresponding modus fortis properties are proper inclusions.

We first present an example to show that there is m-institution Z with

a set of natural transformations that has the local family MF but not the
global family MF in Z.

Example 756 Let F = (Sign’ SEN’, N*) be the algebraic system determined
as follows:

e Sign'’ is the category with single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fof=f;

e SEN': Sign’ - Set is specified by SEN"(Z) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 00, 1 =~ 0 and 2~ 2;

e N’ is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 — SEN’ defined by letting
0v.:{0,1}2 - {0,1} be given by

2, ifx=2o0ry=2
ob(z,y)={ 1, ifz+2andy=1 .
0, otherwise

2 2

1 L 1

0 0
SEN() SEN()

Let T = (F,C') be the m-institution determined by

CE = {{2}7 {172}7 {07 172}}

Consider the set I' = {o*}, with o* : (SEN")2 - SEN’ having two distin-
quished arguments.

T has three theory families, but only Thm(Z) and SEN’ are theory sys-
tems. We show that I' has the local family modus fortis, but it does not have
the global family modus fortis in .
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For the local family MF note, first, that, for all x € SEN*(X), o%(z,2) = 2,
which takes care of Thm(Z), and that the case of SEN' is trivial. So we
only need to check the case with T = {{1,2}}. Since, for all z € SEN"(X),
ob(2,2) =2 and, also, 03,(0,1) = 0%(1,1) =1 and 0%(2,1) = 2, the defining
condition for local family MF is also satisfied for T = {{1,2}}. Therefore, I°
has the local family MF in T.

On the other hand, we have 1 € {1,2} but o%(SEN’(£)(0),SEN’(f)(1)) =
05(0,0) =0¢{1,2}. Thus, 1 €T, but 0%[0,1] £ T, which shows that I' does
not have the global family MF in T.

Next we present an example to show that there exists a m-institution Z,
with a set of natural transformations that has the system modus fortis but
not the local family modus fortis in Z.

Example 757 Let F = (Sign’, SEN", N*) be the algebraic system determined
as follows:

e Sign’ is the category with single object ¥ and a single (non-identity)
morphism f:X — X, such that fo f=f;

e SEN’: Sign’ — Set is specified by SEN’(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 0~ 0, 1 =0 and 2~ 2;

e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 - SEN’ defined by letting
0% :{0,1,2}2 - {0,1,2} be given, for all a,be SEN’(X), by

2, ifx=2o0ry=2
b _ )
ox(,y) = { 0, otherwise '
2 2
1 L 1
0 0
SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

CE = {{2}7 {17 2}7 {Ov 17 2}}

Consider the set 1" = {o"}, with ¢® having two distinguished arguments.
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T has three theory families Thm(Z), T = {{1,2}} and SEN’, but only two
theory systems Thm(Z) and SEN’. We show that I* has the (local) system
MF in Z, but it does not have the local family MF in T.

For the local system MF note that, for all x € SEN"(X), oh(x,2) = 2,
which takes care of Thm(Z), and that the case of SEN® is trivial.

On the other hand, for the local family MF, note that 1 € Ty, = {1,2}, but
05(0,1) =0 ¢ T%. Therefore, I' does not have the local family MF in T.

We finally prove a transfer property for modus fortis.

Proposition 758 Let F = (Sign’, SEN’, N*) be an algebraic system, I' a
collection of natural transformations I* : (SEN")¥ — SEN’ in N*, with two
distinguished arguments, and Z = (F,C') a w-institution based on F. I" has an
MF property in T if and only if, for every F-algebraic system A= (A, (F,a)),
with A = (Sign,SEN, N), I has the corresponding MF property in A.

Proof: If I has an MF property in A, for all A, then it has the same
property in F = (F,(I,.)). Since (F,C%%) =7, we conclude that I* has the
corresponding MF property in Z.

Suppose, conversely, that I’ has an MF property in Z. We look at each
of the three properties in turn.

(a) Suppose I’ has the global family MF in Z and let A = (A, (F,«a)),
with A = (Sign, SEN, N), be an F-algebraic system, T € FiFam”(A),
3 € |Sign’| and ¢,1 € SEN'(X), such that ax(¢)) € Trm). Then ¢ €
as!(Tr(sy)- Since, by Lemma 51, a~*(T") € ThFam(Z), we get by global
family MF, I3,[¢, 4] < a~'(T). Thus, by Lemma 95,

Irylas(d),as(¥)] < T.
We conclude that I has the global family MF in A.

