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11.1 Introduction

In this chapter, we begin the study of those classes of w-institutions that are
defined syntactically. Syntactic definitions, in this sense, involve the existence
of a collection of natural transformations satisfying certain properties among
those introduced and studied in Chapter 10. More precisely, we look at
classes of the syntactic hierarchy that are analogs, and related in certain
ways, to those classes near the bottom of the semantic hierarchy, introduced
and studied in Chapter 3.

In Section 11.2, we study syntactic prealgebraicity. This is the syntac-
tic counterpart of (semantic) prealgebraicity. It is a formalization in the
m-institution framework of the property of protoalgebraicity for sentential
logics [29] (see, also, [53, 65, 89]). The definition stipulates that for a m-
institution Z = (F,C), with F = (Sign’, SEN’, N*), to be syntactically pre-
algebraic it must possess a collection I’ of natural transformations, with
two distinguished arguments, satisfying reflexivity, global system transitivity,
global system compatibility and global system modus ponens (see Chapter
10, Sections 10.3, 10.5, 10.9 and 10.11, respectively). These properties suf-

<“«—

fice to ensure that the binary relation system I"(7") on the sentence functor

SEN’ induced by the symmetrization I* of I and by any theory system T
of 7 is a congruence system on F, compatible with T', and, in fact, is equal
to Q(T'). The fact that the Leibniz congruence system associated with any

theory system of Z is defined, in this way, via the set I" of natural transfor-
mations implies that €2 is monotone on theory systems. Hence, by definition
(see Chapter 3, Section 3.3) Z is prealgebraic. On the other hand, the well
known equivalence of the two notions when applied to sentential logics is not
generally true for arbitrary m-institutions.

To prove a characterization of syntactic prealgebraicity, we introduce a
key syntactic concept. Given a m-institution Z, we define the reflexive core R*
of Z as the collection of all natural transformations, with two distinguished
arguments, that define a reflexive relation modulo the theorem system of Z
(and, thus, a fortiori, modulo every theory family of Z). It turns out that

the relation RZ (T") induced by the reflexive core of Z and any theory family

T of T includes the Leibniz congruence system Q(7") of T'. Moreover, <R_I(T )
is symmetric and satisfies the compatibility property in F. So among those
properties that define syntactic prealgebraicity the one that is of uncertain
status for R? is modus ponens. We show that syntactic prealgebraicity is
characterized by R? having the global system modus ponens in Z. Follow-
ing from this is an alternative characterization. Namely, Z is syntactically
prealgebraic if and only if the reflexive core R defines Leibniz congruence
systems of theory systems of Z.

Having provided characterizations of syntactic prealgebraicity, we focus
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on pinpointing the exact property that separates (semantic) prealgebraicity
from syntactic prealgebraicity. We mentioned that, even though the two
properties are identical in the context of sentential logics, syntactic prealge-
braicity strictly implies the semantic version for arbitrary w-institutions. So
we attempt to find the characteristic difference, i.e., their separating prop-
erty. Interestingly, this turns out to be a “hybrid” property, straddling syntax
and semantics. We consider, again, the reflexive core RZ. For a given signa-
ture ¥ and arbitrary Y-sentences ¢, 1, we may construct the theory system
C(RL[¢,]). We say that R is Leibniz if, for all ¥ and all ¢, ),

It can be shown that, if the reflexive core possesses the global system modus
ponens, then it is Leibniz and that this implication is strict in general. How-
ever, if the m-institution is prealgebraic, then the reverse implication also
holds. In fact, it is shown that syntactic prealgebraicity is characterized by
(semantic) prealgebraicity and having a Leibniz reflexive core.

Section 11.2 closes with a proof of the assertion that syntactic preal-
gebraicity transfers from a w-institution to every F-algebraic system. This
means, as outlined previously, that if Z is syntactically prealgebraic, with wit-
nessing collection of natural transformations I*, then, for every F-algebraic
system A, the m-institution model (A, CT-) is syntactically prealgebraic,
with witnessing collection of natural transformations I (corresponding to I°
in 7). The property is a consequence of the fact, proven in Chapter 10, that
all constituent properties defining syntactic prealgebraicity transfer.

In Section 11.3, we study syntactic protoalgebraicity, which is the syntac-
tic analog of protoalgebraicity, studied in Chapter 3, and a stronger version
of syntactic prealgebraicity, introduced in Section 11.2. A 7w-institution Z is
syntactically protoalgebraic if there exists a collection I° of natural trans-
formations in Z, with two distinguished arguments, that satisfies reflexiv-
ity, global family transitivity, global family compatibility and global family
modus ponens. Recall that for syntactic prealgebraicity, the corresponding
system versions of these properties are required. Although, on the face of it,
this introduces three points of difference in the two definitions, this is not re-
ally the case. In Sections 10.5 and 10.9 of Chapter 10, it is shown that global
family and global system transitivity are identical properties and the same
holds for global family and global system compatibility. Hence, the difference
between syntactic protoalgebraicity and syntactic prealgebraicity is limited
solely on the version of the modus ponens property required in each case. As
was done in Section 11.2 for theory systems, it is shown that the witness-
ing collection I® of natural transformations in a syntactically protoalgebraic
m-institution Z defines Leibniz congruence systems of theory families, i.e.,

for every theory family T of Z, I'(T) = Q(T'), where, once more, I’ denotes
the “symmetrization” of I*. This property enables one to show that, if Z is
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syntactically protoalgebraic, then the Leibniz operator on theory families is
monotone and, hence, Z is (semantically) protoalgebraic.

In the second part of the section, the reflexive core R” of the m-institution
7 is used to characterize syntactic protoalgebraicity. It is shown that Z is
syntactically protoalgebraic if and only if R? has the global family modus
ponens and, moreover, if that is the case, RT constitutes a witnessing collec-
tion of natural transformations in Z and, as a consequence, defines Leibniz
congruence systems of theory families in Z. We also use the reflexive core
to delineate the boundary between syntactic protoalgebraicity and semantic
protoalgebraicity. To this end, we use, again, the property of the reflexive
core being Leibniz. In general, if RZ has the global family modus ponens,
then it is Leibniz. The reverse implication does not hold in general, but it
does hold if the m-institution Z is protoalgebraic. In fact, it is proven that Z is
syntactically protoalgebraic if and only if it is protoalgebraic and has a Leib-
niz reflexive core. Thus, having a Leibniz reflexive core is the characteristic
property separating the semantic and syntactic versions of protoalgebraicity.
Similarly, and as was the case with the semantic notions, it turns out that
the property that separates syntactic protoalgebraicity from syntactic pre-
algebraicity is stability, a semantic property that was introduced in Section
3.2 of Chapter 3. Section 11.3 concludes with the assertion that syntactic
protoalgebraicity transfers.

Section 11.4 introduces four classes of matrix families that serve as seman-
tics for a given m-institution Z. The first is the class LMatFam™(Z) of all re-
duced Lindenbaum Z-matrix families. The second is the class LMatFam®"(Z)
of all Suszko reduced Lindenbaum Z-matrix families. The third is the class
MatFam*(Z) of all reduced Z-matrix families and the last one is the class
MatFam®(Z) of all Suszko reduced Z-matrix families. We say that an ar-
bitrary class M of matrix families is a matrix semantics for a w-institution
T =(F,C)if C = CM, that is, if, for all signatures ¥ and all u{¢} ¢ SEN*(%),
we have ¢ € Cx(®) if and only if, for all (A4,T) e M, with A = (A, (F,«a)), all
signatures X' and all signature morphisms f: 3 — >/,

as/(SEN'(f)(®)) € Tr(sy implies s/ (SEN’(f)()) € Tresy).

It is shown that each of the four classes of matrix families introduced above
constitutes a matrix semantics for Z. The corresponding classes of algebraic
system reducts of the matrix models in each of these four matrix family
classes are denoted, respectively, by LAlgSys*(Z), LAlgSys>*(Z), AlgSys*(Z)
and AlgSys®*(Z ). It is not difficult to see, based on the relevant definitions,
that the four classes of matrix models satisfy the inclusions

LMatFam®(Z) ¢ LMatMat*(Z),
LMatFam*(Z) < MatFam*(Z7),
MatFam*(Z) ¢ MatFam™ (7).
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These inclusions yield corresponding inclusions between the classes of al-
gebraic system reducts, namely we have also LAlgSys>*(Z) ¢ LAlgSys*(Z),
LAlgSys*(Z) ¢ AlgSys*(Z) and AlgSys*(Z) ¢ AlgSys™(Z).

In Section 11.5, we study the notion of algebraic semantics for a -
institution Z and the closely related notion of equational definability of truth.
These were among the key concepts of the theory of algebraizable logics of
Blok and Pigozzi [36]. They form dual notions to the definability of Leibniz
congruence systems, which was studied in Sections 11.2 and 11.3. In the
context of algebraizability, the two duals are studied together and they are
required to be closely interrelated. On the other hand, in the general theory
of algebraic logic, each is studied on its own and has its own role and sig-
nificance in defining and studying the algebraic hierarchy of logics. In the
context of sentential logics, equational definability of truth was pursued by
Raftery [78], whereas the definability of the Leibniz congruence forms part
of both protoalgebraic [29] and equivalential logics [24, 25] (see, also, [65]).

Given a m-institution Z = (F,C'), a class K of F-algebraic systems deter-
mines a closure family C¥ on F. If there exists a collection 7 : (SEN")« —
(SEN")2 of pairs of natural transformations, with a single distinguished argu-
ment, that serves to interpret C' into C¥, then K is said to be a 7"-algebraic
semantics for Z. Interpretation in this sense means that, for every signature
> and all ®u {¢} c SEN*(X),

¢eCx(®) iff m[o] <C*(m[P]).

On the other hand, given a class M of F-matrix families, we say that truth is
T'-equationally definable in the class if, for every matrix family (A,7T") € M,
with A = (A, (F,a)), all signatures ¥ of A and all ¥-sentences ¢,

peTy iff [ ¢]<AA,

AA denoting, as usual, the identity relation system on 4. Having a 7%-
algebraic semantics and having a matrix (family) semantics in which truth is
T-equationally definable are shown to be equivalent. This result goes back
to the work of Blok and Pigozzi (see, e.g., Theorem 2.4 of [36]). In Section
11.4, it was shown that the classes

LMatFam*(Z), LMatFam®"(Z), MatFam* (Z), MatFam®"(Z)
form matrix semantics for a m-institution Z. Moreover, the classes
LAlgSys*(7), LAlgSys>*(Z), AlgSys* (), AlgSys>*(Z).

were defined as the corresponding classes of underlying algebraic systems.
Thus, the aforementioned equivalence implies that, should any of the four
matrix family classes have truth equationally definable, the corresponding
class of algebraic systems would be an algebraic semantics for Z.
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In Section 11.6, we return to the syntactic hierarchy. We define four a
priori different notions of truth equationality for a m-institution Z. All four
involve truth being equationally refinable in one of the four matrix family
classes introduced in Section 11.4. For instance, we say that Z is Leibniz
truth equational if, for some collection 7° of natural transformations, truth
is 7'-definable in the class LMatFam*(Z) of Lindenbaum Leibniz reduced
matrices of Z, in the sense that, for all (F/Q(T),T/UT)) e LMatFam*(Z),
all ¥ € |Sign’| and all ¢ € SEN’(%),

6/Qs(T) € To/Qu(T) iff 7D [g/Qx(T)] < ATIHD),

If, instead of LMatFam*(Z), we take LMatFam®"(Z), then we obtain Suszko
truth equationality and, similarly, by considering, respectively, MatFam* (Z)
or MatFam®"(Z), we obtain universal Leibniz truth equationality and univer-
sal Suszko truth equationality. Of these four truth equationality properties,
it turns out that three are equivalent. In fact, Leibniz and universal Leib-
niz truth equationality and universal Suszko truth equationality turn out to
be mutually equivalent. So the truth equationality subhierarchy, as it were,
consists of two different classes of which Leibniz truth equationality implies
Suszko truth equationality. Finally, based on what was shown in Section
11.5 on the relation between matrix and algebraic semantics, we may con-
clude that, if a m-institution Z is Leibniz truth equational, all three classes of
algebraic systems LAlgSys*(Z), AlgSys*(Z) and AlgSys™(Z) form algebraic
semantics for Z.

Section 11.7 is a bridge between Sections 11.6 and 11.8. In Section
11.6, we study versions of truth equationality, a syntactic property of a
m-institution. In Section 11.8, we wish to relate truth equationality with
complete reflectivity (c-reflectivity), a semantic property, various versions of
which were introduced and studied in Chapter 3, Section 3.8. The bridge
section establishes some relations between truth equationality and having an
algebraic semantics, on the one hand, and gives some characterizations of
family c-reflectivity, on the other. We describe briefly this second part.

Let Z = (F,C) be a m-institution. We say that the Suszko operator in Z is
universally family injective if, for every F-algebraic system 4 and all Z-filter
families T" and T” on A,

QPAT) = QPA(T')  implies T =T

Moreover, we say that the Suszko operator has universal family minimality if,
for every F-algebraic system A and every Z-filter family 7 on A, T/QZA(T')
is the least filter family on A/QZA(T). It is shown that universal family
injectivity of the Suszko operator is equivalent to universal family minimality.
In Section 3.8 of Chapter 3, it is shown that family c-reflectivity transfers,
that is, it is equivalent to the property that, for every F-algebraic system A



Voutsadakis CHAPTER 11. SYNTACTIC HIERARCHY I 855

and all collections 7 u{T"} of Z-filter families on A,

N QAT) <QA(T") implies (T <T'
TeT
This property may be termed universal family c-reflectivity. We show that

it is also equivalent to the assertion that, for every F-algebraic system A and
all Z-filter families T, 7" on A,

QPAT) < QA(T') implies T <T".

The equivalence of the last two properties allows us to show that family c-
reflectivity is equivalent to the universal injectivity of the Suszko operator in
Z. In summary, the properties of universal family injectivity of the Suszko
operator, of universal family minimality of the Suszko operator and of Z
being family c-reflective are mutually equivalent properties.

Section 11.8 relates truth equationality with family c-reflectivity. This
relation is analogous, and, in a certain sense, dual, to the relation between
syntactic protoalgebraicity and (semantic) protoalgebraicity, which was de-
tailed in Section 11.3. A key result, here, is that, if a m-institution Z is
truth equational, with witnessing equations 7°, then the witnessing equa-
tions reflect theory families, in the sense that, for every theory family T of

7, ;(Q(T)) =T, where

L(UT)) = {6 € SEN'(S) : 4[] < QT ).

This “reflectivity” property of 7' allows showing that truth equationality im-
plies family c-reflectivity. The result is the analog of the one asserting that
syntactic protoalgebraicity implies protoalgebraicity in the context of Section
11.3. Pursuing the analogy further, we seek a characterization of truth equa-
tionality as well as a characteristic property separating truth equationality
from family c-reflectivity. The analogous tasks in the context of protoalge-
braicity were accomplished using the reflexive core RZ of Z. The notion that
accomplishes our goals here and that corresponds to the reflexive core is the
Suszko core S? of the m-institution Z.

The Suszko core ST of a m-institution Z consists of all natural transforma-
tions ¢’ : (SEN")* — (SEN’)2 in N*, with a single distinguished argument,
that satisfy, for every theory family 7" of Z,

o’[T] < QX(T),

i.e., that map a theory family into the Suszko congruence system of the theory
family. This defining property turns out to be equivalent to the condition
that, for all signatures ¥ and all >-sentences ¢,

ox[0] <O (C(9)),
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where C(¢) is the theory family generated by ¢. Based on the definition,
one is able to show that, roughly speaking, S7 satisfies a kind of congruence
property at the level of natural transformations. For instance, it satisfies
transitivity, in the sense that, if (6*,€") and (e’, (*) are pair in SZ, then (0*, ¢")
in also a pair in SZ. Additionally, the Suszko core satisfies the property that,
for every theory family T of Z, T < % (2(T')). The reverse inclusion does
not hold in general, but it is one of the key properties that we are looking
for. We say that the Suszko core ST of a w-institution Z is soluble if, for

every theory family T of Z, S(TI(Q(T)) < T. Solubility of the Suszko core
plays an analogous role to that played by global family modus ponens of
the reflexive core in the context of protoalgebraicity. It is, e.g., the property
that characterizes truth equationality. More precisely, if Z is truth equational
then S7 is soluble and, conversely, if S7 is soluble, then Z is truth equational,
with witnessing equations S7.

The last task we set was separating truth equationality from family c-
reflectivity. The key property here is the adequacy property of the Suszko
core, which corresponds to the Leibniz property of the reflexive core in the
context of protoalgebraicity. Briefly, it can be seen that, for every signature
> and all X-sentences ¢,

MHUT) : S5[6] < UT)} < QH(C(9)).

This inclusion is proper in general. We say that the Suszko core ST of
7 is adequate if the reverse inclusion also holds. Note that adequacy of
ST expresses its capability to define Suszko congruence systems in terms of
specifically picked Leibniz congruence systems. Solubility of the Suszko core
implies its adequacy. Even though this implication is strict in general, the
converse holds under the proviso that Z is family c-reflective. Furthermore,
adequacy of the Suszko core is the property separating truth equationality
from family c-reflectivity, in the sense that Z is truth equational if and only if
it is family c-reflective and has an adequate Suszko core. Section 11.8 closes
with a transfer theorem for truth equationality.

In Section 11.9, we look at a version of truth equationality and c-reflectivity
that do not force the m-institution to be systemic, as is the case with truth
equationality and family c-reflectivity, studied in Section 11.8. Recall from
Chapter 3, Section 3.8, that a w-institution Z is left c-reflective if, for every
collection T u{T"} of theory families,

() QUT)<QUT’) implies [ T < (_',
TeT TeT

where T denotes the largest theory system included in the theory family
T (see Chapter 2). This property is weaker than family c-reflectivity and
stronger than system c-reflectivity and is not strong enough to imply sys-
temicity, as is family c-reflectivity. On the other hand, we say that Z is
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left truth equational if there exists a collection of natural transformations
701 (SEN")» — (SEN")2, with a single distinguished argument, such that, for
every theory family 7', all signatures ¥ and all >-sentences ¢,

be Ty iff 7a[¢] <QT).

7b are called the witnessing equations. Even though, unlike the case of truth
equationality, witnessing equations need not reflect theory families, they do so
“up to arrow”, i.e., we have, for every theory family 7 ;(Q(T)) = T. This
is, however, enough to establish that left truth equationality implies left c-
reflectivity. This implication is strict in general. So we seek a characterization
of left truth equationality and a condition separating left truth equationality
from left c-reflectivity, as done in Section 11.9 for truth equationality and
family c-reflectivity. Here, a modified version of the Suszko core ST of T is
used. It is called the left Suszko core and it is defined by

L% = {0’ ¢ N*: (VT e ThFam(Z))(o*[ T ] < S5(T))}.

The left Suszko core is also called the system Suszko core, since it can be
equivalently defined by

L* = {o" e N*: (VT € ThSys(Z))(c'[T] < QX(T))}.

It is important to observe that, on the one hand, ST ¢ LZ and, hence,
<« <«
LE(Q(T)) < ST(UT)), and that, on the other, in systemic 7-institutions,

ST = LZ. One can show that, for every family T, T < ﬁ(Q(T)) In general,
this is a proper inclusion. If the reverse inclusion also holds, then L7 is said
to be left soluble. This amounts to saying that, for all theory systems T

of Z, 7 (U(T')) =T. Moreover, for systemic m-institutions, left solubility of
the left Suszko core is identical to solubility of the Suszko core. In general,
however, the latter is a stronger property than the former. It turns out that
left solubility of the left Suszko core characterizes left truth equationality.
Further, if L? is left soluble, then L7 acts as a collection of witnessing equa-
tions for the left truth equationality of Z. We turn, finally, to the task of
separating left c-reflectivity from left truth equationality. We show that the
left Suszko core LT of T satisfies, for all signatures ¥ and all X-sentences ¢,

MHQUT) : LE[6] < T)} < TH(C(S)),

where E is the least sentence system of Z containing ¢, and that this is a
proper inclusion in general. If the reverse inclusion holds, we say that the left
Suszko core LT is left adequate. Left solubility of L implies left adequacy
and this is, in general, a strict implication. On the other hand, left adequacy
implies left solubility, provided that Z is left c-reflective. More decisively,
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LT is left soluble if and only if Z is left c-reflective and L? is left adequate.
By the equivalence of left truth equationality with left solubility of L%, this
yields that left adequacy of LT is the separating property between left truth
equationality and left c-reflectivity.

