Chapter 26

Gentzen m-Institutions

1635



1636 CHAPTER 26. GENTZEN 7-INSTITUTIONS Voutsadakis

26.1 Gentzen m-Institutions Revisited

Let F = (Sign’, SEN", N*) be an algebraic system, A = (Sign, SEN, N) be an
N'-algebraic system, X € |Sign| and m,n € w. An (m,n)-X-sequent of A is
an expression

B0y s Pm-1 5 Yo, - -+, Un-1,
abbreviated ¢ by, 1), consisting of two finite (possibly empty) sequences ¢, 1; €
SEN(2). A (0,n)-X-sequent @& by, ¢ is abbreviated by, 1.
Given X, € |Sign|, f € Sign(X,Y’) and an (m,n)-X-sequent ¢ >y ¢, we
write

SEN(f)(é px ©) = SEN(f)(¢) bs SEN(£)(¥),

where, as usual,

SEN(/)(9) = (SEN(f)(¢0),- - SEN(f)(ém-1));
SEN(f)($) = (SEN(f)(¢0),---,SEN(f)(¥n-1))-

Sometimes, we denote a Y-sequent by ¢ := ngo Dy gzgl and a set of X-sequents
by ®. The notation for images under morphisms is then extended to sets of
Y-sequents by writing

SEN(/)(®) = {SEN(f)(¢) : ¢ € ®}.

A trace tr is a nonempty subset of w x w. An (m,n)-X-sequent is a tr-3-
sequent if (m,n) € tr. The collection of all tr-X-sequents of A is denoted by
Seqs(A) and we set

Seqtr(A) = {Seqtzr (A) }E€|Sign\'

Let F = (Sign’,SEN’, N*) be an algebraic system and tr be a given trace.
A Gentzen 7-institution & = (F,G) of trace tr based on F consists of a
closure system

G : PSeq” (F) — PSeq"™ (F),

i.e., a collection of closure operators
Gy : PSeqsi (F) » PSeqyi(F), X ¢ |Sign’|,

that also satisfy structurality, that is, for all ¥, %’ € |Sign’|, all f ¢ Sign’ (%,
¥/), and all ® ¢ Seqs: (F),

SEN(f)(G=(®)) € G (SEN(f)(®)).

Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace and & = (F,G)
a Gentzen 7-institution of trace tr based on F. If, for some ¥ € [Sign’|,
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® U {p} c Sequ(F), such that ¢ € G (@), we say that (®, @) is a X-rule of
& or a Y-derivable rule of &, sometimes denoted

P

e
A ¥-rule of form (@, ¢) is called a 3-derivable sequent or a ¥-theorem
of &.
® is inconsistent if all elements in Seq" (F) are derivable sequents in &.
Let F = (Sign’,SEN’, N*) be an algebraic system, tr a trace and & =
(F,G%), iel, a collection of Gentzen m-institutions, all of trace tr, based on

F. Then ' 4
&' =(F,MG),

1el 1el
defined, by setting, for all ¥ € |Sign’|, ® ¢ Seqi(F),

(ﬂl Gz (®) = QGE(‘E’),
is also a Gentzen 7-institution.

Therefore, given a family X = {Xs5}y.gign| Of Tules, there is a smallest
Gentzen m-institution &* = (F,G%), such that, for all ¥ € |Sign’| and all
<‘I)> ¢> € xﬁb

¢ € GX(P).

Let F = (Sign’,SEN’, N*) be an algebraic system and & = (F,G) a

Gentzen m-institution based on F, with (0,1) € tr. Consider

G": PSEN - PSEN
defined, for all ¥ € |Sign’| and all ® U {¢} < SEN’(X), by

peGLUD) iff by oeGr({Pyv:ed)).

Lemma 1915 Let F = (Sign’, SEN’, N*) be an algebraic system and & =
(F,G) a Gentzen m-institution based on F, with (0,1) € tr. G°: PSEN’ -
PSEN’ is a closure system on F.