(b) Suppose I’ has the local family MF in Z and let A = (A (F, a)),
with A = (Sign, SEN, N), be an F-algebraic system, T’ ¢ FiFam®(A),
Y e |Sign’| and ¢,v € SEN’(X), such that ax(y) € Trey. Then
Y € o5 (Tp(sy). Since a'(T) € ThFam(Z), we get by local family
MF, that

15(6,0,€) € a5 (Trsy), for all £ € SEN'(E).
Thus, as(1%(6,¥,€)) € Tr(s) or, equivalently,

Ipesy (s (9), an (), a(€)) € Trqs), for all £ e SEN(S).

It follows, taking into account the surjectivity of (F,a), that I has the
local family MF in A.

(c) The system MF follows analogously, taking into account the fact that

if T € FiSys”(A), then a1(T) € ThSys(Z). .
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10.18 The Rasiowa Property

In this section we focus again on the four uniform syntactic protoalgebraicity
properties, LF SPA, LS SPA, GF SPA and GS SPA, and we add to those
versions of the modus fortis property to obtain several versions of the Rasiowa
property.

By previous work, we know that the four uniform SPA properties consti-
tute the hierarchy shown on the left below.

LF SPA GF Modus Fortis
LS SPA GF SPA LF Modus Fortis
GS SPA SYS Modus Fortis

Moreover, by our study of modus fortis, we know that the various versions
of modus fortis (MF) fall into the linear hierarchy shown on the right of the
diagram.

By combining syntactic protoalgebraicity with MF properties, we obtain
twelve Rasiowa properties as follows. Let X € {LF,LS,GF,GS} and Y €
{LF,GF,SYS}, where LF stands for “Local Family”, LS stands for “Local
System”, GF stands for “Global Family”, GS stands for “Global System”
and SYS stands for “SYStem”, abbreviating both the local and the global
system properties, when they are identical.

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a n-
institution based on F and I’ : (SEN")~ — SEN" a set of natural transforma-
tions in N* having two distinguished arguments. We say that I* has the XY
Rasiowa property in Z (XY RW in Z), or that I’ is XY Rasiowan in
Z, if it has

e the X syntactic protoalgebraicity in Z;
e the Y modus fortis in Z.

Based on the hierarchies of the syntactic protoalgebraicity and MF prop-
erties, we obtain the following a priori hierarchical structure for the various
flavors of the Rasiowa property.

Corollary 759 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)
be a m-institution based on F and I' : (SEN")* - SEN’ a set of natural trans-
formations in N* having two distinguished arguments. The twelve Rasiowa
properties form the hierarchy shown on the accompanying diagram.



838 CHAPTER 10. ELEMENTS OF SYNTAX  Voutsadakis

Proof: This follows directly from Corollary 726 and Proposition 754. ]

LFGF RW

LSGF RW LFLF RW GFGF RW

LSLF RW LFSYS RW GFLF RW

LSSYS RW GSGF RW " GFSYS RW

GSLF RW

GSSYS RW

It turns out that all these classes collapse to a single class! Indeed, as
we show next, the only m-institutions, with a set of natural transformations
having two distinguished arguments, satisfying the global system syntactic
protoalgebraicity and the system modus fortis are the inconsistent ones. As
a consequence, they also satisfy the local family syntactic protoalgebraicity
and the global family modus fortis.

Proposition 760 Let F = (Sign’, SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I' : (SEN")* — SEN’ a set of
natural transformations in N® having two distinguished arqguments. If I’ has
the GSSYS Rasiowa property in I, then T is inconsistent.

Proof: Let X € |Sign’|. Since I’ is reflexive, I£(¢,¢,§) ¢ Thmy(Z), for
all ¢, € SEN’(X). Thus, Thing(Z) # @. Fix t € Thmy(Z). Then, for all
¢ € SEN’(X), we get, using the SYS Rasiowa property, I4[¢,¢] < Thm(Z).
Then, by GS symmetry, I%[t,¢] < Thm(Z). Thus, by GS modus ponens, we
get ¢ € Thmy(Z). Since this holds for all ¢ € SEN’(X), we conclude that
Thm(Z) = SEN’® and, therefore, Z is inconsistent. ]

So the hierarchy of Corollary 759 consists actually of a single property,
which we call the Rasiowa property, and the only 7-institutions satisfying
that property are the inconsistent ones.

The Rasiowa property also transfers.