Section 11.10 continues (and concludes) the work of Sections 11.8 and
11.9, relating versions of truth equationality with those of c-reflectivity. More
precisely, we turn to system truth equationality, the weakest version, which,
like left truth equationality, can accommodate non-systemic w-institutions.
We say that a m-institution Z = (F,C) is system c-reflective if, for every
collection 7 u {T"} of theory systems of Z,

) AT)<Q(T’) implies (T<T
TeT TeT

On the other hand, 7 is system truth equational if there exists a collection of
natural transformations 7 : (SEN")~ — (SEN")2, with a single distinguished
argument, called witnessing equations, such that, for every theory system T’
of Z, all signatures > and all X-sentences ¢,

peTy iff m5[e] <QT).

This property implies that 7° reflects theory systems, in the sense that, for

every theory system T, <7'_"((2(T)) = T, which leads to the conclusion that
system truth equationality implies system c-reflectivity. Since this implica-
tion is strict in general, taking after similar work from Sections 11.8 and
11.9, we provide both a characterization of system truth equationality and
of those system c-reflective m-institutions that are system truth equational.
The role played by the Suszko core in Section 11.8 and by the left Suszko
core in Section 11.9 is played here by the system core of Z. For any theory
system T of Z, define the systemic Suszko congruence system of T in Z by

QX(T) = ({QUT") : T <T" e ThSys(T)}.
Then define the system core of Z by
7T ={0" e N*: (VT € ThSys(Z))(c’[T] < OF(T))}.

It turns out that ST ¢ L ¢ ZZ. Moreover, we have that, for all theory

systems T of Z, T < (Z—I(Q(T)), this being, in general, a proper inclusion.
In case the reverse inclusion also holds, we say that the system core ZZ of
7 is soluble. The solubility of the system core characterizes system truth
equationality, that is, Z is system truth equational if and only if its system
core ZT is soluble. Finally, to delineate the boundary between system truth
equationality and system c-reflectivity, we resort to a property of the system
core called adequacy, analogous to the adequacy of the Suszko core and of
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the left adequacy of the left Suszko core. In general, for every signature %
and all Y-sentences ¢,

M{Q(T) : T e ThSys(Z) and ZZ[4] < UT)} < X(C(9)).

If the reverse inclusion also holds, we say that the system core ZZ of T
is adequate. Solubility of ZZ implies its adequacy. Further, if 7 is sys-
tem c-reflective, then adequacy of ZZ implies its solubility. This leads to
the promised relation between system truth equationality and system c-
reflectivity. Namely, it is shown that Z is system truth equational if and
only if it is system c-reflective and has an adequate system core.

11.2 Syntactic Prealgebraicity

Let F = (Sign’,SEN’, N*) be an algebraic system and Z = (F,C) a 7-
institution based on F. Recall from Chapter 3 that Z is prealgebraic if,
for all T, T" € ThSys(Z),

T<T" implies QT)<QT").

We say that Z is syntactically prealgebraic if there exists I® ¢ N*, with
two distinguished arguments, such that I° has:

o reflexivity;

e global system transitivity;

e global system compatibility;
e global system modus ponens.

In that case, we call I' a set of witnessing natural transformations, or,
more simply, witnessing transformations (of the syntactic prealgebraicity
of ).

It turns out that, if 7 is a synta(c_tically prealgebraic m-institution, with

witnessing transformations /°, then it (T) is a congruence system on F com-
patible with T, for all '€ ThSys(Z). As a consequence, using Corollary 98,
we may conclude that, for all 7" e ThSys(Z),

<«

I'(T) = T).

Proposition 769 Let F = (Sign’,SEN’, N*) be an algebraic system and
T = (F,C) a w-institution based on ¥. If T is syntactically prealgebraic,
<«

with witnessing transformations I°, then, for all T € ThSys(Z), I'(T) is a
congruence system on F compatible with T.
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Proof: Let T € ThSys(Z), ¥ € [Sign’| and ¢, v, y € SEN’(%).
Since I’ is reflexive in Z, we get that I%[¢,¢] < Thm(Z) < T. Therefore,
<«

fbg[qb, ¢] < T, which shows that (¢, ¢) € be(T).

<«

Suppose, next, that (¢, 1) € ﬁg(T). Thus, f"g[qﬁ,w] <T. By the defini-
tion of ﬁ’, we get sz[w,dﬂ < T and, hence, (¢, ¢) € be(T).

Next, assume that {¢,v), (¢,x) € I's(T). Then we get (), (),
<«—
(1, 0), (x,1) € I's(T). Since I' is globally system transitive in Z, we con-

<«

clude that (¢, x), (x, ) € <I_"E(T) and, therefore, (¢, x) € f"g(T).
To show the congruence property, assume that ¢* : (SEN")* - SEN' is a

natural transformation in N* and that (¢;, ;) € be(T), for all 7 < k. Thus,
since I" has the global system compatibility in Z, we get that (o (), 0% (1)) €

<[_"Z(T). By symmetry, we also get (0% (1), 0%(¢)) € <]_"Z(T) and, hence, that
<«—

(02(8), 0% (1)) € I'ss(T).

Finally, since by Lemma 93, I*(7T) is a relation system on F, we conclude
<«—

<«

that I'(T) is a congruence system on F.
<«

To conclude the proof, note that, if ¢ € Ty, and (¢, 1)) € ﬁ’g(T), then
Y € Ts, by the global system modus ponens of I’ in Z and the fact that

Ibc Ib. n

Based on Proposition 769, we can conclude that I’ defines the Leibniz
congruence systems of the theory systems of 7.

Corollary 770 Let F = (Sign’,SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is syntactically prealgebraic, with wit-
nessing transformations I', if and only if, for all T € ThSys(Z),

<
I"(T) = Q(T).
Proof: The “only if” is by Proposition 769 and Corollary 98. The “if” is ob-
vious, since the displayed equations immediately implies the four properties
of f" defining syntactic prealgebraicity. [ ]
Corollary 770 has as an immediate consequence the important fact that

syntactic prealgebraicity implies (semantic) prealgebraicity.

Theorem 771 Let F = (Sign’,SEN’. N*) be an algebraic system and T =
(F,C) a m-institution based on F. If T is syntactically prealgebraic, then it
15 prealgebraic.
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Proof: Suppose that 7 is syntactically prealgebraic with witnessing trans-
formations I°. Let T,T" € ThSys(Z), such that T'<T’. Then

<«—
QT) = I'(T) (by Corollary 770)
<«—
< I"(T") (by Lemma 94)
= Q(T"). (by Corollary 770)
Thus, Z is prealgebraic. [ |

The following example shows that the inclusion of Theorem 771 is proper.

Example 772 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with a single object ;
e SEN’:Sign’ - Set is specified by SEN*(Z) = {0,1};

e N is the category of natural transformations generated by the single
binary natural transformation o® : (SEN")2 — SEN’ defined by letting
oy :{0,1}2 - {0,1}, be given, for all x,y € {0,1}, by

oh(z,y) = 1.

®

0

SEN(Z)

Let T = (F,C') be the m-institution determined by Csx = {{1},{0,1}}.

T has two theory families, Thm(Z) and SEN’, which are also theory sys-
tems. Clearly, Thm(Z) < SEN’. Moreover, Q(Thm(Z)) = AF and Q(SEN’) =
VE. Since Q(Thm(Z)) < Q(SEN®), T is prealgebraic.
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On the other hand, there does not exist I' ¢ N, such that I’ has the
required properties to constitute a witnessing set of transformations in I.
Any set containing projections cannot satisfy reflexivity and the set consisting
only of o' does not satisfy the modus ponens property. We conclude that T
15 mot syntactically prealgebraic.

We provide, next, a characterization of syntactic prealgebraicity in terms
of the global system modus ponens property of a subset of natural trans-
formations intrinsically associated with the m-institution. Later, we use
this characterization to provide an exact description of those prealgebraic
m-institutions which are syntactically prealgebraic.

Let F = (Sign’,SEN’, N*) be an algebraic system and Z = (F,C) be a
m-institution based on F. We define the reflexive core of Z to be the
collection

RT = {p" e N*: (VX €[Sign’|) (V¢ € SEN' (X)) (p5[¢, ¢] < Thm(Z))}.

Note that the defining condition is equivalent to asserting that, for all X €
|Sign’| and all ¢, ¥ € SEN*(%),

p(9,9,X) € Thms ().

-
It is clear that RZ(T) is a reflexive relation system on F, for every theory
family T of Z.

Lemma 773 Let F = (Sign’,SEN’, N*) be an algebraic system and T =

(F,C) a m-institution based on F. Then, for all T € ThFam(Z), J<i’_I(T)
is a reflexive relation system on F.

Proof: Let T' e ThFam(Z). That I(Q_I(T ) is a relation system follows from
Lemma 93. For reflexivity, it is required that, for all ¥ € |Sign’| and all

¢ € SEN"(X), (¢, ¢) € <R_IE(T). But this is equivalent to RE[¢,$] < T', which
certainly holds, since, by definition of RZ, RL[¢, ¢] < Thm(Z) < T. n

Now, using Proposition 97, we draw a useful conclusion about the role of
the reflexive core in determining the Leibniz congruence system associated
with a given theory family.

Proposition 774 Let F = (Sign", SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. Then, for all T € ThFam(Z),

<«
Q(T) < RX(T).
Proof: By Lemma 773 and Proposition 97. [ ]

-
We next show that, for every theory family 7' of Z, RZ(T) is also a
symmetric relation system on F.
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Lemma 775 Let F = (Sign’ SEN’, N*) be an algebraic system and T =

<«
(F,C) a m-institution based on F. Then, for all T € ThFam(Z), RI(T)
s a symmetric relation system on F.

Proof: Let T € ThFam(Z). That RZ (T) is a relation system follows from
Lemma 93. To show that it is symmetric, let 3 € |Sign’| and ¢, ) € SEN*(%),

such that (¢, 1) € <R_Ig(T). Equivalently, RE[¢, 1] < T. Now consider any
P’ € RT. By the definition of RZ, we get that p* € RZ. Therefore, by the
hypothesis, ph[¢, 1] < T. But this gives p}[t, ¢] < T'. Since this holds for all

pt € RT, we conclude that RL[1), ¢] < T. Hence, (¢, ¢) € ﬁE(T). Therefore,

y
RZ(T) is a symmetric relation system on F. [

We turn, next, to the congruence compatibility property. More precisely,

we show that, for all theory families T" of Z, }? (T') has the compatibility
property in F.

Lemma 776 Let F = (Sign’ SEN’, N*) be an algebraic system and T =

(F.C) a m-institution based on F. Then, for all T e ThFam(Z), <R_I(T)
has the compatibility property in F.

Proof: Let T € ThFam(Z). Note that, because of Corollary 12, it suffices
to show that, for all o* : (SEN")¥ — SEN’ in N*, all ¥ € |Sign’|, and all

¢,0, X € SEN"(Z),

(6,0) € REg(T) implies (o%(6, ), 0% (v, 0)) € Res(T).

Suppose, o* : (SEN’)* - SEN' is in N*, ¥ € |Sign’| and ¢, € SEN'(X), such

that (¢, 1) € 1(?_12 (T) or, equivalently, RL[¢,1] < T. Let p* : (SEN")” - SEN’
be arbitrary in R*. We consider the natural transformation p'? : (SEN")n+k
SEN’, defined, for all ¥ € |Sign’| and all ¢, 7, ¥, € SEN’(X), by

PG X,€) = p5(0% (¢ XD, 9% (1. %), €)-
Now note that, since o € N, p* € N* and

b b

prro= pro(ato (phY,

pn+k,27 o 7pn-¢—l€,k>7 O-b o <pn-%—k,17 n+k,2’ P
k,k+1 k,n+k-1
pn+,+’“.’pn+ ,n+ ),

n+k,k>

Y

we get, by the definition of a category of natural transformations, that p’’ €
N'.
Next, note that, for all ¥ € |Sign’|, ¢, ¥, € SEN'(D),

P (¢, %)

P(0h(¢,X),05(¢,%),6)  (by definition of p'*)
Thmy(Z). (since p’ € RT).

m
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Thus, by the definition of the reflexive core, we get that p'® € RZ.
Now since p'* € RT and, by hypothesis, RE[¢, 1] < T, we get, in particular,
that, for all ¥’ € |Sign’|, and f € Sign’ (2, %) and all y, & € SEN"(X),

Ps (% (SEN'(£)(8),X), 0% (SEN*(f) (1), %), €) € Ty
Hence, a fortiori, for all ¥ € SEN*(X), £ e SEN*(X),

Phr (SEN(f)(0%(6, 7)), SEN'(f)(0%(¥. X)), €) € Ty

This proves that
pulon(.X), o5 (¥, X)] < T
Since this holds for all p* € R%, we get that RE[on(¢,X),0%(¢,X)] < T

<« D —
or, equivalently, (o%(¢,x),0%(¥, X)) € Rfs(T). Therefore, RZ(T) has the
congruence compatibility property in F. [

It is possible, but not necessary, that the reflexive core of a w-institution
has the global system modus ponens. To see this, we present two examples.
In the first example, we look at a m-institution Z whose reflexive core R*
does have the global system modus ponens in Z.

Example 777 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with a single object ¥;
e SEN':Sign’ - Set is specified by SEN" () = {0,1};

e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 - SEN’ defined by letting
0% :{0,1}2 - {0,1} be given by

sz(l‘,y)={ 0, if (z.y)=(1,0)

1, otherwise

LetT = (F,C) be the m-institution determined by Csx, = {{1},{0,1}}. The only
theory families, Thm(Z) and SEN’, are also theory systems.

Note that o* € RZ, since, for all ¢ € SEN*(X), ob(¢,4) = 1 € Thmy(Z).
On the other hand, no projection natural transformation can be in the reflex-
we core.

To see that RT satisfies the global system modus ponens in I, note that
it does so trivially for the theory system SEN’, whereas for Thm(ZT), it is
possible that oi(¢,1)) =1 € Thmy(Z) and ¢ = 1 € Thmg(Z) only if ¢ = 1.
Thus, RT has the global system MP in T, as claimed.

Next, we present an example of a m-institution Z whose reflexive core R
does not have the global system modus ponens in Z.
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®

0

SEN(Z)

Example 778 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with a single object ;
e SEN’:Sign’ - Set is specified by SEN*(Z) = {0,1};

e N is the category of natural transformations generated by the single
binary natural transformation o® : (SEN")2 - SEN’ defined by letting
o5 :{0,1}2 - {0,1} be given, for all x,y € {0,1}, by

oh(z,y) = 1.

®

0

SEN(Z)

Let T = (F,C) be the m-institution determined by Cs = {{1},{0,1}}. So its
two theory families, Thm(Z) and SEN’, are also theory systems.

Note that o* € RZ, since, for all ¢ € SEN*(X), ob(¢,¢) = 1 € Thmy(Z).
On the other hand, no projection natural transformation can be in the reflex-
we core.

To see that RT does not satisfy the global system modus ponens in I, note
that 1 € Thmy(Z) and that 0%(1,0) =1 € Thmy(Z) and 5°(1,0) = 6*(0,1) =
1 € Thmy(Z), but 0 ¢ Thmy(Z). Thus, R* does not have the global system
MP inT.
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It turns out that possession of the global system modus ponens by the
reflexive core intrinsically characterizes syntactic prealgebraicity. We can
show, at the outset, that the reflexive core having the global system modus
ponens is necessary for syntactic prealgebraicity.

Theorem 779 Let F = (Sign’,SEN’. N*) be an algebraic system and T =
(F,C) a m-institution based on F. If T is syntactically prealgebraic, then R*
has the global system modus ponens.

Proof: Suppose that 7 is syntactically prealgebraic with witnessing transfor-
mations I°. Thus, I° has reflexivity, global system transitivity, global system
compatibility and the global system modus ponens in Z. Since I” is reflexive
in Z, we get, by the definition of the reflexive core, that I* € RZ. But, then,
since, by hypothesis, I’ has the global system modus ponens, it follows that,
a fortiori, R? has the global system modus ponens in Z. [ ]

In proving the reverse implication, we now show that having the global
system modus ponens implies the global system transitivity property of the
reflexive core.

Proposition 780 Let F = (Sign’, SEN", N*) be an algebraic system and I =
(F,C) a m-institution based on F. If RT has the global system modus ponens,
then it also has the global system transitivity in L.

Proof: Suppose that RZ has the global system modus ponens in Z and let
T € ThSys(Z), ¥ € |Sign’| and ¢,¢, x € SEN’(X), such that (¢, ), (¢, x) €

<R_Ig(T). This means that RE[¢,¢] <T and RE[¢), x] <T. Then, by Lemma
776, we get that, for all p’ € RZ, and all ¥’ € [Sign’|, all f ¢ Sign’(,%’) and
all € e SEN*(X),

RE, [0k, (SEN"(f)(9), SEN*(f)(¥),€), )
P (SEN'(£)(¢), SEN'(£)(x),€)] < T

Since RE[¢,1] < T, we get by the global system MP of R? that, for all
o' € RT, all X' € |Sign’|, all f € Sign’(2,%) and all £ e SEN*(X),

Pir (SEN'(£)(6) SEN'(f)(x).€) € Ty

Thus, RE[¢, x] < T, whence (¢, x) € <R_IZ(T). Therefore, RT has the global
system transitivity in Z. [

Proposition 780 closes a line of work that was started with the definition
of a reflexive core and with Lemma 773.

Theorem 781 Let F = (Sign’,SEN’. N*) be an algebraic system and T =
(F,C) a m-institution based on F. If RT has the global system modus ponens,
then T is syntactically prealgebraic, with witnessing transformations RT.
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Proof: By Lemma 773, R” is reflexive in Z. By Lemma 775, Z is globally
family symmetric in Z. By hypothesis and Proposition 780, it is globally
system transitive in Z. By Lemma 776 it has the global family compatibility
property in Z. Finally, by hypothesis, it has the global system modus po-
nens in Z. We conclude that Z is syntactically prealgebraic with witnessing
transformations R7T. [ |

Theorems 779 and 781 provide the promised characterization of syntactic
prealgebraicity in terms of the global system modus ponens of the reflexive
core.

7 is Syntactically Prealgebraic «— RZ has Global System MP.

Theorem 782 Let F = (Sign’, SEN" N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is syntactically prealgebraic if and only
if RT has the global system modus ponens in T.

Proof: Theorem 779 gives the “only if” and the “if” is by Theorem 781. =

If Z is syntactically prealgebraic, then RT defines Leibniz congruence sys-
tems of theory systems in Z. This proposition may be viewed as a special
case of Corollary 770, since R forms a set of witnessing transformations
that, in addition, has the global family symmetry in Z.

Proposition 783 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. If RT has the global system modus ponens,
then, for all T € ThSys(Z),

Q(T) = RL(T).

Proof: Let T € ThSys(Z). If RT has the global system modus ponens, then,
by Lemma 773, Lemma 775, Lemma 776, the hypothesis and Proposition

780, RZ(T) is a congruence system that is compatible with 7. Therefore, by
<«
Corollary 98, we get that Q(T") = RT(T). ]

We also get another related characterization of syntactic prealgebraicity.

7 is Syntactically Prealgebraic
«— R Defines Leibniz Congruence Systems
of Theory Systems in Z.

Theorem 784 Let F = (Sign’, SEN", N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is syntactically prealgebraic if and only
if, for all T € ThSys(Z),

Q(T) = RL(T).



68 CHAPTER 11. SYNTACTIC HIERARCHY I Voutsadakis

Proof: If 7 is syntactically prealgebraic, then, by Theorem 782, R’ has
the global system modus ponens in Z. Thus, by Proposition 783, for all
<«
T € ThSys(Z), Q(T) = RE(T).
Conversely, if, for all T € ThSys(Z), RZ(T) = Q(T), then, R7 is reflexive,
globally system transitive, has the global family compatibility and the global

system modus ponens. Thus, R7? is a set of witnessing transformations and
7 is syntactically prealgebraic. [ ]

We finally show that the property that separates prealgebraicity from
syntactic prealgebraicity is exactly the Leibniz compatibility property with
respect to the theory system generated by the reflexive core.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. We say that R7 is Leibniz if, for all ¥ € [Sign’| and
all ¢,1p € SEN* (),

(9,9) € Qs (C(R[6,9])).
We show that, if RZ has the global system modus ponens, then it is
Leibniz.