Proof: Suppose, first, that ¥ € [Sign’|, ® U {¢} ¢ SEN*(X), such that ¢ € ®.
Then, by the inflationarity of G, by ¢ € Ge({>s ¥ : ¥ € ®}) and, hence,
by definition of G, ¢ € G%(®). Suppose, next, that % € [Sign’|, ® U ¥ ¢
SEN'’(X), such that ® ¢ ¥. Then, by monotonicity of G, Gx({px ¢: ¢ e ®}) c
Gy({Px ¢ :¢ € ¥}), whence, by the definition of G%, G%(®) ¢ G%(V). Now
assume that ¥ € |Sign’| and ® U {¢} € SEN’(X), such that ¢ € GL(G%(P)).
Then, taking into account the idempotency of G, we get

>y ¢ Ges({Px: ¥ eGL(P)})
Ge(Gs({pz ¢: ¢ e @}))
Ge({Px ¢ 9 e @}),

N N m
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whence ¢ € G%(®). Finally, the structurality property of G° follows directly
by the structurality property of G. [ |

According to Lemma 1915, the structure G° = (F,G°) is a m-institution,
called the m-institution reduct of the Gentzen w-institution &.

Let F = (Sign’,SEN’, N*) be an algebraic system and K a class of F-
algebraic systems. Recall the closure system CK : P(SEN’)2 — P(SEN’)2
defined, by setting, for all ¥ € [Sign’| and all Eu {¢ ~ ¢} c SEN*(X)2,

o~ e CR(E) iff for all AeK,Y €|Sign’|, f € Sign(%, YY),

as (SEN(f)(E)) € Al

implies sy (SEN"(f)(¢)) = ass (SEN"(f)(¥)).

The m-institution ZK = (F,CK) was called the equational 7-institution
associated with the class K. This m-institution may be recast as a Gentzen
m-institution of trace {(1,1)}. More precisely, we define the Gentzen 7-
institution &K = (F,GK) by setting, for all ¥ € [Sign’| and all {¢;,1; : i €
Iyu{g,v} € SEN'(®),

pos Y e GS({givs thiziel}y) iff ¢pnipeCE({dimiyiiel}).

We call X the Gentzen 7-institution associated with the class K.

Let F = (Sign’, SEN’, N*) be an algebraic system and Z = (F,C) a n-
institution based on F. Z may also be recast as a Gentzen m-institution of
trace {(0,1)}. More precisely, given ¥ € |Sign’| and ® ¢ SEN"(X), denote by

Py P ={pxp:pecd}
and, similarly, given T = {T% }ygigne € SenFam(F), let
>T = {DE TE}EG\Sign"\‘

We define &% = (F,GT) by setting, for all ¥ € |Sign’| and all ® u {¢} ¢
SEN"(%),
DE¢€G%(DE (I)) iff QSECz((I))

We call &7 the Hilbert w-institution associated with Z. In this termi-
nology, a Hilbert m-institution is a Gentzen m-institution of trace {(0,1)}.

Given a Gentzen 7-institution & = (F, G) of trace tr, such that (0, 1) € tr,
we call the Hilbert 7-institution 9" associated with the m-institution reduct
GO of & the Hilbert r-institution reduct of & and we denote it by &° =
(F,G°) (note the overloading of notation for G used both for the closure
system of the m-institution G° and for the closure system of &9"; hopefully,
this will not result into any confusion, since it should be resolvable based on
context).
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26.2 Equivalence of Gentzen w-Institutions

Let F = (Sign, SEN, N), F’ = (Sign’, SEN’, N’} be algebraic systems and tr,
tr’ be traces. A tr-tr’-translation is a collection of functions

a={a™":(m,n) € tr},
where, for all (m,n) € tr,
a™" = {ag" nesign|
is such that, for all ¥ € |Sign|,
0" SEN(E)™" > P(Seq ()
assigns to each (m,n)-Y-sequent é v of F a set of tr'-S-sequents of F
g[G4,

We extend the notation in a natural way in order to write expressions more
concisely. Thus, given ¥ € |Sign| and ® u {¢} ¢ Seqy (F), we set

as[¢] = as[é; ],
if ¢ = ¢y, and
ag[®] ={ag"[@]: ¢ e ™", (m,n) € tr}.
Finally, if ® = {®y }ssign < Seq” (F), we set
a[®] =(J{as[®s]: X € |Signl}.