Corollary 761 Let F = (Sign’,SEN’, N*) be an algebraic system, I' a col-
lection of natural transformations I* : (SEN")* — SEN’ in N*, with two
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distinguished arguments, and T = (F,C) a w-institution based on F. I*

has the Rasiowa property in I if and only if, for every algebraic system
A = (A, (F,a)), with A = (Sign,SEN, N), I has the Rasiowa property in
A.

Proof: This follows directly from Corollary 730 and Proposition 758. [

10.19 Modus Fortis and Regularity

Recall the hierarchies of the regularity and modus fortis properties that we
have introduced previously. These are depicted again below.

GF Regularity GF MF

LF Regularity LF MF

SYS Regularity SYS MF

The various versions of these three properties are not independent. In
fact the modus fortis properties imply the corresponding regularity prop-
erties. We prove these straightforward dependencies in the following two
propositions.

Proposition 762 Let F = (Sign’,SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F and I' : (SEN’)» - SEN’ a set of natural
transformations in N* having two distinguished arguments.

(a) If I' has the global family MF, then it has the global family regularity
n ZL;

(b) If I’ has the local family MF, then it has the local family reqularity in
I.

)

(c) If I' has the system MF, then it has the system regularity in Z.

Proof: We only provide a proof for Part (a), since Parts (b) and (c¢) can be
proved in essentially the same way. So suppose that I’ has the global family
modus fortis in Z and let T € ThFam(Z), ¥ € |Sign’| and ¢,v € SEN*(%),
such that ¢, € Ts,. Since ¢ € Ty, and I" has the global family modus fortis
in Z, we get that I%[¢,¢] < T. This shows that I® has the global family
regularity in Z. [
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Proposition 762, together with the previously established hierarchies of
regularity and modus fortis properties, establish the following combined hi-
erarchy of these properties.

GF MF
LF MF GF Regular
SYS MF LF Regular

NS

SYS Regular

Recall, now that, if Z is systemic, all three versions of regularity and
modus fortis are identified. Therefore, in the case of a systemic m-institution
Z with a set I’ of natural transformations having two distinguished argu-
ments, the hierarchy above reduces to simply

Modus Fortis

Regular

On the other hand, since the property of being parameter free does not
affect either the regularity or the modus fortis hierarchies, it has no effect on
the mixed hierarchy either.

We present an example of a m-institution Z, with a set I® of natural
transformations, having two distinguished arguments, that has the global
family regularity property in Z, but does not have the system modus fortis
property in Z.

Example 763 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with single object X;
e SEN':Sign’ — Set is specified by SEN"(Z) = {0,1};

e N’ is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 — SEN’ defined by letting
0% :{0,1}2 - {0,1} be given, for all x,y € SEN'(X), by

1, ifx=y
SR A
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)

0

SEN(3)

Let T = (F,C) be the m-institution determined by Cx = {{1},{0,1}}. Consider
the set I' = {o"}, with o having two distinguished arguments.

T has two theory families Thm(Z) and SEN®, both of which are theory
systems. So it is a systemic w-institution. We show that I’ has the global
family reqularity in Z, but it does not have the system modus fortis in Z.

For the global family regularity, note that the condition is trivial when
T = SEN’, whereas for T = Thm(Z), if ¢ = ¢ = 1 € Thmy(Z), we have
o5(1,1) = 1, which gives o%[1,1] < Thm(Z). Thus, I* is indeed global family
reqular in L.

On the other hand, note that 1 € Thmy(Z), but 0%(0,1) = 0 ¢ Thmy(Z).
Therefore, I does not have the system MF in T.

10.20 Regularity and Invertibility

Recall the hierarchies that we have introduced previously based on invert-
ibility and regularity. These are depicted again below.

LF Invertibility GF Regularity
LS Invertibility ~GF Invertibility LF Regularity
GS Invertibility SYS Regularity

Connecting the regularity with the invertibility conditions requires ad-
ditional hypotheses. Namely, we will suppose that the w-institution under
consideration has natural theorems and satisfies some form of the modus
ponens property.

Proposition 764 Let F = (Sign’, SEN’, N*) be an algebraic system, T =
(F,C) be a m-institution based on F, having natural theorems, and I" :
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(SEN")» — SEN' @ set of natural transformations in N* having two dis-
tinguished arguments.