Proposition 785 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) be a m-institution based on F. If RT has the global system modus
ponens, then it is Leibniz.

Proof: Suppose R has the global system modus ponens. Let 3 € [Sign’| and
¢,1 € SEN"(X). To show that (¢,1) € Qs (C(RL[¢,%])), we use the criterion
for membership given in Theorem 19. To this end, let o* : (SEN")* — SEN®
be in N*, ¥’ € |Sign’|, f € Sign’(X,%’) and £ € SEN*(X’), such that

% (SEN'(f)(9).€) € Os (RE[,¥]).

By Lemma 776,
RE [0% (SEN*(£)(9),€), 0k (SEN*(£)(¥),€)] < C(RE[¢,%]).

Since, by hypothesis, @I has the global system modus ponens, we obtain
that o, (SEN"(f)(¥),€) € Osi(RE[¢,1]). By symmetry, we now have that

o4, (SEN'(£)(9),€) € Cor (RE[6,4])
iff ol (SEN'(f)(¢),€) € Cs(RE[6,4]).

Therefore, by Theorem 19, we conclude that (¢, 1)) € Qs (C(RE[¢,¢])), and,
hence, R” is Leibniz. |

Here is an example of a m-institution Z, with a Leibniz reflexive core not
having the global system modus ponens.

Example 786 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:
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e Sign’ is the trivial category with single object X;

e SEN':Sign’ - Set is specified by SEN’(X) = {0,1,2};

e N is the category of natural transformations generated by the single
binary natural transformation o® : (SEN")2 — SEN’ defined by letting
0% :{0,1,2}2 - {0,1,2} be given, for all x,y € SEN’(X), by

2, ifx=y or{x,y}={0,1}
b _ ) ) )
ox(2,y) = { 0, otherwise '

SEN(Z)

Let T = (F,C') be the m-institution determined by

Cy = {{Q}a {172}a {07 172}}'

T has three theory families Thm(Z), T = {{1,2}} and SEN’, all of which are
theory systems.

Note that R = {¢"}. We show that RT is Leibniz, but does not have the
global system modus ponens.

To verify the Leibniz property, note that, if ¢ = 1 the conclusion is

trivial. If ¢ + 1), then, if {p,v} # {0,1}, then R%[;b,w] = {{0}}, whence
C(RL[¢,v]) = SEN’ and, therefore,

QUC(Rg[¢,9])) = V¥
and the conclusion follows. Otherwise, if {¢,v} ={0,1}, then C(RE[¢,v]) =

Thm(Z), whence
QC(R[e,v])) = {{0,1}, {2}}

and the conclusion follows. Therefore, RT is Leibniz.
On the other hand, we have 1 € {1,2} and RL[1,0] < {{1,2}}, whereas
0¢{1,2}. Therefore, Rt fails to have the global system modus ponens in Z.
We note, with a nod to what is to follow, that Z is not prealgebraic, since,
as is clear by the poset diagrams of theory systems and associated Leibniz
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congruence systems, the Leibniz operator is not monotone on theory systems

(here 0 = {{0},{1,2}} and 0’ = {{0,1}, {2}}).

o) DN L S vad
[ O ] . 9/
Thm(Z)

In the opposite direction, and on the positive side, in a prealgebraic -
institution Z, if the reflexive core is Leibniz, then it does have the global
system modus ponens in 7.

Proposition 787 Let F = (Sign’, SEN", N*) be an algebraic system and I =
(F,C) a prealgebraic m-institution based on ¥. If R is Leibniz, then it has
the global system modus ponens in L.

Proof: Suppose that Z is prealgebraic and that RZ is Leibniz. Let T €
ThSys(Z), ¥ € |Sign’| and ¢,v € SEN’(X), such that ¢ € Tx; and RE[¢, 7] <
T. Now we have

(p,0) € Qs(C(RE[¢,4])) (since RT is Leibniz)
c Qu(T). (since RE[¢,1¢] <T and T is prealgebraic)

Therefore, since ¢ € Ty, we get, by the compatibility of Q(7") with T, that
1 € Ts;. We conclude that R? has the global system modus ponens in Z. =

We now show that a 7-institution is syntactically prealgebraic if and only
if it is prealgebraic and it has a Leibniz reflexive core.

Syntactic Prealgebraicity = RZ has Global System MP

R? Defines Leibniz Congruence Systems
of Theorem Systems in Z

Prealgebraicity + R” is Leibniz

Theorem 788 Let F = (Sign’,SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is syntactically prealgebraic if and only
if it is prealgebraic and has a Leibniz reflexive core.

Proof: Suppose, first, that Z is syntactically prealgebraic. By Theorem
771, it is prealgebraic. Moreover, by Theorem 782, its reflexive core has the
global system modus ponens. Hence, by Proposition 785, its reflexive core is
Leibniz.
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Suppose, conversely, that Z is prealgebraic with a Leibniz reflexive core.
Then, by Proposition 787, its reflexive core has the global system modus
ponens and, therefore, by Theorem 782, 7 is syntactically prealgebraic. =

It is not difficult to see that syntactic prealgebraicity transfers from a
m-institution Z to all models of Z of the form (A,CTA) over arbitrary F-
algebraic systems.

Theorem 789 Let F = (Sign’, SEN" N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is syntactically prealgebraic, with wit-
nessing transformations 1°, if and only if, for every F-algebraic system A =
(A, (F,a)), the generalized matriz family (A, CTA) is syntactically prealge-
braic, with witnessing transformations IA.

Proof: We have that Z is syntactically prealgebraic, with witnessing trans-
formations I*, if and only if, by definition, I* is reflexive, has the global
system transitivity, the global system compatibility and the global system
modus ponens, if and only if, by Propositions 683, 693, 715 and 1477, for ev-
ery F-algebraic system, I4 has reflexivity, global system transitivity, global
system compatibility and global system modus ponens in (A, CTA) if and
only if, by definition, (A, CT) is syntactically prealgebraic, with witnessing
transformations I4. [ ]

11.3 Syntactic Protoalgebraicity

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) be a 7-
institution based on F. Recall from Chapter 3 that Z is protoalgebraic if, for
all T,T" e ThFam(Z),

T<T" implies Q(T)<Q(T").

We say that 7 is syntactically protoalgebraic if there exists I® ¢ N, with
two distinguished arguments, such that I* has:

o reflexivity;

e global family transitivity;

e global family compatibility;
e global family modus ponens.

In that case, we call I’ a set of witnessing natural transformations,
or, more simply, witnessing transformations (of the syntactic proto-
algebraicity of 7).
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Let us compare syntactic protoalgebraicity with the definition of syntactic
prealgebraicity from Section 11.2. We point out that, by Chapter 10, Sections
10.5 and 10.9, respectively, global family and global system transitivity and
global family and global system compatibility coincide. It follows that the
genuinely separating feature between syntactic prealgebraicity and syntactic
protoalgebraicity is that the former requires the global system modus ponens,
whereas the latter the global family modus ponens. By the subhierarchy of
modus ponens properties, presented in Section 10.11, the latter is a strictly
stronger property than the former.

It turns out that, if 7 is a syntacEi_cally protoalgebraic m-institution, with

witnessing transformations /°, then I (T) is a congruence system on F com-
patible with 7', for all T' e ThFam(Z). As a consequence, using Corollary 98,
we may conclude that, for all '€ ThFam(Z),

<«

I'(T) = T).

Proposition 790 Let F = (Sign’,SEN’, N*) be an algebraic system and
T = (F,C) a w-institution based on F. If T is syntactically protoalgebraic,
<«

with witnessing transformations I*, then, for all T € ThFam(Z), I'(T) is a
congruence system on F compatible with T.

Proof: Let T ¢ ThFam(7), ¥ ¢ |Sign’| and ¢, 1, x € SEN’(X).
Since I’ is reflexive in Z, we get that I}[¢,¢] < Thm(Z) < T. Therefore,

fbg[(b, ¢] < T, which shows that (¢, ¢) € be(T).
<«
Suppose, next, that (¢,1) € I'w(T). Thus, I's[¢,7] < T. By the defini-
tion of f", we then get sz[w,dﬂ < T and, hence, (¢, ¢) € sz(T).

Next, assume that (¢, ), (1, x) € sz(T). Then we get (¢, 1), (¥, x),
<«
(1, 0), (x,1) € I's(T). Since I" is transitive in Z, we conclude that (¢, x),
<«

(x, ) € <I_"E(T) and, therefore, (¢, x) € f"g(T).
To show the congruence property, assume that ¢* : (SEN")* - SEN' is a

natural transformation in N* and that (¢;, ;) € be(T), for all 7 < k. Thus,
since I* has the compatibility property in Z, we get that (o%(¢), 0% (1)) €

<[_'7Z(T). By symmetry, we also get (0% (1), 0%(¢)) € <[_'7Z(T) and, hence, that
(05(8), o5 () € I's(T).

Finally, since by Lemma 93, I’ (7T) is a relation system on F, we conclude
<«—

<«

that 7°(T") is a congruence system on F.
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<«

To conclude the proof, note that, if ¢ € T and (¢, ) € be(T), then, by

>

the global family modus ponens of I* in Z and the fact that I* ¢ I®, ¢ € Ts,.
[ ]

Based on Proposition 790, we can conclude that I’ defines the Leibniz
congruence systems of the theory families of Z.

Corollary 791 Let F = (Sign’,SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is syntactically protoalgebraic, with
witnessing transformations 1°, if and only if, for all T € ThFam(Z),

<«

I(T) = T).

Proof: The “only if” is by Proposition 790 and Corollary 98. The “if” is
again obvious, as in Corollary 770. [

Corollary 791 has as an immediate consequence the important fact that
syntactic protoalgebraicity implies (semantic) protoalgebraicity.

Theorem 792 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on ¥. If T is syntactically protoalgebraic, then
it 1s protoalgebraic.

Proof: Suppose that 7 is syntactically protoalgebraic with witnessing trans-
formations I°. Let T, 1" € ThFam(Z), such that T'<7". Then

(T) = I'(T) (by Corollary 791)
< f"(T’) (by Lemma 94)
= Q(T"). (by Corollary 791)
Thus, Z is protoalgebraic. [

The following example shows that the inclusion of Theorem 792 is proper.

Example 793 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with a single object ;
e SEN':Sign’ - Set is specified by SEN’(X) = {0,1};

e N is the category of natural transformations generated by the single
binary natural transformation o® : (SEN")2 — SEN’ defined by letting
0v.:{0,1}2 - {0,1} be given, for all z,y €{0,1}, by

oh(z,y) = 1.
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®

0

SEN(Z)

Let T = (F,C') be the m-institution determined by Cs = {{1},{0,1}}.

T has two theory families, Thm(Z) and SEN’, such that Thm(Z) < SEN’.
Moreover, Q(Thm(Z)) = AF and Q(SEN’) = VF. Since Q(Thm(Z)) <
Q(SEN), T is protoalgebraic.

On the other hand, there does not exist I' ¢ N, such that I’ has the
required properties to constitute a witnessing set of transformations in L.
Any set containing projections cannot satisfy reflexivity and the set consisting
only of o' does not satisfy the modus ponens property. We conclude that T
18 mot syntactically protoalgebraic.

We now work towards a dual goal. We first provide a characterization
of syntactic protoalgebraicity in terms of the global family modus ponens of
the reflexive core of the w-institution. Then, we use this characterization to
provide an exact description of those protoalgebraic m-institutions which are
syntactically protoalgebraic. The development here parallels the work done,
towards similar goals in the context of prealgebraicity, in Section 11.2.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. Recall from Section 11.2, that the reflexive core of
is the collection

RE = {p € N (V3 ¢ [Sign’|)(¥6 € SEN'(2)) ([, 6] < Thm(Z))}.

It is possible, but not necessary, that the reflexive core of a m-institution
has the global family modus ponens. To see this, we present two examples.
In the first example, we look at a w-institution Z whose reflexive core RT
does have the global family modus ponens in 7.
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Example 794 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with a single object ;
e SEN’:Sign’ - Set is specified by SEN*(XZ) = {0,1};

e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 - SEN’ defined by letting
0 :{0,1}2 - {0,1} be given, for all x,y € {0,1}, by

ob (1) { 0, if (2y) = (1,0)

1, otherwise

®

0

SEN(Z)

Let T = (F,C') be the m-institution determined by Cx, = {{1},{0,1}}.

Note that o* € RZ, since, for all ¢ € SEN’(X), ob(¢,¢) = 1 € Thmy(Z).
On the other hand, no projection natural transformation can be in the reflex-
we core.

To see that RT satisfies the modus ponens in I, note that it does so triv-
ially for the theory family SEN®, whereas for Thm(Z), it is possible that
ob(¢,9) =1 € Thmy(Z) and ¢ = 1 € Thig(Z) only if v = 1. Thus, RT has
the global family MP in Z, as claimed.

Next, we present an example of a m-institution Z whose reflexive core R?
does not have the global family modus ponens in Z.

Example 795 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with a single object ;

e SEN’:Sign’ - Set is specified by SEN*(Z) = {0,1};
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e N is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 — SEN’ defined by letting
05 :{0,1}2 - {0,1} be given, for all x,y € {0,1}, by

ob(z,y) = 1.

®

0

SEN(Z)

Let T = (F,C') be the m-institution determined by Cx = {{1},{0,1}}.

Note that o* € RZ, since, for all ¢ € SEN*(X), ob(¢,6) = 1 € Thmx(Z).
On the other hand, no projection natural transformation can be in the reflex-
we core.

To see that RT does not satisfy the modus ponens in I, note that 1 €
Thmy(Z) and that 0%(1,0) = 0%(0,1) = 1 € Thmy(Z), but 0 ¢ Thmy (7).
Thus, R does not have the global family modus ponens in Z.

It turns out that possession of the global family modus ponens by the
reflexive core intrinsically characterizes syntactic protoalgebraicity. We can
show, at the outset, that the reflexive core having the global family modus po-
nens is necessary for syntactic protoalgebraicity. Thus, there is no point in ex-
ploring syntactic protoalgebraicity unless the m-institution Z under scrutiny
is such that RZ has the global family MP.

Theorem 796 Let F = (Sign’, SEN’, Nt} be an algebraic system and I =
(F,C) a m-institution based on ¥. If T is syntactically protoalgebraic, then
RZ has the global family modus ponens.

Proof: Suppose that Z is syntactically protoalgebraic with witnessing trans-
formations I°. Thus, I® has reflexivity, global family transitivity, global fam-
ily compatibility and the global family modus ponens in Z. Since I" is re-
flexive in Z, we get, by the definition of the reflexive core, that I’ ¢ RZ. But,
then, since, by hypothesis, I’ has the global family modus ponens, it follows
that, a fortiori, RZ has the global family modus ponens in Z. [ ]

To prove the reverse implication, we show, first, that having the global
family modus ponens implies the global family transitivity property of the
reflexive core.
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Proposition 797 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. If RT has the global family modus ponens,
then it also has the global family transitivity in T.

Proof: Suppose that R has the global family modus ponens in Z and let
T € ThFam(Z), ¥ € |Sign’| and ¢, 1, x € SEN*(X), such that (¢, ), (1, x) €
<«

R%5,(T'). This means that RE[¢, ] < T and R[4, x] < T. Then, by Lemma
776, we get that, for all p* € RZ, and all ¥’ € [Sign’|, all f € Sign’(2,%') and
all £ e SEN" (%),

RE, [k, (SEN"()(9), SEN' (/) (%), €), )
P (SEN(£)(¢), SEN*(f)(x),€)] < T

Since RE[¢, 1] < T, we get by the global family MP of R? that, for all p* € RZ,
and all ¥’ € |Sign’|, all f € Sign’(2,%) and all £ e SEN*(X),

Pk (SEN'(£)(¢),SEN"(£)(x),€) € T

Thus, RE[¢, x] < T, whence (¢, x) € 1(?_IE(T). Therefore R is globally family
transitive in Z. ]

Proposition 797 closes a line of work that was started with the definition
of a reflexive core and goes back to Lemma 773.

Theorem 798 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on ¥. If RT has the global family modus ponens,
then T is syntactically protoalgebraic, with witnessing transformations RT.

Proof: By Lemma 773, R? is reflexive in Z. By Lemma 775, Z is globally
family symmetric in Z. By hypothesis and Proposition 797, it is globally
family transitive in Z. By Lemma 776, it has the global family compatibility
property in Z. Finally, by hypothesis, it has the global family modus ponens
in Z. We conclude that Z is syntactically protoalgebraic with witnessing
transformations RZ. [ ]

Theorems 796 and 798 provide the promised characterization of syntactic
protoalgebraicity in terms of the global family modus ponens of the reflexive
core.

7 is Syntactically Protoalgebraic <— RZ has Global Family MP.

Theorem 799 Let F = (Sign’, SEN" N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is syntactically protoalgebraic if and
only if RT has the global family modus ponens in T.
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Proof: Theorem 796 gives the “only if” and the “if” is by Theorem 798. =

If 7 is syntactically protoalgebraic, then R? defines Leibniz congruence
systems in Z. This proposition may be viewed as a special case of Corollary
791, since R? forms a set of witnessing transformations that, in addition, has
the global family symmetry in Z.

Proposition 800 Let F = (Sign’, SEN", N*) be an algebraic system and I =
(F,C) a w-institution based on F. If RT has the global family modus ponens,
then, for all T ¢ ThFam(Z),

OT) = BX(T).

Proof: If RZ has the global family modus ponens, then, by Lemma 773,

<«
Lemma 775, Lemma 776, the hypothesis and Proposition 797, RZ(T) is a
congruence system that is compatible with T'. Therefore, by Corollary 98,

we get that Q(7T") = 1(?—I(T) |

We also get (almost) for free another related characterization of syntactic
protoalgebraicity.

7 is Syntactically Protoalgebraic
< RT Defines Leibniz Congruence Systems.

Theorem 801 Let F = (Sign’,SEN’. N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is syntactically protoalgebraic if and
only if, for all T € ThFam(Z),

O(T) = BX(T).

Proof: If 7 is syntactically protoalgebraic, then, by Theorem 799, RZ has the
family modus ponens in Z. Thus, by Proposition 800, for all 7' € ThFam(Z),

O(T) = RE(T).
<«
Conversely, if, for all T' € ThFam(Z), RZ(T) = Q(T), then, R? is reflexive,
globally family transitive, has the global family compatibility and the global

family modus ponens. Thus, R is a set of witnessing transformations and Z
is syntactically protoalgebraic. ]

We finally show, in a result that parallels Theorem 788, that the property
that separates protoalgebraicity from syntactic protoalgebraicity is exactly
the Leibniz compatibility property with respect to the theory family gener-
ated by the reflexive core.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. Recall from Section 11.2 that RZ is Leibniz if, for all
% € |Sign’| and all ¢,v € SEN"(X),

(0.9) € Qs(C(RE[0,¥]))-
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We have shown in Proposition 785 that, if RZ has the global system
modus ponens, then it is Leibniz.

Corollary 802 Let F = (Signb,SENb,N") be an algebraic system and I =
(F,C) a m-institution based on F. If RT has the global family modus ponens,
then it is Leibniz.

Proof: Directly from Proposition 785 [
Here is an example of a m-institution Z, with a Leibniz reflexive core not

having the global family modus ponens.

Example 803 Let F = (Sign’, SEN", N*) be the algebraic system determined
as follows:

e Sign’ is the category with single object ¥ and a single (non-identity)
morphism f:X — X, such that fo f=f;

e SEN’: Sign’ — Set is specified by SEN*(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 00, 1 =0 and 2~ 2;

e N’ is the category of natural transformations generated by the single
binary natural transformation o : (SEN")2 - SEN’ defined by letting
0% :{0,1,2}2 - {0,1,2} be given, for all z,y € SEN’(X), by

otz 1) { o e ot =104

otherwise

2 2

1 ] 1

0 0
SEN(Z) SEN(Z)

Let T = (F,C') be the m-institution determined by

Cy = {{Q}a {172}a {07 172}}'

T has three theory families Thm(Z), T = {{1,2}} and SEN', but only two
theory systems Thm(Z) and SEN'.