Even though we defined translations in a very general way, we will deal
almost exclusively with a special kind of translation, called a transformation.
To introduce those, we fix F = (Sign’, SEN’, N*) and two traces tr and tr’.
A tr-tr'-translation a = {a™" : (m,n) € tr} is called a tr-tr’-transformation
if there exists a family

7={1™":(m,n) € tr},
such that, for all (m,n) € tr,
71 SENY — | J{SEN**: (K, ) € tr'}

is a collection of natural transformations in N*, with m + n distinguished
arguments, such that, for all ¥ € |Sign’| and all ¢ >y 1) € Sequ(F) of trace
(m,n),
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where, we let 70" [¢; %] be defined, for all ¥’ € |Sign’|, by
" [6d] = U{r (6,4, %) X € SEN'(R)}

Let F = (Sign’, SEN’, N*) be an algebraic system, tr and tr’ two traces
and & = (F,G) and &' = (F,G") two Gentzen m-institutions of traces tr and
tr’, respectively, both based on F. A tr-tr’-transformation 7 is an inter-
pretation from & to &', written 7: & — &' if, for all ¥ € |Sign’| and all

® U {9} < Seqx (F),
¢EG2(‘I)) iff TE[¢)]§G’2(72[‘I)])

The two w-institutions & and &’ are equivalent if there exist a tr-tr'-
transformation 7 and a tr’-tr-transformation p, such that:

e 7:® - &' is an interpretation;
e p:® - & is an interpretation;
e for all ¥ € |Sign’| and all ¢ € Seq:(F),

G (@) = Gs(ps[rs[@]]);
e for all ¥ ¢ [Sign’| and all ¢’ € Seq¥ (F),

5(9") = Gs(rs[ps[9']]).

In this case the pair (7, p) is called a conjugate pair of transformations and
denoted by (7,p): 6 2 &'.

As in Lemma 892, it suffices to check only the first and last conditions,
or, equivalently, the middle two conditions to ensure that two Gentzen -
institutions are equivalent.

Lemma 1916 Let F = (Sign’,SEN’, N*) be an algebraic system, tr, tr’
be traces, & = (F,G), &' = (F,G") two Gentzen m-institutions of traces
tr, tr’, respectively, based on F, 7 a tr-tr'-transformation and p a tr'-tr-
transformation. The following are equivalent:

(i) 7:® > & is an interpretation and, for all ¥ € |Sign’|, ¢’ € Seql (F),
Gy(') = Gy (melps[9]]):

(i) p: & - & is an interpretation and, for all ¥ € |Sign’|, ¢ € Seq(F),
Gx(9) = Gs(pslm=lo]]).
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Proof: Similar to the proof of Lemma 892. Suppose that the conditions in
(i) hold. Then, for all ¥ € |Sign’| and all ® u {¢'} € Seq® (F), we have

@' e GL(®) iff 7s[ps[@]] € GL(m=[p=[@]])
iff ps[@’] € Gu(ps[@']).

Hence, p: " - & is also an interpretation. Finally, for all 3 € |Sign"| and
all ¢ € Seqw (F), we get, for all ¥ € Seqs (F),

YeGy(o) iff =[] cGy(re[e])
iff o] c Ge(rslps[ms[@]]])
iff e Gs(ps[mmld]]).

Thus, the second condition of (ii) is also satisfied. Thus (i) implies (ii) holds
and, by symmetry, we conclude that (i) and (ii) are equivalent. [ ]

Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’ traces and 7 a
tr-tr’-transformation. Define

7 : SenFam(Seq™ (F)) — SenFam(Seq' (F))
by setting, for all @ € SenFam(Seq™ (F)),
T(®') = {Tﬁ(‘b,)}ze\Sign"\
be given, for all ¥ € |Sign’|, by
7(®') = {¢ € Seqz(F) : 7s[¢] € D5}

Analogously to Theorem 896, we can show that, if & and &’ are equiv-
alent Gentzen w-institutions via a conjugate pair (7,p) : & 2 &'  then
p* : ThFam(®) - ThFam(®’) and 7* : ThFam(®’) - ThFam(®) form
a pair of mutually inverse order isomorphisms between the complete lattices
of the corresponding theory families.