(a) If I' has the global family modus ponens and the global family regularity,
then it has the global family invertibility in Z;

(b) If I’ has the local family modus ponens and the local family reqularity,
then it has the local family invertibility in Z;

(¢) If I' has the local system modus ponens and the system regularity, then
it has the local system invertibility in Z;

(d) If I' has the global system modus ponens and the system regularity, then
it has the global system invertibility in Z.

Proof: We only provide a proof for Part (a), since Parts (b)-(d) can be
proved in essentially the same way. Let T° : SEN’ - SEN'’ be a natural
theorem and suppose that I’ has the global family modus ponens and the
global family regularity in Z. Consider the singleton 7 : SEN’ - (SEN")2 of
natural transformations in N*, given by

where ¢ : SEN’ » SEN' is the identity natural transformation. Let T e
ThFam(Z), ¥ € |Sign’| and ¢ € SEN*(X).

o If ¢ € T, then, since T4(¢) € Thmy(Z) ¢ T, we get, by global family
regularity, I4[T%(¢), 0] < T, ie., I5[15(4)] < T.

e Suppose, conversely, that I3.[75(¢)] < T. Then I%[T5(4),¢] < T. Since
T4 (¢) € T, we get, by global family modus ponens, ¢ € T..

We conclude that ¢ € Ty, if and only if IL[7(¢)] < T. Thus, I" has the global
family invertibility in Z, with witnessing set of natural transformations 7°.
[ ]

10.21 The Algebraic Hierarchy

Recall the three hierarchies that we have introduced previously based on
uniform combinations of the syntactic protoalgebraicity properties and the
invertibility, regularity and modus fortis properties. These formed the hi-
erarchies of syntactically algebraizable (SA), syntactically regular (SR) and
Rasiowa properties, respectively. The first two are depicted again below,
whereas the last consists of a single property, which, as we saw in Proposi-
tion 760, is characteristic of inconsistent m-institutions.
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LF SA LF SR
LS SA GF SA LS SR GF SR
GS SA GS SR

The various versions of these three properties are not independent. Since,
as was shown in Proposition 762, the modus fortis properties imply the cor-
responding regularity properties and, as was shown in Proposition 764, regu-
larity properties, fortified with existence of natural theorems and some form
of the modus ponens, imply the corresponding invertibility properties, we
obtain ensuing relationships between the Rasiowa, syntactic regularity and
syntactic algebraizability properties.

Corollary 765 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)
be a m-institution based on F and I' : (SEN")* — SEN' @ set of natural
transformations in N having two distinguished arguments. If I' has the
Rasiowa property, then it has all four syntactic reqularity properties.

Proof: Directly from the definitions and Proposition 762. [ ]

Corollary 766 Let F = (Sign’, SEN’, N*) be an algebraic system, T = (F,C')
be a m-institution based on F and I : (SEN")* — SEN' a set of natural trans-
formations in N® having two distinguished arguments. If I® has a syntactic
reqularity property, then it has the corresponding syntactic algebraizability
property in L.

Proof: We present in detail the reasoning for the global family versions.
Suppose that I’ is a set of natural transformations, with two distinguished
arguments, having the global family syntactic regularity in Z. Note that,
by global family syntactic protoalgebraicity, for all ¥ € [Sign’| and all ¢ €
SEN'(%), IL[#,¢] < Thm(Z). Thus, Z has natural theorems. Moreover, by
the definition of global family syntactic regularity, I* has both the global
family modus ponens and the global family regularity in Z. It follows now,
by Proposition 764, that I’ has the global family invertibility in Z. Thus, it
also has the global family syntactic algebraizability in Z. [

Corollaries 765 and 766 together with the previously established hierar-
chies of syntactic algebraizability, syntactic regularity and Rasiowa proper-
ties, establish the following combined hierarchy of these properties.
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RW
LF S/ \
LFSA LSSR GF SR

NI

LSSA GSSR GF SA

N7

GS SA

Recall, now that, if Z is systemic, then the two local versions and the two
global versions of syntactic algebraizability become identified and that the
same holds for syntactic regularity. Therefore, in the case of a systemic -
institution Z with a set I* of natural transformations having two distinguished
arguments, the hierarchy above reduces to the simpler hierarchy shown on
the left below.

Lj:R LF Sf{/RW\éF SR
GB\SR\I‘JC SA LF\SA\S‘YS S‘R/GFlSA
N N

GB SA SYS SA

Furthermore, the property of being parameter free has the effect of col-
lapsing the two versions of system syntactic algebraizability and the two
versions of system syntactic regularity properties. Thus, the hierarchy of the
three properties for parameter free sets of natural transformations I* in Z is
given by the diagram shown on the right above.