Note that R = {¢"}. We show that RT is Leibniz, but does not have the
global family modus ponens.
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To verify the Leibniz property, note that, if ¢ =1 the conclusion is trivial
and, if {¢,1} # {0,1}, then Cx,(RE[¢,v]) = SEN'(X), whence

QC(RE[6.¢])) = V"

and the conclusion follows. Finally, if {¢,v} = {0,1}, then Cx(RE[¢,¢]) =
{2}, whence Qs (C(RE[,¢])) = {{0,1},{2}} and, therefore,

(6,9) € Qu(C(RE[,¥])),

as required. We conclude that RT is Leibniz.
On the other hand, we have 1 € {1,2} and RE[1,0] < {{1,2}}, whereas
0¢{1,2}. Therefore, RT fails to have the global family modus ponens in T.

In the opposite direction, and on the positive side, in a protoalgebraic
m-institution Z, if the reflexive core is Leibniz, then it has the global family
modus ponens in Z.

Proposition 804 Let F = (Sign’,SEN", N*) be an algebraic system and I =
(F,C) a protoalgebraic m-institution based on ¥. If RT is Leibniz, then it has
the global family modus ponens in I.

Proof: Suppose that Z is protoalgebraic and that RZ is Leibniz. Let X €
Sign’| and ¢,7 € SEN’(X), such that ¢ € T and RL[¢,9] < T. Now we
have

(0, 0) € Qu(C(RL[¢,¢])) (since RT is Leibniz)
c Qu(T). (since RE[¢,v¢] <T and T is protoalgebraic)

Therefore, since ¢ € Ty, we get, by the compatibility of Q(7") with T, that
Y € Ts,. We conclude that R? has the global family modus ponens in Z. m

We now show that a m-institution is syntactically protoalgebraic if and
only if it is protoalgebraic and has a Leibniz reflexive core.

R? has Global Family MP
RZT Defines Leibniz Congruence Systems
Protoalgebraicity + RZ is Leibniz

Syntactic Protoalgebraicity

Theorem 805 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is syntactically protoalgebraic if and
only if it is protoalgebraic and has a Leibniz reflexive core.

Proof: Suppose, first, that Z is syntactically protoalgebraic. Then, by The-
orem 792, it is protoalgebraic. Moreover, by Theorem 799, its reflexive core



Voutsadakis CHAPTER 11. SYNTACTIC HIERARCHY I 881

has the global family modus ponens. Hence, by Corollary 802, its reflexive
core is Leibniz.

Suppose, conversely, that Z is protoalgebraic with a Leibniz reflexive core.
Then, by Proposition 804, its reflexive core has the global family modus
ponens and, therefore, by Theorem 799, 7 is syntactically protoalgebraic. m

We have now established the following hierarchy of properties:

Syntactically Protoalgebraic

N

Syntactically Prealgebraic Protoalgebraic

SN TN

Leibniz Reflexive Core Prealgebraic Stable
(on theory systems)

In fact, it turns out that many of the given characterizations of syntactic
protoalgebraicity can be recast in terms of the corresponding ones concerning
syntactic prealgebraicity by adding stability. The main result that allows this
connection is the one corresponding to Theorem 175, but concerning syntactic
protoalgebraicity and syntactic prealgebraicity rather than their respective
semantic versions.

Theorem 806 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on ¥. T is syntactically protoalgebraic if and
only if it is syntactically prealgebraic and stable.

Proof: Suppose, first, that Z is syntactically protoalgebraic. Then, it is, a
fortiori, syntactically prealgebraic. Moreover, by Theorem 792, it is protoal-
gebraic. Therefore, by Theorem 175, it is stable.

Suppose, conversely, that Z is syntactically prealgebraic and stable. Con-
sider T' € ThFam(Z). Then we have

UT) = T) (stability)
<«
= R? ((f) (syntactic prealgebraicity and Theorem 784)
= RI(T). (Proposition 99)
By Theorem 801, we conclude that Z is syntactically protoalgebraic. [

Now we obtain, almost for free, the following corollaries, which contain
the promised characterizations involving stability.

Corollary 807 Let F = (Sign’,SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is syntactically protoalgebraic if and
only if it is stable and R has the global system modus ponens.
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Proof: We have that 7 is syntactically protoalgebraic if and only if, by
Theorem 806, it is syntactically prealgebraic and stable, if and only if, by
Theorem 782, it is stable and RZ has the global system modus ponens. =

Corollary 808 Let F = (Sign’,SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is syntactically protoalgebraic if and only
if it is stable and RT defines Leibniz congruence systems of theory systems of

T, i.e., for all T € ThSys(Z), (T) = RE(T).

Proof: We have that Z is syntactically protoalgebraic if and only if, by
Theorem 806, it is syntactically prealgebraic and stable, if and only if, by
Theorem 784, it is stable and R? defines Leibniz congruence systems of theory
systems in Z. ]

Corollary 809 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on ¥. T is syntactically protoalgebraic if and
only if it is prealgebraic, stable and RT is Leibniz.

Proof: We have that 7 is syntactically protoalgebraic if and only if, by
Theorem 806, it is syntactically prealgebraic and stable, if and only if, by
Theorem 788, it is prealgebraic, stable and R” is Leibniz. [ ]

Finally, it is not difficult to see, in this case as well, that syntactic protoal-

gebraicity transfers from a 7w-institution Z to all generalized matrix families
of the form (A, CT4).

Theorem 810 Let F = (Sign’,SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is syntactically protoalgebraic, with
witnessing transformations I°, if and only if, for every F-algebraic system
A= (A, (F,a)), the generalized matriz family (A, CTA) is syntactically pro-
toalgebraic, with witnessing transformations IA.

Proof: The proof mimics the proof of Theorem 789. ]

We close with an example of a w-institution that is syntactically prealge-
braic but not syntactically protoalgebraic.

Example 811 EXAMPLE NOT FOUND YET!!

11.4 Matrix Semantics

Let F = (Sign’,SEN’, N*) be an algebraic system and Z = (F,C) a 7-
institution based on F. Recall from Section 2.7 of Chapter 2 that an Z-matrix
family is a pair A = (A,T'), where A = (A, (F,«)) is an F-algebraic system
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and T € FiFam® (A) is an Z-filter family on A. The class of all Z-matrix fami-
lies is denoted by MatFam(Z). Z-matrix families on F = (F, (I, )}, i.e., pairs
of the form (F,T), where T € ThFam(Z), are called Lindenbaum Z-matrix
families. The collection of all Lindenbaum Z-matrix families is denoted by
LMatFam(Z).

Four subclasses of MatFam(Z) are distinguished and will be of particular
interest to us in the upcoming sections. These are:

e The class LMatFam*(Z) of all reduced Lindenbaum Z-matrix fam-
ilies:

LMatFam™(Z) = {{F/Q(T), T/(T)) : T € ThFam(Z)};

e The class LMatFam® (Z) of all Suszko reduced Lindenbaum Z-
matrix families:

MatFam®™ (Z) = {(F/QX(T), T/O*(T)) : T € ThFam(Z)};

e The class MatFam™(Z) of all reduced Z-matrix families:

LMatFam*(Z) = {(A,T) e MatFam(Z) : Q4(T) = A4}

e The class MatFam®*(Z) of all Suszko reduced Z-matrix families:

MatFam®*(Z) = {(A,T) € MatFam(Z) : QZA(T) = A4},

The following characterizations of the last two classes are well-known and
very useful in practice.

Proposition 812 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. Then the following equalities hold (where
the classes are perceived as being closed under isomorphism):

(a) MatFam*(Z) = {{A/QA(T),T/QA(T)) : T € FiFam®(A)};
(b) MatFam®"(Z) = {{A/QTA(T), T/QZA(T)) : T € FiFam” (A)}.

Proof: We prove Part (a). Part (b) can be proven similarly. First, if (A,T) €
MatFam*(Z), then, since, by definition, QA(T) = A4, we get that (A, T)
(A/QA(T), T/QA(T)). For the reverse inclusion, it suffices to observe that,
given an F-algebraic system A and T € FiFam” (A), we have, essentially due
to the definition of the Leibniz congruence system, that

QAT (T/QA(T)) - AA/QNT)

Therefore, (A/QA(T), T/QA(T)) € MatFam™ (Z). [
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It turns out that all four classes of Z-matrix families defined above form
matrix family semantics for the w-institution Z. More precisely, given an
algebraic system F = (Sign’,SEN’, N*) and a m-institution Z = (F,C), a
class M of Z-matrix families is called a matrix (family) semantics for 7
if C'=CM, ie., for all ¥ € |[Sign’| and all ® U {¢} € SEN'(X), ¢ € Cg(P)
if and only if, for all (A,T) € M, with A = (A, (F,a)), all ¥’ € |Sign’|, all
f e Sign’(%, %),

as/(SEN'(f)(®)) € Tr(sy implies s/ (SEN’(f)()) € Tres).

Proposition 813 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) be a m-institution based on Z. The four classes

LMatFam*(Z), LMatFam®*(Z), MatFam*(Z) and MatFam®"(Z)
are all matrix semantics for I.

Proof: Let M be any of these four matrix family classes. Since M consists
of Z-matrix families, we have that C' < CM.
For the converse, note that the following inclusions hold:

LMatFam® (7)
MafFam®"(Z)

LMatFam™(Z) — MatFam™(Z)

Therefore, we have, by definition, the inclusions

CLMatFamS“ ()

CMatFamS‘/
\CMatFam* (T) (LMatFam* (T)

It follows that it suffices to show that the two reduced Lindenbaum matrix
family classes satisfy CLMatFam™(Z) < ' and CMMatFam*(Z) < ', We show the

first inclusion, since the second can be proven similarly.
Suppose X € [Sign’| and ® u {¢} ¢ SEN’(X), such that

¢ e C;MatFams“(I)( <I>).

Let T € ThFam(Z), such that ® ¢ Tx. Then, ®/Q%(T) ¢ Tx/QL(T). Since
(FIQX(T), T/QX(T)) € LMatFam®'(Z), we get, by hypothesis, ¢/QL(T) ¢
Ts./Q%(T). Thus, using the compatibility of QF(T) with T, we get that
¢ € Tx. Since T € ThFam(Z) was arbitrary, we conclude that ¢ € Cx(®). m
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We denote the classes of the underlying F-algebraic systems of the matrix
families in LMatFam*(Z), LMatFam®(Z), MatFam*(Z) and MatFam®*(Z),
respectively, by

LAlgSys*(Z), LAlgSys™ (), AlgSys*(Z) and AlgSys™ (7).

So we have
LAlgSys*(Z) = {F/QT):T e ThFam(Z)};
LAlgSys™(Z) = {F/QX(T):T e ThFam(Z)};
AlgSys*(Z) = {A: (3T e FiFam®(A))(QA(T) = AA)};
AlgSys™(Z) = {A:(3T e FiFam®(A))(QFA(T) = A4)}.

We clearly have the following inclusion relationships between those four
classes of F-algebraic systems:

LAlgSys™ (T)

\Al‘sysS“ (7)
LAlgSys™(Z) — AlgSys* /

11.5 Algebraic Semantics

In the study of logical systems formalized as w-institutions and, more specif-
ically, as related to their algebraic properties, the notions of an algebraic
semantics and that of equational definability of truth are paramount. We
introduce and study these two notions in this section.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. Consider a class K of F-algebraic systems. We define
the closure family CX : P(SEN")2 - P(SEN")2, by letting, for all ¥ € [Sign’|,
CX: P(SEN’(X)2) » P(SEN’(X)?2) be given, for all Eu{¢ ~ 1} < SEN*(X)2,
by

¢~ e CE(E) iff forall A= (A (F,a)) K,
ag(FE) ¢ Aﬁ(z) implies ax(¢) = ax ().

Given a set 7 : (SEN")* — (SEN’)2 of natural transformations in N,
with a single distinguished argument, we say that the class K of F-algebraic

systems is a 7’-algebraic semantics for Z, or, more simply, a 7’-semantics
for T, if, for all ¥ € |Sign’| and all ® U {¢} < SEN*(2),

¢eCx(Q) iff m[o] < CR(rg[Q]).

Let F = (Sign’,SEN’, N*) be an algebraic system, Z = (F,C) be a -
institution, based on F, and M a class of F-matrix families. Given a set
70 ¢ (SEN’)* — (SEN’)2 of natural transformations in N*, we say that
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truth is 7’-equationally definable in M, or, more simply, that truth
is 7'-definable in M if, for all (A,7) ¢ M, with A = (A,(F,«a)) and
A = (Sign,SEN, N), all ¥ € |Sign| and all ¢ € SEN(X),

peTs iff '[o]<AA

It turns out that classes of algebraic systems forming 7°-semantics for a
m-institution and classes of matrix families in which truth is 7°-definable are
closely interrelated. To express this connection, we first formulate a technical
lemma.

Lemma 814 Let F = (Sign’, SEN’, N*) be an algebraic system and let 7° :
(SEN")* — (SEN’)2 be a set of natural transformations in N*. Suppose
A =(AT), with A= (A,(F,«)) and A = (Sign,SEN, N), is an F-matric
family in which truth is T°-definable. Then, for all ¥ € |Sign’| and all ® U
{¢} € SEN'(D),

¢eC3(D) iff m[e] < CA(r[2]).

Proof: Let ¥ € |Sign’| and ® u {¢} < SEN*(X). Then we have the following
sequence of equivalent statements:

¢ e C2(®) iff, for all ¥’ € |Sign’|, f € Sign’(%,¥),
asy (SEN'(f)(®)) € Tr(s
implies asy (SEN*(£)(9)) € Tz
iff, for all ¥/ ¢ |Sign’|, f € Sign’ (%, %),
sl (SEN'(£)(2))] < A4
implies Tﬁ(z,)[ay(SEN"(f)(qS))] <AA
iff, for all ¥/ ¢ |Sign’|, f € Sign’ (%, %),
A [SEN(F(£))(as(®))] < AA
implies Tﬁ(z,)[SEN(F(f))(ag(qﬁ))] <AA
iff, by Lemma 93,
The (s (®)] < A4 implies 77, ) [ax(4)] < A4
iff, by surjectivity of (F,a),
a(rs[®]) < A4 implies a(T4[4]) < AA
iff  75[0] < CA(z[@]). .
Now we establish the promised relationship between algebraic semantics

and matrix semantics.

Theorem 815 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)
a m-institution based on F and 7' : (SEN')* — (SEN")2 q set of natural
transformation in N*. A class K of F-algebraic systems is a 7°-algebraic
semantics for I if and only if it is the class of underlying algebraic systems
of some matriz semantics M for T in which truth is T°-definable.
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Proof: Suppose, first, that M is a matrix semantics for Z in which truth is
Tt-definable and let K be the class of its underlying algebraic systems. Then
we have, for all ¥ € |Sign’| and all ® U {¢} € SEN’(X),

peCx(P) iff ¢peC¥(P) (M a matrix semantics)
iff (VA eM)(¢eC3(P)) (by definition)
iff (VAeK)(ri[¢] < CA(mA[®])) (by Lemma 814)
iff 7%[¢] < C¥(rL[@]). (by definition)

Thus, K is a 7"-algebraic semantics for Z.
Suppose, conversely, that K is a 7°-algebraic semantics for Z. Let A =
(A, (F,a)) e K, with A = (Sign, SEN, N). Define, for all 3 € |Sign|,

T¢T = {¢ € SEN(D) : 5[] < A4},
and set TAT = {T;’T}EQSign‘. Then, let
M= {(A,TA): AcK}.

Note that K is the class of all underlying algebraic systems of the matrix
systems in M and, also, that, for all A € K, truth is 7*-definable in (A, TA7)
by the definition of TA7. Thus, we have, for all ¥ € |Sign’| and all ® u {¢} <
SEN'(%),

peCx(®) iff 7A[o] <CK(74[P]) (K a 7'-semantics)
iff (VAeK)(1%[¢] < CA(TL[®])) (by definition)
iff (VAeM)(¢eC2(P)) (by Lemma 814)
iff ¢eC¥(P). (by definition)

We conclude that M is a matrix semantics for Z. ]
Corollary 816 Let F = (Sign’, SEN’, N*) be an algebraic system, I = (F,C)

be a m-institution, based on F and 7 : (SEN")* - (SEN")2 a set of natural
transformation in N°. If truth is °-definable in any of the classes

LMatFam*(Z), LMatFam® (Z), MatFam* (Z) or MatFam®(Z),
then, the corresponding class
LAlgSys*(Z),LAlgSys™ (), AlgSys*(Z) or AlgSys>*(Z)
is a T"-semantics for I.

Proof: This follows from Theorem 815, since, by Proposition 813, the four
displayed classes of Z-matrix families are matrix semantics for Z and the four
displayed classes of algebraic systems are, by definition, the respective classes
of their underlying algebraic systems. [
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11.6 Truth Equationality

Let F = (Sign’,SEN’, N*) be an algebraic system and Z = (F,C) a 7-
institution based on F. We say that Z is:

e Leibniz truth equational if there exists 7° ¢ N*, with a single distin-
guished argument, such that truth is 7°-definable in LMatFam™*(Z), i.e.,
such that, for all (F/Q(T), T/QUT)) € LMatFam*(Z), all ¥ € |Sign’|
and all ¢ € SEN*(X),

O/Qs(T) € To/Qs(T) iff 72/ [¢)Qs(T)] < AFIAD),

e Universally Leibniz truth equational if there exists 7° ¢ N, with
a single distinguished argument, such that truth is 7’-definable in the
class MatFam*(Z), i.e., such that, for all (A4,7) € MatFam*(Z), all
¥ € |Sign| and all ¢ € SEN(X),

peTs iff o] <AA

e Suszko truth equational if there exists 7 ¢ N*, with a single dis-
tinguished argument, such that truth is 7*-definable in LMatFam®"(Z),
i.e., such that, for all (F/QZ(T),T/OZ(T)) e LMatFam®(Z), all ¥ ¢
ISign’| and all ¢ € SEN*(X),

S[OL(T) e ToQE(T) iff r2/™ (D [¢/OL(T)] < AT,

e Universally Suszko truth equational if there exists 7° ¢ N*, with
a single distinguished argument, such that truth is 7*-definable in the
class MatFam®(Z), i.e., such that, for all (A,T) € MatFam®"(Z), all
¥ € |Sign| and all ¢ € SEN(X),

peTs iff [o]<AA

The set 7° : (SEN")* — (SEN’)2 in N* will be called a set of witnessing
equations (of/for the corresponding truth equationality property).

The following proposition provides alternative conditions for testing whe-
ther a given m-institution is truth equational with respect to any of the four
classes of matrix families considered above.

Proposition 817 Let F = (Sign’, SEN’, N*) be an algebraic system, T =
(F,C) a m-institution based on F and ° € N* having a single distinguished
argument.

(a) T is Leibniz truth equational with witnessing equations T° iff, for all
T e ThFam(Z), all ¥ € |Sign’| and all ¢ € SEN’(X),

peTs iff m[e] <AUT);
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(b) T is universally Leibniz truth equational if and only if, for every F-
algebraic system A, all T € FiFam*(Z), all ¥ € |Sign| and all ¢ €
SEN(X),

¢eTy iff =[o]<QN(T);

(c) T is Suszko truth equational with witnessing equations T° iff, for all
T € ThFam(Z), all ¥ € |Sign’| and all ¢ € SEN’(X),

oeTs iff Th[¢] < OX(T);

(d) T is universally Suszko truth equational if and only if, for every F-
algebraic system A, all T € FiFam*(Z), all ¥ € |Sign| and all ¢ €
SEN(Y),

oeTy iff m'o] <OPA(T).

Proof:

(a) Suppose, first, that Z is Leibniz truth equational and let T' € ThFam(Z),
% € |Sign’| and ¢ € SEN*(X). Then

peTy iff ¢/Qs(T)eTs/0s(T) (by compatibility)
iff 779 [¢/Qe(T)] < AFIT) (by hypothesis)
iff 7A[o]/QUT) < AF/T)  (by definition)
iff 72[¢] <QT).