Theorem 1917 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’
traces, ® = (F,G), &' = (F,G") Gentzen m-institutions of traces tr, tr', re-
spectively, and (1,p) : & 2 &' a conjugate pair of transformations. Then

p*: ThFam(®) - ThFam(®’') and 7°:ThFam(®’) > ThFam(®)
are mutually inverse order isomorphisms.

Proof: Similar to the proof of Theorem 896. Let T € ThFam(®). Then, for
all ¥ € [Sign’| and all ¢ € Seq(F), we get

¢ eri(p(T)) iff 7s[d] < py(T)
iff ps[rsl@]] €Ty
iff ¢ET2.
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Thus, 7*(p*(T)) = T. By symmetry, for all T” € ThFam(®&'), p*(7*(T")) =
T'. Thus, p* and 7* are mutually inverse bijections and, since they are both
order preserving, they form a pair of mutually inverse order isomorphisms
between ThFam(®) and ThFam(&’). |

Conversely, it is true that, under ceratin hypotheses, given mutually in-
verse order isomorphisms between the complete lattices of two Gentzen 7-
institutions, one may define a conjugate pair between the two that establishes
the order-isomorphism via the process that was described above.

Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’ be traces, and
& = (F,G), &' = (F,G') be Gentzen m-institutions of traces tr, tr', respec-
tively, based on F. Consider an order isomorphism

h: ThFam(®') - ThFam(®)

between the corresponding complete lattices of theory families.
— —
Define h = { h s}scsign by letting, for all ¥ € [Signl],

iy + Seqsi (F) — P(Seqs (F))
be given, for all ¢ € Seqi(F), by
hs[@] = hs'(G(9)).
Further, define N = {%Z}EdSign"\ by letting, for all ¥ ¢ |Sign’|,
I+ Seqtt (F) - P(Seqs (F))
be given, for all ¢’ € Seq® (F), by

hs[@'] = hs(G())).

The order isomorphism A : ThFam(®’) - ThFam(®) is called trans-
formational if there exist

e a tr-tr’-translation 7,

e a tr'-tr-translation p,
such that, for all ¥ € |Sign’|, all ¢ € Seq¥(F) and all ¢’ € Seq®' (F),
hs@]=Gi(re[@]) and  hs[@'] = Gs(ps[@']),

i.e., by definition of 7 and (ﬁ, if and only if, for all ¥ € [Sign’|, all ¢ €
Seqw (F) and all ¢’ € Seqys (F),

hs' (G(¢)) = Giu(rsle]) and  hs(G'(9')) = Ge(ps[9']).
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Here G(¢) and G’(¢") denote the theory families of & and &’ generated
by the Y-sequents ¢ and @', respectively. Since all components of these
theory families other than the Y-components consist of sets of theorems, we
sometimes write by a slight abuse of notation

hs'(Gs(9)) = G(re[@]) and  he(G5(6)) = Gu(p[@']).

In this case, we say that h is induced by the pair of translations (7, p).
We can show that the properties defining transformationality of an order
isomorphism extend to sets of Y-sequents.

Lemma 1918 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr' be
traces and & = (F,G), &' = (F,G") Gentzen m-institutions of traces tr, tr’,
respectively, based on ¥. If h : ThFam(®’) - ThFam(®) a transforma-
tional order isomorphism induced by the pair (1,p) of translations, then, for
all for all ¥ € |Sign’|, all ® ¢ Seq¥(F) and all ®' ¢ Seq¥ (F),

hs' (G(®)) = Gy(ms[®]) and  hs(G'(®')) = Gu(ps[®']).

Proof: Let ¥ ¢ |Sign’|, and ® ¢ Seqi(F). Then, taking into account that
both ThFam(®) and ThFam(®’) are ordered signature-wise, we have

hst(V gea G(@))
= Vgea i3 (G(@))
= Vgea G5(12[0])
= GL(Ugea Ts[@])
= Gy(m=[®]).

The second equality holds by symmetry. [

hs' (G(®))

Then the following result forms an analog of Theorem 903.

Theorem 1919 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’
be traces and & = (F,G), &' = (F,G") Gentzen mw-institutions of traces tr,
tr’, respectively, based on F. If h: ThFam(®’) - ThFam(®) a transfor-
mational order isomorphism induced by the pair (1,p) of translations, then
(1,p) : &2 & is a conjugate pair of transformations.