We present some examples to show that all inclusions in the diagram of
the hierarchy of Rasiowa, syntactic regularity and syntactic algebraizablity
properties are proper in general.

We first present an example of a m-institution Z, with a set I° of natural
transformations, with two distinguished arguments, that has the local and
global family syntactic regularity properties in Z, but does not have the
Rasiowa property in Z.
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Example 767 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with single object X;
e SEN’:Sign’ - Set is specified by SEN*(XZ) = {0,1};

e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 - SEN’ defined by letting
0 :{0,1}2 > {0,1} be given, for all v,y € SEN*(X), by

L ifr=y
SR A

SEN(Z)

Let T = (F,C) be the m-institution determined by Cx. = {{1},{0,1}}. Z has
two theory families Thm(Z) and SEN’, both of which are theory systems. So
1t 18 a systemic m-institution.

Consider the set I’ = {¢"}, with ¢® having two distinguished arguments.
We show that I’ has (all kinds of ) the syntactic regularity in Z, but it does
not have the Rasiowa property in L.

First, we look at the equivalence property. The defining conditions for
reflexivity, symmetry and transitivity of I in T are all trivially satisfied for
SEN’. For the theory system Thm(Z), it suffices to observe that equivalence
modulo Thim(Z) coincides with the identity relation on SEN'(X). Therefore,
I" has the local system equivalence in T.

The fact that equivalence modulo Thm(Z) is the identity relation immedi-
ately implies that I' also has the compatibility property and the modus ponens
n L.

Finally, for reqularity, note that the defining condition is trivially satisfied
for SEN’, whereas, for Thm(Z), we clearly have that, if ¢, € Thmy(Z), then
¢ =1 =1, whence ob(¢,9) =1 € Thmy(Z). Therefore I’ has the regularity
property in I and, therefore, we conclude that I* has the syntactic reqularity
n L.
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On the other hand, since T is not an inconsistent w-institution, I’ does
not have the Rasiowa property in L.

Next, we look at an example of a w-institution Z, with a set I’ of natural
transformations, with two distinguished arguments, that has the local and
global family syntactic algebraizability properties in Z, but does not possess
the global system syntactic regularity in Z.

Example 768 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with single object X;
e SEN’: Sign’ — Set is specified by SEN*(X) = {0,1,2};
e NV is the category of natural transformations generated by

— a unary natural transformation X’ : SEN’ - SEN" defined by let-
ting Ay : {0,1,2} - {0,1,2} be given, for all v € SEN’(X), by

2, ifx=2
b _ ’ .
An(2) _{ 1, otherwise ’
— a binary natural transformation o : (SEN")2 - SEN" defined by
letting 0% : {0,1,2}2 — {0,1,2} be given, for all v,y € SEN"(%),

by
2, ifx=
e ={ o r2Y

SEN(Z)

Let T = (F,C) be the m-institution determined by Cx, = {{1,2},{0,1,2}}. Z
has two theory families Thm(Z) and SEN’, both of which are theory systems.
So it is a systemic m-institution.
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Consider the set I’ = {¢"}, with ¢® having two distinguished arquments.
We show that I° has (all kinds of ) the syntactic algebraizability in T, but it
does not have (any kind of ) the syntactic reqularity in Z.

First, we look at the equivalence property. The defining conditions for
reflexivity, symmetry and transitivity of I in T are all trivially satisfied for
SEN’. For the theory system Thm(Z), it suffices to observe that equivalence
modulo Thm(Z) coincides with the identity relation on SEN'(X). Therefore,
I" has the local system equivalence in T.

The fact that equivalence modulo Thm(Z) is the identity relation immedi-
ately implies that I° also has the compatibility property and the modus ponens
mn T.

Finally, for invertibility, consider the set T : SEN’ - (SEN")2 of natural
transformations in N°®, defined by 7 = {t ~ \'}. Note that the defining con-
dition is trivially satisfied for SEN®, whereas, for Thm(Z), we clearly have
that,

6 e Thmp(Z) iff o%(d,\s(9)) € Thny(Z).

Therefore, I has the invertibility and, hence, the syntactic algebraizability
property in L.

On the other hand, we have 1,2 € Thmy(Z), but 0%(1,2) = 0 ¢ Thmy(Z).
Therefore, I' fails to have the reqularity property and, hence, a fortiori, does
not have the syntactic reqularity property in L.
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