Assume, conversely, that, for all 7 € ThFam(Z), all ¥ € |Sign’| and
all ¢ € SEN*(X), ¢ € Ty if and only if 75[¢] < Q(T). Let (F/Q(T),
T/Q(T)) € LMatFam*(Z), ¥ € |Sign’| and ¢ € SEN"(X). Then

¢[Qse(T) e Ts[Qse(T) it ¢eTx  (by compatibility)
iff 7%[¢]<Q(T) (by hypothesis)
iff T% [¢]/UT) < AFAT) (by definition)
it 2D [p/Q(T)] < AFIND),

(b) Suppose, first, that Z is universally Leibniz truth equational and let
A = (A, (F,«a)), with A = (Sign,SEN, N), be an F-algebraic system,
T e FiFam® (A), ¥ € |Sign| and ¢ € SEN(X). Then

peTs iff ¢/QA(T) e Ts/QL(T) (by compatibility)
iff TAND[H/QA(T)] < AAYT) (by hypothesis)
iff TA[¢]/QA(T) < AA2T)  (by definition)
i (6] < QA(T).

Assume, conversely, that, for every F-algebraic system A, all T ¢
FiFam®(A), all ¥ ¢ |Sign| and all ¢ € SEN(X), ¢ € Ty if and only if
2 [¢] < QA(T). Let (A, T) € MatFam*(Z), ¥ € |Sign| and ¢ € SEN(X).
Then
peTs iff 7 [o] <QA(T) (by hypothesis)
iff &gl <AA (QAT) = AA)
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Parts (¢) and (d) follow along similar lines. n

We investigate next the relationships between the various types of truth
equationality. Our first result is that Leibniz truth equationality and univer-
sal Leibniz truth equationality coincide.

Proposition 818 Let F = (Sign", SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is Leibniz truth equational if and only
if it is universally Leibniz truth equational.

Proof: First, note that, since LMatFam*(Z) ¢ MatFam*(Z), universal Leib-
niz truth equationality trivially implies Leibniz truth equationality. Suppose,
conversely, that Z is Leibniz truth equational, with witnessing equations
" ¢ N*. Let A= (A,(F,a)), with A = (Sign,SEN, N), be an F-algebraic
system, T € FiFam?(A), ¥ ¢ |Sign’| and ¢ € SEN’(X). Then, we have

as(9) € Tp) iff g ail(TF(z)) (set theory)
iff m5[6] <Q(a"'(T)) (Proposition 817)
iff 72[¢] <a ' (QA(T)) (Proposition 24)
iff a(ry[o]) <QA(T) (set theory)
iff 775 las(9)] <QA(T).  (Lemma 96)

Taking into account the surjectivity of (F,«) and Proposition 817, we con-
clude that Z is universally Leibniz truth equational. ]

In the next proposition, we show that (universal) Leibniz truth equation-
ality and universal Suszko truth equationality are also identical properties.

Theorem 819 Let F = (Sign’,SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is universally Leibniz truth equational
if and only if it is universally Suszko truth equational.

Proof: Since MatFam*(Z) ¢ MatFam®(Z), it follows that universal Suszko
truth equationality implies universal Leibniz truth equationality. Suppose,
conversely, that Z is universally Leibniz truth equational, with witnessing
equations 7°. Let A = (A, (F,«)), with A = (Sign,SEN,N), be an F-
algebraic system, T' € FiFam?(A), ¥ € |Sign| and ¢ € SEN(X). By Proposi-
tion 817, it suffices to show that

peTs iff o] < QPAT).

If ¢ €Ty, then ¢ € TY, for all T < T" € FiFam?(A). Thus, by hypothesis,
7 ¢] < QA(T"). But then we have

wlols () QNI =0RA(D).

T<T'eFiFam? (A)



Voutsadakis CHAPTER 11. SYNTACTIC HIERARCHY I 891

Suppose, conversely, that 72[¢] < QFA(T). Then, since QFA(T) < QA(T),
we get that 74[¢] < QA(T), whence, by hypothesis, ¢ € T5..

Using Proposition 817, we conclude that Z is universally Suszko truth
equational. [ |

Since, for any m-institution Z, LMatFam®"(Z) ¢ MatFam®"(Z), we have,
trivially, that universal Suszko truth equationality implies Suszko truth equa-
tionality. Therefore, we get the following picture involving implications be-
tween the various truth equationality properties:

Universal Leibniz =— Leibniz =— Universal Suszko

\ \

Suszko

Next, we present an example of a m-institution Z, together with a collec-
tion 7° of natural transformations, with a single distinguished argument,
such that truth is 7°-definable in LMatFam®'(Z) but not 7‘-definable in
LMatFam™(Z). This shows that, at least in the case in which one considers
truth equationality with respect to the same witnessing equations, Suszko
truth equationality differs from Leibniz truth equationality.

Example 820 Let F = (Sign’, SEN", N*) be the algebraic system defined as
follows:

e Sign’ is the trivial category, with object ¥;
e SEN':Sign’ - Set is given by SEN*(X) = {0,1,2,3,4};
e N is the category of matural transformations generated by the four

unary natural transformations w°, p*, o, x* : SEN' — SEN’ defined by
the following table:

2 € SEN'(S) | m(a) | p() | ob (@) [ xo()
0 2 0 3 4
1 2 3 1 4
2 2 3 2 4
3 1 3 4 4
4 2 3 4 4

Define the m-institution Z = (F,C) by setting

Cs ={{3,4},{1,3,4},{2,3,4},{0,1,2,3,4}}.
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SEN(X)

The lattice of theory families and the corresponding Leibniz congruence
systems are shown in the diagram.

01234 vad

134 234 0,2,14,3 0,1,24,3
34

All Suszko congruence systems coincide with the corresponding Letbniz con-
gruence systems except for that of the theorem family, for which we have

QOZ({3,4}) = AF.
Set 7 = {{c*,x")} and compute

0,12,34

{(3,4)}, (1) ={(L4)}, 7(2)={(2,4)},
{{4.4)}, =(4) ={(4.4)}.

75(0)
7(3)

These calculations enable us to prove that T is Suszko truth equational with
witnessing equations . The defining equivalence is trivial for {0,1,2,3,4}.
So we work out the details for the remaining three theory families.

e For the theory family T = {{1,3,4}}, we have

0¢Ts and 75(0)={(3,4)} ¢ QL({1,3,4}),
LeTy and 74(1)={(1,4)} < QL({1,3,4}),
2¢Tx and 73(2) = {(2,4)} ¢ Q5({1,3,4}),
3eTy and 72(3)={(4,4)} c QL({1,3,4}),
4eTy and 7o(4) = {(4,4)} < OL({1,3,4}).
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e For the theory family T = {{2,3,4}}, we have

0¢Ts and 7(0) = {(3.4)) € DL({2,3,4}),
LTy and (1) = {{14)} € DE({2,3,4))
2¢Ty and 74(2)={(2,4)} ¢ Qg({2 3,4}),
3eTyv and 74(3)={(4,4)} ¢ Qg({2 3 4}),
4eTy and T74(4) ={(4,4) ).

e Finally, for the theorem family T = {{3,4}}, we have

0¢Tx and 75(0)={(3,4)} ¢ Q +({3,4}),
L¢Te and 75(1) = {(1,4)} ¢ Q5({3,4}),
2¢Ty and 13(2) = {(2,4)} ¢ OE({3,4}),
3eTy and T%(3)= {(4,4)}CQ§({3 4}),
4eTs and 75(4) = {(4,4)} c OL({3,4}).

So T is indeed Suszko truth equational with witnessing equations 7°. On the
other hand, ° are not witnessing Leibniz truth equationality in Z. E.q., we

have T4(0) = {(3,4)} € Q= ({3,4}), whereas 0 ¢ {3,4}.

We call a m-institution that is (universally) Leibniz truth equational, or
equivalently, universally Suszko truth equational, a family truth-equational
m-institution, or more simply, a truth equational m-institution.

Combining these results with Corollary 816, we get the following

Corollary 821 Let F = (Sign’, SEN’, N*) be an algebraic system, T = (F,C')
a m-institution based on F and 70 : (SEN")* — (SEN")2 in N*. If T is truth
equational with witnessing equations T°, then the three classes LAlgSys*(Z),
AlgSys*(T) and AlgSys®(Z) are T°-semantics for T.

Proof: By the definition of truth equationality, Corollary 816, Proposition
818 and Theorem 819. [

11.7 More on Truth Equationality

We start this section by looking closely at a property similar to the one
defining truth equationality.

Lemma 822 Let F = (Sign’,SEN’, N*) be an algebraic system, I = (F,C)
a m-institution based on F and 7' : (SEN*)* — (SEN’)2 a set of natural
transformations in N*. The following statements are equivalent:

(a) For all X €|Sign’| and all ¢ € SEN'(X), 4[] < QZ(C(9));
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(b) For all T € ThFam(Z), 7°[T] < QX(T).

Proof: For (a)=(b), assume that, for all ¥ € |Sign’| and all ¢ € SEN’(X),
(6] < QZ(C(¢)), and let T € ThFam(Z). Then, we have, for all ¥ € |Sign’|
and all ¢ € Ty,

QZ(C(¢)) (hypothesis)
QZ(T). (monotonicity of QF)

(4]

ININ

Therefore, 7[T] < QZ(T). N
For (b)=(a), assume that, for all T'e ThFam(Z), 7*[T] < QZ(T), and let
Y € |Sign’| and ¢ € SEN’(X). Then, by hypothesis,

(0] < T'[C(¢)] < OH(C(9)).

]
A very similar property holds replacing theory families by theory systems
and using the arrow operators.

Lemma 823 Let F = (Sign’,SEN’, N*) be an algebraic system, I = (F,C)
a m-institution based on F and 7' : (SEN")* — (SEN")2 q set of natural
transformations in N*. The following statements are equivalent:

(a) For all ¥ ¢|Sign’| and all ¢ € SEN'(X), 74[¢] < OX(C(9));
(b) For all T e ThSys(T), 7'[T] < QX(T).

Proof: For (a)=(b), assume that, for all ¥ € |[Sign’| and all ¢ € SEN*(X),
m2[¢] <QZ(C(¢)), and let T € ThSys(Z). Then, we have, for all ¥ € |Sign’|
and all ¢ € T, C(?b)) < T and, hence,

73 [¢] QI(C(E))) (hypothesis)

QZ(T). (monotonicity of QF)

IN N

Therefore, 7°[T] < QZ(T). B
For (b)=(a), assume that, for all 7" e ThSys(Z), 7°[T"] < Q*(T'), and let
Y € |Sign’| and ¢ € SEN’(X). Then, by hypothesis,

s[0] < P[C(6)] < B (C(4

T[] <T[C(0)] < Q7 (C(¢)). i
The property studied in Lemma 822 is one that is satisfied by every m-

institution possessing a 7°-semantics.

Proposition 824 Let F = (Sign’, SEN’, N*) be an algebraic system, T =
(F,C) am-institution based on F and 7 : (SEN")* - (SEN®)2 ¢ set of natural
transformations in N*. If T has a T°-semantics, then, for all ¥ € |Sign’| and
all ¢ € SEN"(X), B

6] < BF(C(9)).
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Proof: Suppose that K is a 7°-semantics for Z and let ¢° ~ ¢’ be an arbitrary
equation in 7¢, ¥ € |Sign’| and ¢ € SEN’(X). Our goal is to show that, for
all ¥/ € |Sign’|, all f € Sign’(X,%’) and all y € SEN’(X),

(% (SEN'(£)(9), X), €& (SEN"(£)(9), 7)) € % (C(9)).

By the characterization theorem for membership in the Suszko congruence
system, and using symmetry, it suffices to show that, for all o’ € N*, all
> € |Sign’|, all g € Sign’ (X, X") and all £ € SEN’(X7),

E f E/ E//
o~ SEN'(9) =SEN'(gf)(0)
X = SEN(9)(X
¢

9

0% (SEN'(9) (&, (SEN(£)(). X)) €) .
€ Cxn (9,03, (SEN"(9) (0%, (SEN’(£)(9), X)), €))-

This is equivalent to showing

03 (€50 (SEN'(9£)(¢), SEN(9) (X)) €) .
€ Oy (6, 0%, (0%, (SEN"(g£)(9), SEN'(9) (1)), €))-

To show this, however, it suffices to show that, for all X' € |Sign"|, all f €
Sign’(X,¥’) and all ¥, £ € SEN’(X),

% (e (SEN*(£)(9), X), €) € O (¢, oty (8% (SEN* () (6),X), €))-

This, now, follows from the fact that K is a 7'-semantics for Z and that,
obviously, since ¢® ~ €’ is an equation in 7°,

7o [0k (€, (SEN*(£)(9),¥),€)] )
< CR(3[9], 73, [0, (8%, (SEN'(£)(9), X). )])-

Now we obtain the following consequence:

Corollary 825 Let F = (Sign’, SEN’, N*) be an algebraic system, T = (F,C)
a m-institution based on F and 7' : (SEN")* — (SEN’)2 4 set of natural
transformations in N*. If T has a T°-algebraic semantics, then, for all T €
ThFam(Z),

[T] < QX(T).

Proof: By Proposition 824 and Lemma 822. [

Let F = (Sign’,SEN’, N*) be an algebraic system and Z = (F,C) be a
m-institution based on F. We say that the Suszko operator:
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e is universally family injective if, for every F-algebraic system A,
and all T, 7" € FiFam” (A),

QPAT) = Q5A(T')  implies T =T

e has the universal family minimality property if, for every F-alge-
braic system A, and every T € FiFam?(A), T/OQFA(T) is the least
Z-filter family of A/QTA(T).

Universal family injectivity and universal family minimality of the Suszko
operator turn out to be equivalent properties.

Theorem 826 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. The Suszko operator is universally family
ingective if and only if it has the universal family minimality property.

Proof: Suppose, first, that the Suszko operator has the universal family
minimality property. Let A = (A,(F,«a)) be an F-algebraic system and
T, T € FiFam®(A), such that QZA(T) = QZA(T"). Then both T/QZTA(T)
and T /QZA(T") are Z-filter families on the F-algebraic system A/QZA(T) =
A/QTA(T"). Thus, by the universal family minimality property, T/QZA(T) =
T'[QTA(T"). Since QTA(T) = QTA(T"), we get that T = T". So OFA is uni-
versally family injective.

Suppose, conversely, that the Suszko operator is universally family injec-
tive. Consider an F-algebraic system A = (A, (F,«a)) and T e FiFam?”(A).
Let T" be the least Z-filter family on A/QZA(T). Since we have T/QZA(T) ¢
ThFam® (A/QZA(T)), we get, by minimality, that 77 < T/QZA(T). But
then, by the monotonicity of the Suszko operator, we get that

QI,A/@I,A(T) (T,) < QLA/QI’A(T) (T/QI’A(T)) _ AA/@I’A(T)

and, therefore,

ﬁI,A/ﬁI’A(T)(T/) _ Q’I,_A/QLA(T)(T/'QI,A(T))(: AA/QI»A(T))_

Hence, by universal family injectivity, 7" = T'//QZ-A(T'), which proves that the
Suszko operator has the universal family minimality property. ]

Finally, recall from Chapter 3, Section 3.8, that a m-institution Z = (F, C')
is called family c-reflective if, for every T u{T"} ¢ ThFam(Z),

) QAUT)<Q(T') implies (T <T'
TeT
Also recall that, by the Transfer Theorem 7?7, 7 is family c-reflective if and
only if, for every F-algebraic system A = (A,(F,«)) and all T u{T"} ¢
FiFam?(A),
N QAT)<QA(T") implies (T <T'
TeT
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We may call this latter property universal family complete reflectivity
or universal family c-reflectivity.

Our goal, in closing this section is to show that the family injectivity
of the Suszko operator (and, hence, by Theorem 826, its universal family
minimality) is equivalent to the (universal) family c-reflecitvity of Z.

We provide, first, an alternative characterization of universal family c-
reflectivity involving both the Suszko and the Leibniz congruence systems.

Lemma 827 Let F = (Sign’ SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is (universally) family c-reflective if
and only if, for every F-algebraic system A and all T, T’ € FiFam®(A),

QPAT) < QAT implies T <T'.

Proof: Assume, first, that Z is universally family c-reflective and let A be
an F-algebraic system and T, 7" € FiFam® (A), such that QTA(T) < QA(T").
Thus, by the definition of the Suszko operator,

({QAT") : T < T" e FiFam® (A)} < QA(T").
Using universal family c-reflectivity, we get that
(WT":T<T" e FiFam®(A)} < T".

Hence, T'<T", as required.

Suppose, conversely, that, for every F-algebraic system A and all T',7" €
FiFam®(A), QZA(T) < QA(T’) implies T < T’. Let A be an F-algebraic
system and 7 U {T"} ¢ FiFam”(A), such that Nyer QA(T) < QA(T"). Then
we have

Nrer QFA(T)  (monotonicity of OF-4)
Nrer QA(T)  (since QBA(T) < QA(T))
QA(T"). (by hypothesis)

QI”A(r\'TET T)

IN AN N

Using the hypothesis, we conclude that N7 < T’. Therefore, Z is family
c-reflective. ]

Finally, we show that family c-reflectivity is identical with the universal
family injectivity of the Suszko operator.

Theorem 828 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is (universally) family c-reflective if
and only if the Suszko operator is universally family injective.

Proof: Suppose, first, that the Suszko operator is universally family in-
jective. To show that Z is family c-reflective, we use Lemma 827. Let
A = (A, (F,a)), with A = (Sign,SEN, N), be an F-algebraic system and
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T, T € FiFam?® (A), such that QZA(T) < QA(T"). This implies that QZA(T)
is compatible with 7. We consider the natural transformation

(I,7) - AJEPAT) - A/QN(T)
defined, for all ¥ € |Sign| and all ¢ € SEN(X), by
(@A) = ¢/ B(T).
Since T'/QA(T") € FiFam® (A/QA(T")), we get, by Corollary 55,
v H(T'[QA(T")) € FiFam® (A/Q5A(T)),

ie., T"/QFA(T) € FiFam®(A/QFA(T)). By universal family injectivity of
the Suszko operator and Theorem 826, we get that T/QZA(T) < T"/QZA(T).
Taking into account the compatibility of ﬁIvA(T) with 7”7, pointed out above,
we get that T'<T".

Assume, conversely, that Z is (universally) family c-reflective. Let A be an
F-algebraic system and T,7" € FiFam?(A), such that QZA(T) = QTA(T).
Then, we have QZA(T) < QA(T) and QTA(T") < QA(T), whence, by hy-
pothesis and Lemma 827, T'<T" and T" < T, showing that T'=T". Thus, the
Suszko operator is universally family injective. ]

In a nutshell we have the following three equivalent properties, given in
Theorems 826 and 828.

Suszko is Universally Family Injective

Suszko has Universal Family Minimality

7 is (Universally) Family c-Reflective

11.8 Truth Equationality and c-Reflectivity

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) be a 7-
institution based on F. Recall from Chapter 3, Section 3.8, that Z is called
family c-reflective if, for all T u{T"} ¢ ThFam(Z),

) AT)<Q(T") implies ((T<T
TeT TeT

Family c-reflectivity implies family reflectivity, i.e., the property that, for all
T,T" e ThFam(Z), Q(T) < Q(T") implies T < T". Finally, family c-reflectivity
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is a property strong enough to imply systemicity. Therefore, a m-institution
is family c-reflective if and only if it is system c-reflective and systemic.

Recall, also, from Section 11.6, that Z was called (family) truth equational
if it is Leibniz truth equational, that is, if there exists 7¢ : (SEN")« — (SEN")2
in N*, with a single distinguished argument, such that truth is 7’-definable
in LMatFam*(Z). By Proposition 817, this amounts to the existence of
701 (SEN")* —» (SEN")2 in N*, with a single distinguished argument, such
that, for every T'e ThFam(Z), all ¥ ¢ |Sign’| and all ¢ € SEN’*(X),

oeTs iff 5[p]<QT).

The collection 7" is termed a set of witnessing equations (of/for the truth
equationality of 7).