Proof: Similar to the proof of Theorem 903. Suppose h : ThFam(®') —
ThFam(®) is an order isomorphism and let ¥ € |Sign’| and ® U {¢'} ¢
Seqs (®’). Then we have

@' e GL(®) iff G(9') € GL(P)
iff hz(G'(¢),)) c hE(G/(‘I),))
iff Gz(ps[@]) € Gz(ps[®])
iff ps[e] € Ge(ps[P]).
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Thus, p: &' - & is an interpretation. Furthermore, for all ¥ € |Sign’| and
¢ € Seqy (F), we have

Gs(ps[rsle]]l) = he(Gg(ms[e]))
hs(hs' (Gs(6)))
Gx(9).

We conclude that (7,p) : & 2 &’ is a conjugate pair. ]

Finally, we show that interpretations compose and the same holds for
equivalences of Gentzen m-institutions.

Lemma 1920 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’, tr'
be traces and & = (F,G), &' = (F,G"), &" = (F,G") be Gentzen w-institutions
of traces tr, tr’, tr’”, respectively, based on F.

(a) If T: & - & and 7' : & - B&" are interpretations, then /o7 : & - &
s also an interpretation;
(b) If (1,p) : & 2 & and (7',p) : & 2 B" are conjugate pairs, then
(t"oT,pop'):® 2 B" is also a conjugate pair.
Proof:

(a) Suppose 7: 8 > &' and 7/ : & - &" are interpretations. Then, for all
Y € |Sign’| and all ® U {¢} ¢ Seq(F), we get

P eGn(®) iff 1o[d] c Gy(rs[P])
ift 75 [msl@]] € GL(mg[=[@]]).
hence, 7o 7:® — &” is also an interpretation.

(b) Now suppose that (7,p) : & 2 & and (7/,p’) : & 2 B are conjugate
pairs. Then, by Part (a), 7707 : & — &” is an interpretation. Moreover,
for all ¥ € [Sign’| and all ¢”,%" € Seq% (F), we have 9" € G%(¢") if
and only if

ps[v"] € Gups[9"]) = Gu(rsloslps[o"11D).
This holds if and only if

relps[¥"]] € GE(m[rslps[pLle" 111D
Equivalently,
V" e GL(rg[rslpslosle"111]).
We conclude that, for all © € |Sign’| and all ¢” € Seq (F),
G3(¢") = GL(rs[s[pslps[8"]111]).

Therefore, by Lemma 1916, (7' o7,po p') : & 2 &” is also a conjugate

pair.
]
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26.3 Hilbertizability

Let F = (Sign’, SEN’, N*) be an algebraic system and & = (F,G) a Gentzen
m-institution based on F. & is Hilbertizable if it is equivalent to a Hilbert
m-institution based on F. In other words, & is Hilbertizable if there exists
a Hilbert m-institution $) = (F, H), based on F, and a conjugate pair of
transformations (7,p) : & 2 §.

We have the following proposition that follows directly from the relevant
definitions.

Proposition 1921 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. & is
Hilbertizable if and only if there exist:

(1) A Hilbert m-institution $ = (F, H);

(2) A collection p: (SEN")» — Uimnyetr SEN™™ in. N* with a single distin-
gquished argument;

(3) A family T = {T™" : (m,n) € tr}, where, for all (m,n) € tr, the collection
rmn : (SEN?)w - SEN in N* has m +n distinguished arquments;

such that, for all ¥ € |Sign’|, all ® U {@} € Seq(F) and all ¢ ¢ SEN*(2),
(a) ¢ € Gs(®) iff =[] € Hx(ro[®]):

(b) Hx(¢) = Hs(ts[ps[0]]);

or, equivalently, such that, for all ¥ € |Sign’|, all ® U {¢} < SEN’(X) and all
¢ € Seqy (F),

(c) b ¢ € He(>x @) iff pe[o] € Gs(ps[P]);
(d) Gs(@) = Gs(ps[rs[@]]).