Note, again, that truth equationality implies systemicity. In fact, if Z is
truth equational with witnessing equations 7, then, for all T' € ThFam(Z),
all ¥ ¢ |Sign’| and all ¢ € SEN’(X), we get

T[¢] < Q((f) iff  ¢ge Ty, (family truth equationality)
implies ¢ €Ty, (Proposition 2)
iff 72 [¢] <QUT) (family truth equationality)
implies 4[] < Q(?) (Proposition 20)

<«

So all statements above are equivalent showing that 7" = 7. Thus, Z is
systemic.

It turns out that, if Z is a truth equational m-institution, with witnessing

il
equations 7', then 7°(€(7")) is exactly equal to T, i.e., that the witnessing
equations reflect theory families.

Proposition 829 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. If T is truth equational, with witnessing
equations 7°, then, for all T € ThFam(Z),

<«—
7 (UT)) =T.
Proof: Let T ¢ ThFam(Z). Then, for all ¥ € |Sign’| and all ¢ € SEN*(X),

o e (QT)) iff 5[] <QT)  (definition)

iff ¢eTs. (truth equationality) .

Proposition 829 has as an immediate consequence the important fact that
truth equationality implies family c-reflectivity.

Theorem 830 Let F = (Sign’, SEN", N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. If T is truth equational, then it is family
c-reflective.
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Proof: Suppose that Z is truth equational with witnessing equations 7. Let
T u{T"} c ThFam(Z), such that Nper QT) < Q(T"). Then

Nrer T = Oy H(QT))  (Proposition 829)
T (Nrer UT))  (set theory)

?"(Q(T’)) (hypothesis and Lemma 94)
T'. (Proposition 829)

[IVAN

Thus, Z is family c-reflective. ]

The following example shows that, in general, the implication established
in Theorem 830 is proper.

Example 831 Let F = (Sign’, SEN", N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with single object X;
e SEN’:Sign’ - Set is specified by SEN*(X) = {0,1};

e N’ is the trivial category of natural transformations consisting of the
projections only.

®

0

SEN(Z)

Let T = (F,C') be the m-institution determined by Csx = {{1},{0,1}}.

T has two theory families, Thm(Z) and SEN’, which are also theory sys-
tems. Clearly, Thm(Z) < SEN’. Moreover, Q(Thm(Z)) = AF and Q(SEN’) =
VF. T is clearly family c-reflective.
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On the other hand, there does not exist 7° € N*, such that I has the
required properties to constitute a witnessing set of equations for the truth
equationality in T. Any set consisting of projections only cannot satisfy the

required condition since <7'_"((2(T)) can only be SEN’ or @.

We now work towards a dual goal. We first provide a characterization
of truth equationality in terms of the solubility property of the Suszko core
of the m-institution. Then, we provide an exact description of those family
c-reflective m-institutions which are truth equational.

Let F = (Sign’,SEN’, N*) be an algebraic system and Z = (F,C) be a
m-institution based on F. We define the Suszko core SZ of Z to be the
collection

ST ={o"e N*: (VT e ThFam(Z))(c"[T] < O (T))}.
By Lemma 822, this definition is equivalent to setting
ST = {o" € N*: (V5 € [Sign’]) (V6 € SEN'(2)) (0% [6] < FH(C(6))}.
The Suszko core has a list of interesting properties.

Proposition 832 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F.

(a) 1~ 1€ ST, where 1: SEN' — SEN’ denotes the identity;
(b) If 6" ~ " € ST, then € ~ 0" € ST;
(c) If 0" m €' et ~ (P e ST, then 0" ~ (" € ST;
(d) If 0" ~ € € ST, then, for all o* € N*,
0’0 (0"(p),q) ~» 0" o (€(P), q) € S,
where P, § denote vectors of projections

= k+n—-1,0

p= <p e ’pk+n71,k71> = k+n—1,k

G= <p o pk+n71,k+nf2>

Y

with k the maximum arity between 6* and €, and n the arity of o’.

Proof:

(a) Since, for all T € ThFam(Z), all ¥ € |Sign’| and all ¢ € Tk,
(1~ 1)g[0] < AF <QX(T),

we get, by definition, ¢ ~ ¢ € ST,
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(b) Suppose that §* ~ €* € SZ. Then, by definition, for all T € ThFam(Z),
Y € |Sign’| and ¢ € Ty, (6" ~ €)x[¢] < QX(T). By the symmetry
property of the Suszko congruence system QF (T), we conclude that,
for all T € ThFam(Z), ¥ € |Sign’| and ¢ € Tk, (¢’ ~ 0*)x[¢] < QX(T).
Therefore, €’ ~ §* € ST.

(c) This follows along the lines of Part (b), using the transitivity of the
Suszko congruence system Q2 (7T') instead of its symmetry.

(d) Suppose that 6" ~ ¢ € S* and o® € N*. Then, by definition of S7, for
all T e ThFam(Z), all ¥ € [Sign’| and all ¢ € Ty, (6" ~ ¢")g[6] < OZ(T).
Thus, for all ¥’ € [Sign’|, all f € Sign’(3,%’) and all y € SEN" (),

(8% (SEN'(f)(9). X), €& (SEN"(f)(9),¥)) € (7).

But, then, by the congruence compatibility property of QZ(T), we get
that, for all £ e SEN’(X’),

(7% (0% (SEN'(f)(9), X), ). 0% (€5 (SEN"(£) (6), X), €)) € 25 (7).

Since Y € [Sign’|, f € Sign’(2,%’) and ¥, £ € SEN*(X) were arbitrary,
we get
(0" (8" (9), ) » 0" o (€ (§), @))n[@] < AX(T).

Finally, since T € ThFam(Z), X ¢ |Sign’| and ¢ € T, were arbitrary, we
conclude that

0" 0 (0"(p),4) » 0" o (€'(P), q) € ST
|

It is clear, by the definitions involved, that the Suszko core of a m-
institution satisfies the following property.

Proposition 833 Let F = (Sign’, SEN", N*) be an algebraic system and I =
(F,C) a m-institution based on F. For every T € ThFam(Z),

T < ST(Q(T)).
Proof: Let T ¢ ThFam(Z). Then, for all ¥ € [Sign’| and all ¢ € SEN*(X),

¢ €Ty implies SE[p]<QL(T) (definition of ST)
implies SZ[¢] < UT). (QL(T) < QUT))
Thus, we get that 7' < 5<’_I(Q(T)) m

It is possible, but not necessary, that the Suszko core of a w-institution
satisfies the reverse inclusion. We call this property solubility.
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Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. We say that the Suszko core of Z is soluble if, for
all T'e ThFam(Z),

ST(Q(T)) < T.

In other words, S is soluble if, for all 7 € ThFam(Z), all ¥ € |Sign’| and all
¢ € SEN'(X),
SE[@] < UT) implies ¢ € Tx.
We present two examples to showcase the possibilities. In the first exam-
ple, we look at a m-institution Z whose Suszko core SZ is soluble.

Example 834 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with single object X;
e SEN':Sign’ - Set is specified by SEN’(X) = {0,1};

e N is the category of natural transformations generated by the single
unary natural transformations o® : SEN’ — SEN', specified by setting
o%(z) =1, for all v € SEN'(X).

®

0

SEN(Z)

Let T = (F,C') be the m-institution determined by Cx, = {{1},{0,1}}.

T has two theory families, Thm(Z) and SEN’, which are also theory sys-
tems. Moreover, the structure of the posets of its theory families and of their
associated Leibniz congruence systems is given below.
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One can see that the Suszko core of T is given by
ST={1ni 1m0’ 0" ni,0" ~o').
Since the implication
SL[@] < T implies ¢ € Tx

holds universally, we conclude that the Suszko core of T is soluble.

Next, we present an example of a m-institution Z whose Suszko core S7
is not soluble.

Example 835 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with single object ¥;
e SEN’:Sign’ - Set is specified by SEN*(X) = {0,1};

e NV is the trivial category of natural transformations consisting of the
projections only.

®

0

SEN(Z)

Let T = (F,C') be the m-institution determined by Cs = {{1},{0,1}}.

T has two theory families, Thm(Z) and SEN’, which are also theory sys-
tems. Moreover, the structure of the posets of its theory families and of their
associated Leibniz congruence systems is given below.

One can see that the Suszko core of I is given by

ST = {11}
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We, thus, have that
SL[0] < AF = Q(Thm(Z)) but 0¢ Thmy(Z).
Therefore, ST is not soluble.

It turns out that possession of the solubility property by the Suszko core
intrinsically characterizes truth equationality. We can show, at the outset,
that the Suszko core being soluble is necessary for truth equationality. Thus,
there is no point in trying to discover witnessing equations unless the Suszko
core of the w-institution Z under scrutiny is soluble.

To show this, observe, first, that, in case a m-institution is truth equa-
tional, the witnessing equations form a subset of the Suszko core.

Lemma 836 Let F = (Sign’, SEN’, N®) be an algebraic system and T =
(F,C) a m-institution based on ¥. If T is truth equational, with witness-
ing equations T° € N*, then 1 ¢ SZ.

Proof: By truth equationality, for all T e ThFam(Z), all ¥ € |Sign’| and all
¢ € SEN* (%),
peTy iff 74[e] <QT).

Thus, for all T' e ThFam(Z), all ¥ ¢ |Sign’| and all ¢ € SEN’(X),
peTy iff (VI'<T’eThFam(Z))(¢eTy,)
iff (VT <T"eThFam(Z))(ms[¢] < QT"))
iff 72[¢] <N{QT"):T <T"eThFam(Z)}
iff Th[p] < QL(T).
We conclude, by the definition of SZ, that 7° ¢ SZ. (]
Now we prove the necessity of solubility for truth equationality.

Theorem 837 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on ¥. If T is truth equational, then ST is soluble.

Proof: Suppose that Z is truth equational, with witnessing equations 7°.
Then, for all T € ThFam(Z), all ¥ € |[Sign’| and all ¢ € SEN*(),

SE[P] < UT) implies 74[o] <QT) (Lemma 836)
iff  ¢eT%. (truth equationality)

Thus, S7 is soluble. (]

The reverse implication, which also holds and completes the promised
characterization of truth equationality in terms of the Suszko core, is pre-
sented in the following result.
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Theorem 838 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) am-institution based on ¥. If ST is soluble, then T is truth equational,
with witnessing equations ST.

Proof: It suffices to show that, for all T'e ThFam(Z), all ¥ € |Sign’| and all
¢ € SEN" (%),

peTs iff SE[p] <UT).
The left-to-right implication is given in Proposition 833, whereas the converse
is ensured by the postulated solubility of SZ. [ |

Theorems 837 and 838 provide the promised characterization of truth
equationality in terms of the solubility of the Suszko core.

7 is Truth Equational <— S7 is Soluble.

Theorem 839 Let F = (Sign’,SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is truth equational if and only if ST is
soluble.

Proof: Theorem 837 gives the “only if” and the “if” is by Theorem 838. =

If Z is truth equational, then the Suszko core defines theory families in
7 in terms of their Leibniz congruence systems. This proposition may be
viewed as a special case of Proposition 829, since S? forms a maximal set of
witnessing equations for the truth equationality of Z.

Proposition 840 Let F = (Sign’,SEN", N*) be an algebraic system and
T = (F,C) a m-institution based on F. If ST is soluble, then, for all T €
ThFam(Z),

T = SZ(T)).

Proof: If S7 is soluble, then, by Theorem 838, S7 forms a set of witnessing
equations for the truth equationality of Z. Therefore, by Proposition 829, we

get that, for every T' e ThFam(Z), T = 5<Y_I(Q(T)) |

In fact, this property may also be restated as another characterization of
truth equationality. Let us say that S defines theory families if, for all

T € ThFam(Z), T = S(TI(Q(T)) Then we have:
7 is Truth Equational <— S? Defines Theory Families.

Theorem 841 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on ¥. T is truth equational if and only if, for all
T € ThFam(Z),

T = ST(UT)).
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Proof: If 7 is truth equational, then, by Theorem 839, S is soluble. Thus,
by Proposition 840, for all T' € ThFam(Z), T' = ST(Q(T)).
<«
Conversely, if, for all T' € ThFam(Z), T = ST(Q(T)), then ST is soluble.

Thus, again by Theorem 839, ST is a set of witnessing equations and Z is
truth equational. [ |

We finally show that the property that separates family complete re-
flectivity from truth equationality is exactly the adequacy property of the
Suszko core. Roughly speaking, this property ensures that the Suszko core
is rich enough to define Suszko congruence systems in terms of the Leibniz
congruence systems of theory families that it selects via inclusion.

We have the following relationship connecting the Suszko core with both
Leibniz and Suszko congruence systems.

Proposition 842 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. For all ¥ € |Sign’| and all ¢ € SEN’(X),

N{UT) = SE[6] < AT)} < QF(C(9))-
Proof: Let ¥ ¢ |Sign’| and ¢ € SEN’(X). Then, for all T' e ThFam(Z),

¢ eTs implies SL[p] < QL(T) (definition of the Suszko core)
implies  SE[o] <UT). (QX(T) <UT))

Therefore, we have

N{AT) = SE[O] < AUT)} < N{UT) : SE[¢] < QH(T)}
ﬂ{Q(T) : gb € Tz}

7(C(9))-

1IN A

We provide an example, next, that shows that the inclusion proven in
Proposition 842 is proper, in general. IL.e., there exist m-institutions Z in
which, for some signature ¥ and some Y-sentence ¢,

M{UT) : SE[8] < UT)} £ FE(C(9)).

Example 843 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with object ¥;
e SEN':Sign’ - Set is specified by SEN’(X) = {0,1,2};

e NV is the trivial category of natural transformations, consisting of the
projections only.
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SEN(Z)

Let T = (F,C') be the m-institution determined by

CE = {{2}7 {172}7 {07 172}}

T has three theory families Thm(Z), T = {{1,2}} and SEN’, all of which are
theory systems.

Note that ST = {v ~ 1}. Note, also, the structure of the posets of Leibniz
congruence systems and of Suszko congruence systems, that are provided in
the left and right sides, respectively, of the following diagram, where

T={{12}}, 0={{0},{1,2}}, ¢ ={{0,1},{2}}.

Taking this into account, it is not difficult to see that
NQT) : SE[1] < T} = AF 50 = TE(C(1)).

We also give an example of a m-institution Z whose Suszko core S7 is such
that, for all ¥ ¢ |Sign’| and all ¢ € SEN*(X),

QF(C(0)) = MU : SE[¢] < UT)}.

Example 844 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with object X;

e SEN':Sign’ - Set is specified by SEN"(X) = {0,1,2};
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e N is the category of natural transformations generated by the single
unary natural transformation o® : SEN® — SEN" defined by letting oy :
{0,1,2} - {0,1,2} be given, for all x € SEN’(X), by

on(z) = 2.

SEN(Z)

Let T = (F,C) be the m-institution determined by

CE = {{2}7 {17 2}7 {Ov 17 2}}

T has three theory families Thm(Z), T = {{1,2}} and SEN’, all of which are
theory systems.

Note that ST = {1~ 1,0~ 0",0" ~ 1,0° » 0'}. Note, also, the structure of
the posets of Leibniz congruence systems and of Suszko congruence systems,
that are provided in the left and right sides, respectively, of the following
diagram, where

T={{12}}, 0={{0},{1,2}}, ¢ ={{0,1},{2}}.

Now we can check:

QZ(C(0)) = VF=Q(SEN’)
= N{QUT) = SE[0] < AT}
QZ(C(1)) = 0=Q(SEN") nQ(T)
_ = N{QUT) : SE[1] < T };
QZ(C(2)) = AF=Q(SEN")nQ(T)nQ(Thm(T))
= N{QT) : SE[2] < T}
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We have seen, therefore, through examples, that it is possible, but not
necessary, that the Suszko core of a w-institution satisfies, for every X e
|Sign’| and all ¢ € SEN*(X), the reverse inclusion of that given in Proposition
842:

Q8 (C(¢)) <MUT) : SE[¢] < UT)}.

Intuitively speaking, this means that the Suszko core S7 is rich enough to
allow, for every signature > and every -sentence ¢, the determination of
those theory families whose Leibniz congruence systems form a covering of
the Suszko congruence system of C(¢).

Let F = (Sign’,SEN’, N*) be an algebraic system and Z = (F,C) be a
m-institution based on F. We say that the Suszko core ST of Z is adequate
if, for all ¥ € |Sign’| and all ¢ € SEN’(X),

QF(C(0)) = MU : SE[¢] < AT)}.

Based on our preceding work, it is not difficult to see that, if SZ is soluble,
then it is adequate.

Corollary 845 Let F = (Sign’,SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. If ST is soluble, then it is adequate.

Proof: Let ¥ € |Sign’| and ¢ € SEN’(X). Then we have

QZ(C(¢)) = N{UT):¢eTs} (definition of QZ(C(4)))
= N{UT) = S§[e] < AT}
(solubility of ST and Proposition 840)
We conclude that S7 is adequate. (]

Here is an example of a w-institution Z, with an adequate but not soluble
Suszko core.

Example 846 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with single object ¥ and a single (non-identity)
morphism f:X — X, such that fo f=1ix;

e SEN': Sign’ - Set is specified by SEN"(Z) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 01, 1 =0 and 2~ 2;

e N’ is the trivial category of natural transformations (consisting of the
projections only).
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@\‘

SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by

Cy = {{Q}a {072}a {172}a {07 172}}'

T has four theory families Thm(Z), T = {{0,2}}, T = {{1,2}} and
SEN’, but only two theory systems Thm(Z) and SEN'. Therefore, being
non-systemic, it can be neither family c-reflective nor truth-equational. The
fact that it is not truth equational, together with Theorem 839, reveal that the
Suszko core ST is not soluble.

To wverify that ST is adequate, we look at the posets of theory families
(left), Leibniz congruence systems (right) and Suszko congruence systems
(right, identical with the Leibniz congruence systems, since the w-institution
is protoalgebraic).

S Dl L - vF
VAN
Do T’
N A _
BT/ JE— -~ AF

Since ST = {1 ~ 1}, we verify adequacy of ST by the following calculation,
holding for all ¢ € SEN’(X):

QN (C(e))=AF = () QT)={UT): SE[o] < AT}

TeThFam(Z)

Thus, ST is in fact adequate but not soluble.

In the opposite direction, and on the positive side, in a family c-reflective
m-institution Z, if the Suszko core is adequate, then it is also soluble.

Proposition 847 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a family c-reflective m-institution based on ¥. If ST is adequate, then
it is soluble.
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Proof: Suppose that Z is family c-reflective and that S7 is adequate. We
must show that, for all 7€ ThFam(Z), all ¥ € |Sign’| and all ¢ € SEN*(X),

peTy iff SE[o]<QT).

The implication left-to-right is always satisfied by Proposition 833. For the
converse, assume that SZ[¢] < Q(T"). Then, by the adequacy of ST, we get
that QZ(C(¢)) < QT). Thus, by family c-reflectivity and Lemma 827, we
conclude that C'(¢) <T', which gives ¢ € T. |

We finally show that a m-institution is truth equational if and only if it
is family c-reflective and has an adequate Suszko core.

Truth Equationality = S? Soluble
= ST Defines Theory Families
= Family c-Reflectivity + ST Adequate

Theorem 848 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is truth equational if and only if it is
family c-reflective and has an adequate Suszko core.

Proof: Suppose, first, that Z is truth equational. Then it is family c-
reflective by Theorem 830. Moreover, its Suszko core is soluble by Theorem
839 and, hence, by Corollary 845, its Suszko core is adequate.

Suppose, conversely, that Z is family c-reflective with an adequate Suszko
core. Then, by Proposition 847, its Suszko core is soluble and, therefore, by
Theorem 839, 7 is truth equational. [

Finally, it is not difficult to see that, in some sense, truth equationality
transfers from a mw-institution to all Z-matrix families.

Theorem 849 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on F. T is truth equational, with witnessing
transformations 7 : (SEN")* — (SEN’)2 in N, if and only if, for every
<«
F-algebraic system A = (A, (F,a)), and all T € FiFam” (A), T = 7A(QA(T)).

Proof: Suppose Z is truth equational, with witnessing transformations 7" :
(SEN*) — (SEN")2 and let A = (A,(F,a)) be an F-algebraic system and
T e FiFam®(A). Then, by Lemma 51, a~*(T) € ThFam(Z), whence, by

hypothesis, o= 1(T') = (T_b(Q(Ofl(T))). Hence, by Proposition 24, a~'(T) =
7 (a~1(QA(T))). Therefore, for all ¥ € |Sign’|, ¢ € SEN*(Z), we get
as(¢) €Tpsy iff ¢ eas' (Tr))
iff 75,[¢] <o (QA(T))
iff a(ry[o]) < QA(T)
iff 775 [an(9)] < QAT).  ((F.a) surjective)
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Taking again into account the surjectivity of (F,«), we conclude that, for all
¥ € |Sign| and all ¢ € SEN(X), ¢ € Ty, if and only if 7[¢] < QA(T), ie.,

T = TA(QA(T)). -

11.9 Left Truth Equationality

In this section, we look at versions of truth equationality and c-reflectivity
that can still be applied to general theory families but do not force the 7-
institutions to be systemic. In the next section we will also look at system
truth equationality, i.e., truth equationality applied only to theory systems,
and at system c-reflectivity. In this section we take the “leftist” approach,
“left” having the meaning attributed to it in Chapter 3.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. Recall from Chapter 3, Section 3.8, that Z is left
c-reflective if, for all T u {T"} ¢ ThFam(Z),

M UT) <QUT") implies (T <71
TeT TeT

Left c-reflectivity is not strong enough to imply systemicity. Moreover, left
c-reflectivity is a property intermediate between family c-reflectivity and sys-
tem c-reflectivity.

We say that the 7-institution Z is left truth equational if there exists
70 : (SEN")* - (SEN")2 in N*, with a single distinguished argument, such
that, for every T'e ThFam(Z), all ¥ € |Sign’| and all ¢ € SEN"(X),

be Ty iff 7[¢] <QT).

In that case, we call 7° a set of witnessing equations (of/for the left truth
equationality of 7).

If 7 is a left truth equational 7-institution, with witnessing equations 7°,
then 7°(Q(T)) is exactly equal to (f, i.e., the witnessing equations reflect
theory families only “up to arrow”.

Proposition 850 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) am-institution based on F. IfT is left truth equational, with witnessing
equations 7', then, for all T € ThFam(Z),

<« <«
T (QUT))=T.
Proof: Let T ¢ ThFam(Z). Then, for all ¥ € |Sign’| and all ¢ € SEN*(X),

pe ;Z(Q(T)) iff (] <Q(T) (definition)
iff ¢e (fg. (left truth equationality) -

Proposition 850 has as an immediate consequence the important fact that
left truth equationality implies left c-reflectivity.
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Theorem 851 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on F. If T is left truth equational, then it is left
c-reflective.

Proof: Suppose that Z is left truth equational with witnessing equations 7°.
Let T u{T’"} € ThFam(Z), such that Nper Q(T) < Q(T"). Then

ﬂTeT(T_b(Q(T)) (Proposition 850)

= 7<'_b(ﬂTeT Q(T)) (set theory)

7<'_b(Q(T')) (hypothesis and Lemma 94)
T (Proposition 850)

<«
mTeT T

IN

Thus, Z is left c-reflective. [ ]

The following example shows that the implication of Theorem 851 is
strict.

Example 852 Let F = (Sign’, SEN", N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with single object X;
e SEN':Sign’ - Set is specified by SEN"(X) = {0,1};

o N is the trivial category of natural transformations consisting of the
projections only.

®

0

SEN(Z)

Let T = (F,C') be the m-institution determined by Cx = {{1},{0,1}}.
T has two theory families, Thm(Z) and SEN’, which are also theory

«— «—
systems. In other words, Thm(Z) = Thm(Z) and SEN’ = SEN’. Clearly,
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Thm(Z) < SEN'. Moreover, Q(Thm(Z)) = AF and Q(SEN’) = VF. T is
clearly left c-reflective.

On the other hand, there does not exist T° € N°*, such that I has the
required properties to constitute a witnessing set of equations for the left truth
equationality in L. Any set consisting of projections only cannot satisfy the

<«

required condition since 0 (QUT)) can only be SEN’ or 3.

We provide, next, a characterization of left truth equationality in terms of
the left solubility property of the left Suszko core of the w-institution. Then,
we provide an exact description of those left c-reflective m-institutions which
are left truth equational.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. The left Suszko core of 7 is the collection

L7 = {o" € N*: (VT e ThFam(Z))(¢*[ T ] < Q(T)}.

There is an alternative way to define the left Suszko core of a w-institution,
which may also be viewed as justifying the alternative terminology system
Suszko core for it, which we state in the form of a property.

Proposition 853 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. Then

L* = {0 e N*: (VT e ThSys(T))(c'[T] < QX(T)}.
Proof: Let Z = (F,C) be a m-institution and set
M7* ={c" e N": (YT € ThSys(Z))(c’[T] < OF(T)}.

Our goal is to show that MZ* = LT,
Suppose, first, that o® € L? and let T € ThSys(Z). Then, we have

<«

o*[T] (T ThSys(T))
OL(T). (ot € L)

o'[T]

IN

Therefore ob € MZ.
Suppose, conversely, that o* € MZ and let T € ThFam(Z). Then, we have

<«

o[T] < OX(T) (0% e MZ and T € ThSys(Z))

QX(T). ((f < T and monotonicity of QF)

IN N
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We conclude that o € LT and, therefore, MZ = L%, [ ]

Note that, since, for every 17" € ThFam(Z), T < T, we get that ST c L7,

which implies that, for all T € ThFam(Z), Z<L_I(Q(T)) < :9_I(Q(T)) Note,
also, that for systemic m-institutions the left Suszko core and the Suszko core
are identical.

The left Suszko core of a m-institution satisfies the following property
relating to the arrow operator.

Proposition 854 Let F = (Sign’, SEN", N*) be an algebraic system and I =
(F,C) a m-institution based on F. For every T € ThFam(Z),

T < IF(QUT)).
Proof: Let T € ThFam(Z), ¥ € |Sign’| and ¢ € SEN’(X). Then

¢ € Ts, implies LZ[¢] <QX(T) (by definition of L7)
implies LL[¢] <QT) (QL(T) < QUT))
iff  ¢e LZ(T)). (by definition)
|

It is possible, but not necessary, that the left Suszko core of a m-institution
satisfies the reverse inclusion. We call this property left solubility.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. We say that the left Suszko core of 7 is left soluble
if, for all 7' e ThFam(Z),

e <«
LF(UT)) < T.
In other words, L7 is left soluble if, for all T'e ThFam(Z), all ¥ € |Sign’| and
all ¢ € SEN(X),
LL[¢] <QUT) implies ¢e Ts.

We show that this property has an alternative characterization in terms
of theory systems.

Proposition 855 Let 7 = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on ¥. The left Suszko core LT of T is left soluble

if and only if, for all T € ThSys(Z), L<_I(Q(T)) =T.

Proof: For the “only if”, assume that L7 is left soluble and let 7" € ThSys(Z).
Then

LZT)) = T (Left Solubility of L7)
T.

(T € ThSys(Z))
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Conversely, assume that, for all 7" € ThSys(Z), Iz (AT)) = T and let
T € ThFam(Z). Then, we have

LE((T))

IN

l(L—I(Q((f)) (Proposition 20 and Lemma 94)
- T (by hypothesis)

Thus, L? is left soluble. [ ]

Note that for systemic m-institutions, since the left Suszko core coincides
with the Suszko core, left solubility of the left Suszko core coincides with the
solubility of the Suszko core. These two properties are, however, different in
general and, as the following proposition and example show, solubility of the
Suszko core is a stronger property than left solubility of the left Suszko core.

Proposition 856 Let T = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. If the Suszko core ST of T is soluble, then
the left Suszko core L* of T is left soluble.

Proof: Suppose that SZ is soluble, i.e., for all '€ ThFam(Z), all & € |Sign’|
and all ¢ € SEN’(X),

SZ[@] < UT) implies ¢ € T

Let T € ThFam(Z), ¥ € [Sign’| and ¢ € SEN*(X), such that LE[¢] < Q(T).
Then, since ST ¢ L” (see remark after Proposition 853), we get that S[¢] <
Q(T). Moreover, since, by Proposition 20, Q(T") < Q(?), we get that ST[¢] <
Q((f) Thus, by the solubility of S%, we get that ¢ € ?Z. We conclude that
L7 is left soluble. u

The implication of Proposition 856 is proper in general.

Example 857 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the category with single object ¥ and a single (non-identity)
morphism f: 3 — X, such that fo f=f;

e SEN’: Sign’ — Set is specified by SEN*(X) = {0,1,2} and SEN’(f) :
{0,1,2} - {0,1,2} given by 00, 1 =0 and 2~ 2;

e N is the category of natural transformations generated by the single
unary natural transformation o® : SEN® — SEN" defined by letting o,
{0,1,2} - {0,1,2} be given, for all x € SEN"(X), by

ob(z) = 2.
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2 2

1 L 1

0 0
SEN(Z) SEN(Z)

Let T = (F,C) be the m-institution determined by

CE = {{2}7 {172}7 {07 172}}

T has three theory families Thm(Z), T = {{1,2}} and SEN’, but only two
theory systems Thm(Z) and SEN’. So it is not a systemic w-institution.

The posets of theory families and associated Leibniz congruence systems
are shown in the following figure (where T € {{1,2}} and 6 = {{0,1},{2}}):

SEl\II7 .................... - VF
T 9
Thm(Z) S AF
Note that
ST - {LN L’ab %Ub}’
whereas

F={i~ni,ino’ 0" ~i,0" %o}

We show that L* is left soluble, but that ST is not soluble.

The left solubility of LT can be seen by looking at the defining implication
on a case-by-case basis. The case of the theory family SEN' is trivial as is
the case for ¢ =2. For ¢ =0 or 1 and for the theory families T or Thm(Z),
we have:

o LZ[0] <QUT) is false;

o LZ[1]<Q(T) is false;

o LZ[0] < Q(Thm(Z)) is false;
[1] <

o L1 (Thm(Z)) is false.
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So in every other case the defining condition is vacuously satisfied.
On the other hand, SE[0] < Q(T), but 0 ¢ Ts;, which shows that ST is not
soluble.

It turns out that possession of left solubility by the left Suszko core in-
trinsically characterizes left truth equationality. We show, first, that the
left Suszko core being left soluble is necessary for left truth equationality.
To demonstrate this, observe, first, that, in case a m-institution is left truth
equational, the witnessing equations form a subset of the left Suszko core.

Lemma 858 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥F. If T is left truth equational, with wit-
nessing equations T° € N*, then 70 ¢ L%,

Proof: By left truth equationality, for all T € ThFam(Z), all ¥ € [Sign’| and
all ¢ e SEN* (%),

de Ty iff 4[] < QD).
Thus, for all T'e ThFam(Z), all ¥ € |Sign’| and all ¢ € SEN*(X),

¢eTy iff (VT <T’eThFam(Z))(¢eT’s)
(by Lemma 1)
iff (VT <T’"eThFam(Z))(ri[¢] < Q1))
(left truth equationality; displayed formula above)
iff (o] <N{Q(T"): T <T"e ThFam(Z)}
(set theoretically)
iff 78[¢] < QL(T). (by definition of OF)

We conclude, by the definition of L%, that 7' ¢ LZ. [ ]

Now we prove the necessity of left solubility of the left Suszko core for
left truth equationality.

Theorem 859 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on F. If T is left truth equational, then L* is left
soluble.

Proof: Suppose that Z is left truth equational, with witnessing equations
¢, Then, for all T € ThFam(Z), all ¥ € |Sign’| and all ¢ € SEN"(X),

LL[¢] <QT) implies Tg[gﬁs Q(T) (Lemma 858)
iff  ¢eTyx. (left truth equationality)
Thus, L? is left soluble. [ ]

The reverse implication also holds and completes the promised character-
ization of left truth equationality in terms of the left Suszko core.
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Theorem 860 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on F. If LT is left soluble, then T is left truth
equational, with witnessing equations L*.

Proof: It suffices to show that, for all T' e ThFam(Z), all ¥ ¢ |Sign’| and all
¢ € SEN* (%),
<«
pe Ty iff LL[o] <UT).
The left-to-right implication is given in Proposition 854, whereas the converse
is ensured by the postulated left solubility of LZ. ]

Theorems 859 and 860 provide the promised characterization of left truth
equationality in terms of the left solubility of the left Suszko core.

T is Left Truth Equational «— L7 is Left Soluble.

Theorem 861 Let F = (Sign’,SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. T is left truth equational if and only if L*
is left soluble.

Proof: Theorem 859 gives the “only if” and the “if” is by Theorem 860. m

If 7 is left truth equational, then the left Suszko core defines theory
families in Z “up to arrow” in terms of their Leibniz congruence systems.
This proposition may be viewed as a special case of Proposition 850, since
L7 forms a maximal set of witnessing equations of the left truth equationality
of Z.

Proposition 862 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on F. If LT is left soluble, then, for all T €
ThFam(Z),

«— —
T = LF(QT)).

Proof: If L7 is left soluble, then, by Theorem 860, L” forms a set of witness-

ing equations for the left truth equationality of Z. Therefore, by Proposition

850, we get that, for every T' e ThFam(Z), T = LE(Q(T)). ]

This property may be restated as another characterization of left truth
equationality. We say that L defines theory families up to arrow if, for

all T e ThFam(Z), T = l(L—I(Q(T)) Then we have:

7 is Left Truth Equational
«— L* Defines Theory Families Up to Arrow.

Theorem 863 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is left truth equational if and only if,
for all T € ThFam(Z),

T - T2 ((T)).
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Proof: If 7 is left truth equational, then, by Theorem 861, L7 is left soluble.
Thus, by Proposition 862, for all '€ ThFam(Z), T = LI(Q(T)).
<«
Conversely, if, for all T ¢ ThFam(Z), T = LT(UT)), then, L* is left

soluble. Thus, again by Theorem 861, LT is a set of witnessing equations
and 7 is left truth equational. [

We finally show that the property that separates left complete reflectivity
from left truth equationality is a property of the left Suszko core, analogous
to the adequacy property introduced previously for the Suszko core, that we
call left adequacy. Informally speaking, similarly to adequacy, this property
ensures that the left Suszko core is rich enough to define Suszko congruence
systems in terms of the Leibniz congruence systems of theory families that
it selects via inclusion.

The following relationship connects the left Suszko core with both Leibniz
and Suszko congruence systems.

Recall from Section 2.2 of Chapter 2 that, given a m-institution Z = (F, C'),
based on an algebraic system F = (Sign’, SEN’, N*), and a sentence family

T € SenFam(Z), we denote by T the least sentence system of Z that includes
T.

Proposition 864 Let F = (Sign", SEN’, N*) be an algebraic system and T =
(F,C) a w-institution based on F. For all ¥ €|Sign’| and all ¢ € SEN’(X),

MHUT) : L[] s AT} < THC(9)).
Proof: Let ¥ € |Sign’| and ¢ € SEN’(X). Then, for all T'e ThFam(Z),

o€ Ty, implies LL[¢] < QZ(T) (definition of the left Suszko core)
implies LL[p] <QT). (QX(T) <UT))

Therefore, we have

NUT) : LE[6] < ATY} < N{AT) 6 T}
NUT): 6 <T}

GL(C(9)).

IN

We provide an example, next, that shows that the inclusion proven in
Proposition 864 is proper, in general. IL.e., there exist m-institutions Z in
which, for some signature ¥ and some Y-sentence ¢,

MHAT) : LE[6] < AT} 5 TH(C(9)).
Of course, it is convenient that, in a systemic w-institution, L = S7 and,

moreover, for every ¥ € |Sign’| and all ¢ € SEN’(X), C(?ﬁ)) = C(¢), whence
Example 843, used to prove proper inclusion following Proposition 842, may
be reused.
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Example 865 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with object ¥;
e SEN':Sign’ — Set is specified by SEN"(XZ) = {0,1,2};

e N' is the trivial category of natural transformations, consisting of the
projections only.

SEN(Z)

Let T = (F,C) be the m-institution determined by

Cy = {{2}7 {1a2}> {Oa 1a2}}'

T has three theory families Thm(Z), T = {{1,2}} and SEN’, all of which are
theory systems. So I is systemic.

We have LT = ST = {1 ~ 1}. Furthermore, the structure of the posets of
Leibniz congruence systems and of Suszko congruence systems are provided
in the left and right sides, respectively, of the diagram, where

T={{12}}, 0={{0},{1,2}}, ¢ ={{0,1},{2}}.

Taking this into account, it is not difficult to see that

M{UT) : LE[1] < T)} = AF 50 = 0F(C(1)) = FF(C(T)).
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We also give an example of a m-institution Z whose left Suszko core L7 is
such that, for all ¥ € |Sign’| and all ¢ € SEN’(X),

(D)) = NHUT) : LE[¢] < AT)}.

This again takes after Example 844, since the m-institution used there was
systemic.

Example 866 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with object ¥;

e SEN':Sign’ - Set is specified by SEN’(X) = {0,1,2};

e N is the category of natural transformations generated by the single
unary natural transformation o® : SEN® — SEN" defined by letting oy
{0,1,2} - {0,1,2} be given, for all x € SEN"(X), by

on(z) = 2.

SEN(Z)

Let T = (F,C) be the m-institution determined by

Cy = {{Q}a {172}a {07 172}}'

T has three theory families Thm(Z), T = {{1,2}} and SEN’, all of which are
theory systems. So I s systemic.

Note that LT = ST ={1~ 1,1~ 0" 0" ~1,0" »0"}. Note, also, the structure
of the posets of Leibniz congruence systems and of Suszko congruence sys-
tems, that are provided in the left and right sides, respectively, of the diagram,
where

T={{12}}, 0={{0},{1,2}}, ¢ ={{0,1},{2}}.
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Now we can check:

QZ(C(0)) =0Z(C(0)) = VF=Q(SEN)

= N{UT) : LE[0] < T }5
QZ(C(1)) =0Z(C(1)) = 6=Q(SEN") nQ(T)

= N{UT) = Ly [1] < T) }
QZ(C(2))=0Z(C(2)) = AF=Q(SEN*)nQ(T) n Q(Thm(T))

= N{UT): Lg[2] < T)}-

We have seen, therefore, through examples, that it is possible, but not
necessary, that the left Suszko core of a w-institution satisfies, for every X e
|Sign’| and all ¢ € SEN’(X), the reverse inclusion of that given in Proposition
864:

QF(C(9)) <UD : LE[¢] < AT)}-

Intuitively speaking, this means that the left Suszko core L? is rich enough
to allow, for every signature X and every Y-sentence ¢, the determination of
those theory families whose Leibniz congruence systems form a covering of
the Suszko congruence system of C (Z)

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. We say that the left Suszko core L% of 7 is left
adequate if, for all ¥ ¢ |Sign’| and all ¢ ¢ SEN’(X),

F(C(D)) = NHUT) - LE[¢] < AT)}.

Based on our preceding work, it is not difficult to see that, if LT is left
soluble, then it is left adequate.

Corollary 867 Let F = (Sign’,SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. If LT is left soluble, then it is left adequate.

Proof: Let ¥ € |Sign’| and ¢ € SEN’(X). Then we have

QZ(C(3)) = N{AUT): 6 <T} (definition of O(C(9)))
N{UT): e (fg} (definition of E and ?)
N{UT) : L[¢] < UT)}.

(left solubility of L? and Proposition 862)
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We conclude that L7 is left adequate. [ |

Here is an example of a m-institution Z, with a left adequate but not left
soluble left Suszko core.

Example 868 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with single object X;
e SEN':Sign’ - Set is specified by SEN’(X) = {0,1,2};

e NV is the category of natural transformations generated by two unary
natural transformations:

— p* : SEN" — SEN’ defined by letting pb, : {0,1,2} - {0,1,2} be
given, for all x e SEN"(X), by

1, ifx=0
py(x) =1 0, ifz=1 .
2, ifxr=2

— 0" : SEN’ —» SEN’ defined by letting ot : {0,1,2} - {0,1,2} be
given, for all z e SEN*(X), by

2, ifx=0
on(z)={ 1, ifex=1 .
2, ifx=2

'@Q

SEN(Z)

Let T = (F,C) be the m-institution determined by

Cy = {{Q}a {072}a {172}a {07 172}}'

T has four theory families Thm(Z), T = {{0,2}}, T’ = {{1,2}} and SEN’, all
of which are theory systems. So it is a systemic m-institution.
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The posets of theory families (center), associated Leibniz congruence sys-
tems (right) and associate Suszko congruence systems (right, identical with
Leibniz congruence systems, since L is protoalgebraic) are shown in the figure.

SENI’ ......................... - VF
T . T
Thin(Z) e LR AF

Note that L* = {¢~ 1}. We show that LT is left adequate, but not left soluble.
We are omitting arrows from the notation in the following verifications since,
as T is based on F with trivial Sign®, they play no role in this context.

For left adequacy, we have

OZ(C(0)) = QZ(T) = AF = 0\{Q(T") : T" € ThFam(Z)};
OZ(C(1)) = QX(T") = AF =N {QT") : T" € ThFam(Z)};
QZ(C(2)) = QX(Thm(ZT)) = AF = 0N{Q(T") : T" € ThFam(Z)}.

As for left solubility, note that LL[0] < Q(T"), but that 0 ¢ TY,. Thus, L*
is not left soluble.

In the opposite direction, and on the positive side, in a left c-reflective
m-institution Z, if the left Suszko core is left adequate, then it is also left
soluble.

First, we note that the following variant of Lemma 827, giving an alter-
native characterization of left c-reflectivity in terms of both the Suszko and
the Leibniz operators, holds.

Lemma 869 Let F = (Sign’,SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on F. T is left c-reflective if and only if, for
every T, T" € ThFam(Z),

QXNT) < QT")  implies T<T

Proof: Assume, first, that Z is left c-reflective and let T',7" € ThFam(Z),
such that QZ(T) < Q(T"). By the definition of the Suszko operator,

(WQUT"): T <T" e ThFam(Z)} < UT").
Using left c-reflectivity, we get that

N{T": T <T" ¢ ThFam(Z)} < T
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Hence, using Lemma 1, T < T , as required. _
Suppose, conversely, that, for all T, 7" € ThFam(Z), Q*(T) < Q(T") im-
plies T < T". Let TU{T"} € ThFam(Z), such that Nyer Q(T) < Q(T”). Then

we have
Nrer QZ(T)  (monotonicity of OF)

Nrer UT)  (since QI(T) < QUT))
Q(T"). (by hypothesis)

QI(r]Te'T T)

IN AN N

B <«

Using the hypothesis, we conclude that Ny T < 17. Thus, by Lemma 3,
<«— <«

Nrer T <T'. Therefore, Z is left c-reflective. [ ]

And now for the promised result showing that in a left c-reflective m-
institution Z, if the left Suszko core is left adequate, then it is also left
soluble.

Proposition 870 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a left c-reflective w-institution based on F. If LT is left adequate, then
it is left soluble.

Proof: Suppose that Z is left c-reflective and that L7 is left adequate. We
must show that, for all 7'e ThFam(Z), all ¥ € |[Sign’| and all ¢, € SEN’(X)

de Ty iff LZ[¢]<QT).

The implication left-to-right is always satisfied by Proposition 854. For the
converse, assume that LE[¢] < Q(T'). Then, by the left adequacy of L%, we

get that QZ(C (7;5))) <Q(T). Thus, by left c-reflectivity and Lemma 869, we

«—

conclude that C (E)) < (7:, which gives ¢ € ?3 [ ]

We finally show that a m-institution is left truth equational if and only if
it is left c-reflective and its left Suszko core is left adequate.

LT Left Soluble
L* Defines Theory Families Up to Arrow
Left c-Reflectivity + LT Left Adequate

Left Truth Equationality

Theorem 871 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is left truth equational if and only if it
is left c-reflective and has a left adequate left Suszko core.

Proof: Suppose, first, that Z is left truth equational. Then it is left c-
reflective by Theorem 851. Moreover, its left Suszko core is left soluble
by Theorem 861 and, hence, by Corollary 867, its left Suszko core is left
adequate.
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Suppose, conversely, that Z is left c-reflective with a left adequate left
Suszko core. Then, by Proposition 870, its left Suszko core is left soluble
and, therefore, by Theorem 861, Z is left truth equational. [ ]

We have now established the following hierarchy of properties:

Family Truth Equational

N

Left Truth Equational Family c-Reflective

I AN N

Left Suszko Core Left c-Reflective Systemic

We give an example of a m-institution which is left truth equational but
not (family) truth equational.

Example 872 EXAMPLE NOT FOUND YET!!

11.10 System Truth Equationality

In this section, we look at system truth equationality and system c-reflectivity,
which can also be applied to a w-institution without forcing it to be systemic.
Recall that, by Proposition 77, system c-reflectivity is a weaker property than
left c-reflectivity, i.e., left c-reflectivity, which was used in the characteriza-
tion of left truth equationality in Section 11.9, implies system c-reflectivity.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. Recall from Chapter 3, Section 3.8, that Z is system
c-reflective if, for all 7 u {T"} ¢ ThSys(Z),

) AT)<QT’) implies (T<T.
TeT TeT
Since left c-reflectivity is not strong enough to imply systemicity, system
c-reflectivity has, a fortiori, the same property.
We say that the m-institution Z is system truth equational if there
exists 7 : (SEN")* — (SEN")2 in N’ having a single distinguished argument,
such that, for every T € ThSys(Z), all ¥ ¢ |Sign’| and all ¢ € SEN*(X),

peTy iff 15[e] <QT).

In that case, we call 7 a set of witnessing equations (of/for the system
truth equationality of 7).

If 7 is a system truth equational w-institution, with witnessing equations
7% then, for T'e ThSys(Z), 7°(2(T")) is exactly equal to T', i.e., the witnessing
equations reflect theory systems.
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Proposition 873 Let F = (Sign’,SEN", N*) be an algebraic system and
I =(F,C) a m-institution based on F. If T is system truth equational, with
witnessing equations 7°, then, for all T € ThSys(Z),

<«
7 (UT)) =T.
Proof: Let T € ThSys(Z). Then, for all ¥ € [Sign’| and all ¢ € SEN*(X),
6 e (UT)) iff 75[6] < UT) (definition)
iff ¢eTx. (system truth equationality) -
Proposition 873 has as an immediate consequence the important fact that

system truth equationality implies system c-reflectivity.

Theorem 874 Let F = (Sign’, SEN" N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. If T is system truth equational, then it is
system c-reflective.

Proof: Suppose that 7 is system truth equational with witnessing equations
7", Let T u{T"} c ThSys(Z), such that Ny Q(T) < Q(T"). Then

Nrer T = Nper 7 (QUT))  (Proposition 873)
= P(Nrer UT))  (set theory)
< <7'_"((2(T’)) (hypothesis and Lemma 94)
= T'". (Proposition 873)
Thus, Z is system c-reflective. [

The following example shows that the implication of Theorem 874 is
strict.

Example 875 Let F = (Sign’, SEN’, N*) be the algebraic system determined
as follows:

e Sign’ is the trivial category with single object X;
e SEN':Sign’ - Set is specified by SEN’(X) = {0,1};
e NV is the trivial category of natural transformations.

Let T = (F,C) be the m-institution determined by Cs = {{1},{0,1}}.

T has two theory families, Thm(Z) and SEN’, which are also theory sys-
tems. Clearly, Thm(Z) < SEN’. Moreover, Q(Thm(Z)) = AF and Q(SEN’) =
VF. T is clearly system c-reflective.
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®

0

SEN(Z)

On the other hand, there does not exist T° € N°*, such that I has the
required properties to constitute a witnessing set of equations for the system
truth equationality in Z. Any set consisting of projections only cannot satisfy

the required condition since :"(Q(T)) can only be SEN' or @.

We provide, next, a characterization of system truth equationality in
terms of the solubility property of the system core of the w-institution. Then,
we provide an exact description of those system c-reflective w-institutions
which are system truth equational.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a «-
institution based on F. First, for T' € ThSys(Z), we define the systemic
Suszko congruence system of 7" in Z by

QX(T) = ({UT"): T < T" e ThSys(Z)}.
We now define the system core of Z to be the collection

7z = {o" € N*: (VT € ThSys(Z)) (o’ [T] < QX (T)}.

The following proposition clarifies the relation between the Suszko core,
the left Suszko core and the system core of a m-institution Z.

Proposition 876 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F.

(a) STc Lt cZ%;
(b) For every relation family 6 on F, (Z—I(H) < Z(L—I(G) < 5(’—1(9)

Proof: For Part (a), ST ¢ L? has been shown after Proposition 853. For the
second inclusion, assume that o’ € LT and let T € ThSys(Z). Then we have

<«

o'[T] (T € ThSys(Z))
QUT) (7elh)
OX(T). (S(T) < QL(T))

o'[T]

IN A
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Thus ¢’ € ZT and L* ¢ ZZ. Part (b) follows form Part (a) and the relevant
definitions. [ ]

The system core of a w-institution satisfies the following property related
to the Leibniz congruence systems of the theory systems of the m-institution.

Proposition 877 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥F. For every T € ThSys(Z),

<
T < ZF(QUT)).
Proof: Let T € ThSys(Z), ¥ € |Sign’| and ¢ € SEN*(X). Then

¢ eTy implies ZZ[¢] <QZ(T) (by definition of Z7)
implies  ZZ[$] < QUT) (QX(T) <UT))

ifft e ZZ(QUT)). (by definition) .

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-

institution based on F. We say that the system core ZZ of 7 is soluble if

the converse inclusion to that proven in Proposition 877 holds, i.e., if, for all
T € ThSys(Z)

ZEQUT)) <T.

Equivalently, ZZ is soluble if, for all 7' € ThSys(Z), all ¥ € |Sign’| and all

¢ € SEN*(%),
ZL[¢] <QUT) implies ¢ e Tx.
Connecting left solubility of the left Suszko core with solubility of the

system core of a m-institution, we now show that the former implies the
latter.

Proposition 878 Let T = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥. If the left Suszko core LT of T is left
soluble, then the system core Z* of T is soluble.

Proof: Suppose that L? is left soluble and let 7" € ThSys(Z). Then we have

IZ(AT))  (Proposition 876)
T. (hypothesis and Proposition 855)

ZE(Q(T))

VAN

Therefore, ZZ is soluble. [ ]

It turns out that the property of solubility of the system core intrinsically
characterizes system truth equationality. We show, first, that the system
core being soluble is necessary for system truth equationality. Observe that,
in case a m-institution is system truth equational, the witnessing equations
form a subset of the system core.
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Lemma 879 Let F = (Sign’,SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. If T is system truth equational, with wit-
nessing equations T° € N°, then 70 ¢ Z7.

Proof: By system truth equationality, for all 7' € ThSys(Z), all ¥ € |Sign’|
and all ¢ € SEN"(X),

peTs iff Ti[e] <QT).
Thus, for all T € ThSys(Z), all ¥ € |Sign’| and all ¢ € SEN*(X),

¢peTs iff (VT <T'eThSys(T))(¢eTL)
iff (VT <T"eThSys(Z))(ma[6] < QT"))
iff 5[] <N{Q(T"):T < T e ThSys(Z)}
iff rh[p] < QL(T).

—_

We conclude, by the definition of ZZ, that 7° ¢ ZZ. [ ]

Now we prove the necessity of the solubility of the system core for system
truth equationality.

Theorem 880 Let F = (Sign’,SEN’. N*) be an algebraic system and T =
(F,C) a m-institution based on F. If T is system truth equational, then Z*
15 soluble.

Proof: Suppose that 7 is system truth equational, with witnessing equations
7¢. Then, for all T € ThSys(Z), all ¥ € |Sign’| and all ¢ € SEN*(X),

ZLp] < QUT) implies 74[¢]<Q(T) (Lemma 879)
iff  ¢eTy. (system truth equationality)

Thus, Z7Z is soluble. |

The reverse implication completes the promised characterization of sys-
tem truth equationality in terms of the system core.

Theorem 881 Let F = (Sign’, SEN’, N*) be an algebraic system and I =
(F,C) a m-institution based on F. If ZT is soluble, then T is system truth
equational, with witnessing equations Z7*.

Proof: It suffices to show that, for all T' € ThSys(Z), all ¥ € |Sign’| and all
¢ € SEN" (%),

peTy iff ZE[o] <UT).
The left-to-right implication is given in Proposition 877, whereas the converse
is ensured by the postulated solubility of ZZ. ]

Theorems 880 and 881 provide the promised characterization of system
truth equationality in terms of the solubility of the system core.

7 is System Truth Equational «— Z7 is Soluble.
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Theorem 882 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is system truth equational if and only if
ZT is soluble.

Proof: Theorem 880 gives the “only if” and the “if” is by Theorem 881. m

If 7 is system truth equational, then the system core defines theory sys-
tems in Z in terms of their Leibniz congruence systems. This proposition may
be viewed as a special case of Proposition 873, since Z7Z forms a maximal set
of witnessing equations of the system truth equationality of Z.

Proposition 883 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) am-institution based on ¥. If ZT is soluble, then, for all T € ThSys(Z),

T = ZZ((T)).

Proof: If Z7 is soluble, then, by Theorem 881, ZZ forms a set of witnessing
equations for the system truth equationality of Z. Therefore, by Proposition

873, we get that, for every T' e ThSys(Z), T = (Z_I(Q(T)) ]

This property may be restated as another characterization of system truth
equationality. We say that Z7 defines theory systems if, for all T «

ThSys(Z), T = (Z_I(Q(T)) Then we have:
7 is System Truth Equational «— ZZ Defines Theory Systems.

Theorem 884 Let F = (Sign’, SEN" N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is system truth equational if and only
if, for all T € ThSys(Z),

P
T=7% (UT)).
Proof: If 7 is system truth equational, then, by Theorem 997, Z7Z is soluble.
Thus, by Proposition 883, for all T' € ThSys(Z), T = ZZ(QX(T)).
<«
Conversely, if, for all T' e ThSys(Z), T = ZZ(Q(T)), then, Z7Z is soluble.

Thus, again by Theorem 997, ZZ is a set of witnessing equations and Z is
system truth equational. [

We finally show that the property that separates system complete reflec-
tivity from system truth equationality is a property of the system core that
we call adequacy. In analogy with the adequacy of the Suszko core and with
the left adequacy of the left Suszko core, this property ensures that the sys-
tem core is rich enough to define the congruence system QZ(T') of a theory
system 7' in terms of the Leibniz congruence systems of collections of theory
systems that it selects via inclusion.

Recall, once more, that given a m-institution Z = (F,C'), based on an al-
gebraic system F = (Sign’, SEN’, N*), and a sentence family 7' € SenFam(Z),

we denote by T the least sentence system of Z that includes T (see Propo-
sition 2).
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Proposition 885 Let F = (Sign’, SEN", N*) be an algebraic system and I =
(F,C) a m-institution based on F. For all ¥ € |Sign’| and all ¢ € SEN*(X),

M{QUT) : T e ThSys(T) and ZZ[¢] < AT)} <OE(C(3)).
Proof: Let ¥ € |Sign’| and ¢ € SEN’(X). Then, for all T € ThSys(Z),

¢ eTs implies ZZ[¢] <QZ(T) (definition of the system core)
implies  ZZ[¢] < QT). (QX(T) < Q(T))
Therefore, we have
N{Q(T) : T € ThSys(Z) and ZL[¢] < UT)}
<{QT):T e ThSys(Z) and ¢ € T}
= {Q(T): T e ThSys(Z) and ¢ < T}
=07(C(9)).

Therefore, the displayed inclusion always holds. [ ]

It is possible, but not necessary, that the system core of a w-institution
satisfies, for every X € |Sign’| and all ¢ ¢ SEN’(X), the reverse inclusion of
that given in Proposition 885:

OZ(C(9)) <({QT) : T e ThSys(Z) and ZZ[¢] < Q(T)}.

Intuitively speaking, this means that the system core Z7Z is rich enough to
allow, for every Y-sentence ¢, the determination of those theory systems
whose Leibniz congruence systems form a covering of the congruence system
@I(C(?ﬁ))) associated with C’(;ﬁ))

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. We say that the system core ZZ of Z is adequate
if, for all ¥ € |[Sign’| and all ¢ € SEN*(X),

OX(C(8)) = {QUT) : T e ThSys(Z) and ZZ[¢] < AT)}.

Based on our preceding work, it is not difficult to see that, if ZZ is soluble,
then it is adequate.

Corollary 886 Let F = (Sign’,SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on ¥F. If ZT is soluble, then it is adequate.

Proof: Let ¥ € |Sign’| and ¢ € SEN’(X). Then we have

Q7(C($)) = N{QT):T e ThSys(Z) and ¢ < T}
(definition of QI(C(E))))
= {QT):T eThSys(Z) and ¢p € T}
(T ¢ ThSys(Z))
= N{Q(T):T e ThSys(Z) and ZL[p] < Q(T)}.
(solubility of ZZ and Proposition 883)
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We conclude that Z7 is adequate. [ |

As a partial converse, in a system c-reflective m-institution Z, if the system
core is adequate, then it is also soluble.

First, we prove the following variant of Lemma 827, giving an alternative
characterization of system c-reflectivity in terms of both OF and the Leibniz
operator.

Lemma 887 Let F = (Sign’, SEN’, N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is system c-reflective if and only if,
for every T, T" € ThSys(Z),

QNT) <QUT")  implies T<T'

Proof: As/gume, first, that Z is system c-reflective and let T, 7" € ThSys(Z),
such that QF(T) < Q(T"). By the definition of the hat operator,

(WQUT"): T <T" e ThSys(Z)} < QT").
Using system c-reflectivity, we get that
(WT":T <T"eThSys(Z)} <T".

Hence, we conclude T' < T”, as required.

Suppose, conversely, that, for all T, 7" € ThSys(Z), QZ(T) < Q(T") implies
T <T' Let Tu{T'} c ThSys(Z), such that Nper QUT) < Q(T"). Then we
have . .
Nrer QE(T)  (monotonicity of OF)
Nrer UT)  (since QI(T) < QUT))
Q(T"). (by hypothesis)

Using the hypothesis, we conclude that Ny T < T". Therefore, 7 is system
c-reflective. [

QI(rWTe'T T)

IN AN N

And now for the promised result showing that in a system c-reflective
m-institution Z, if the system core is adequate, then it is also soluble.

Proposition 888 Let F = (Sign", SEN’, N*) be an algebraic system and T =
(F,C) a system c-reflective m-institution based on ¥. If the system core Z*
1s adequate, then it is soluble.

Proof: Suppose that Z is system c-reflective and that Z7 is adequate. We
must show that, for all 7'e ThSys(Z), all ¥ € |[Sign’| and all ¢ € SEN*(%),

peTs iff ZE[¢] < QT).

The implication left-to-right is always satisfied by Proposition 877. For the
converse, assume that Z&[¢] < Q(T"). Then, by the adequacy of ZZ, we get
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that QI(C(??))) <Q(T). Thus, by system c-reflectivity and Lemma 887, we
conclude that C'( ¢ ) < T, which gives ¢ € T¥.. |

We finally show that a m-institution is system truth equational if and only
if it is system c-reflective and its system core is adequate.

ZT Left Soluble
ZT Defines Theory Systems
= System c-Reflectivity + ZZ Adequate

System Truth Equationality

Theorem 889 Let F = (Sign’, SEN’ N*) be an algebraic system and T =
(F,C) a m-institution based on F. T is system truth equational if and only if
it 1s system c-reflective and has an adequate system core.

Proof: Suppose, first, that Z is system truth equational. Then it is system
c-reflective by Theorem 874. Moreover, its system core is soluble by Theorem
997 and, hence, by Corollary 886, its system core is adequate.

Suppose, conversely, that Z is system c-reflective with an adequate system
core. Then, by Proposition 888, its system core is soluble and, therefore, by
Theorem 997, 7 is system truth equational. [ ]

We have now established the following hierarchy of properties:

Family Truth Equational

N\

Left Truth Equational Family c-Reflective

e N

System Truth Equational Left c-Reflective Systemic

TN

Adequate System Core  System c-Reflective

NN

We give an example of a 7-institution which is system truth equational
but not left truth equational.

Example 890 EXAMPLE NOT FOUND YET!!