Proof: This is a rephrasing of the definition of Hilbertizability using the
conditions establishing an equivalence between two Gentzen w-institutions
and taking into account Lemma 1916. [

Let F = (Sign’, SEN’, N*) be an algebraic system, & = (F,G) a Gentzen
m-institution and $ = (F, H) a Hilbert m-institution both based on F. Define
the {(0,1)}-tr-transformation p° by setting, for all ¥ € |Sign’| and all ¢ €
SEN’(%),

P[] ={>x ¢}.
We say that & and $) are simply equivalent if they are equivalent via a

conjugate pair of the form (7,p°) : & 2 §. The Gentzen 7-institution & is
simply Hilbertizable if it is simply equivalent to some Hilbert 7m-institution

H=(F,H).
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If & is simply Hilbertizable, it turns out that there is a unique Hilbert
m-institution simply equivalent to &, namely, the Hilbert m-institution reduct
&0 of &.

Proposition 1922 Let F = (Sign’,SEN’, N*) be an algebraic system and
® = (F,G) a Gentzen m-institution based on F. If & is simply Hilbertizable,

then it 1s simply equivalent to a unique Hilbert w-institution, namely, the
Hilbert m-institution reduct 8° = (F,G°) of &.

Proof: Suppose that & is simply Hilbertizable via the conjugate pair (7, p%) :
& - $, with $ = (F, H). Tt suffices to show that H = G°. To this end, let
¥ € |Sign’| and ® u {¢} € SEN’(X). Then we have

>y ¢ € Hu(bs @) iff p3[d] € Gu(p3[P])  (by hypothesis)
iff >y ¢peGy(by @) (definition of p°)
iff >y deGL(>y @). (definition of GO)

Therefore $ = &°, whence it follows that @& is simply Hilbertizable via a
simple equivalence involving the Hilbert m-institution reduct &° of & ]

We have, further, the following simpler characterization of simple Hilber-
tizability, due to the fact that the interpretation in one of the two directions
is required to be a fixed one.

Proposition 1923 Let F = (Sign’, SEN’, N*), be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. & is

simply Hilbertizable if and only if there exists a tr-{(0,1)}-transformation
7= {rmn: (m,n) etr}, such that, for all ¥ € |Sign’| and all ¢ € Seq (F),

Gs(9) = Gz(> 2[]).

Proof: If & is simply Hilbertizable, then, by Proposition 1922, it is equiv-
alent to the Hilbert m-institution reduct &° of & via some conjugate pair
(1,0°) : & 2 B9 Thus, by the definition of equivalence, we get, for all
Y € |Sign’| and all ¢ € Seqi(F),

Gs(9) = Gs(p[rs[o]])
= Gx(bx s[0]).

Assume, conversely, that there exists a tr-{(0,1)}-transformation 7, such
that, for all ¥ € |Sign’| and all ¢ € Seq(F), Gx(p) = Gs(> m[¢]). To
show that & is simply Hilbertizable, it suffices, by Proposition 1922 and
Proposition 1921, to show that, for all ¥ € |Sign’| and all ®u{¢} c SEN*(X),

>y qb € G%(DE (I)) iff > ¢ € GZ(DZ (b)

This equivalence, however, holds by the definition of G°. ]
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26.4 Syntactic WF Algebraizability

Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace and & = (F,G)
a Gentzen m-institution of trace tr based on F. & is (syntactically WF)
algebraizable if it is equivalent to the Gentzen 7-institution &K = (F,GK)
associated with some class K of F-algebraic systems.

Explicitly, using the definition of equivalence, this means that there exists
a class K of F-algebraic systems, a tr-{(1, 1) }-transformation 7 and a {(1,1)}-
tr-transformation p, such that, for all ¥ € |Sign’|, all ® U{¢} € Seqi(F) and
6,10 € SEN'(Y),

(a) ¢ eGx(®) iff o[@] ¢ GE(s[®));

(b) G¥(d e ¥) = GS(rs[psleiv]]);
or, equivalently, such that, for all ¥ € |Sign’|, all Eu {¢ ~ ¥} € Eqy(F) and
all ¢ € Seqy:(F),

(c) ¢ox e GE(E) iff ps[g;v] € Gu(ps[E]);

(d) Gs(e) = Gs(ps[rs[@]]).

Recall that, given a class K of F-algebraic systems, we denote by G(K),
the guasivariety of F-algebraic systems generated by K, i.e., the collection of
all F-algebraic systems that satisfy the F-guasiequations that are satisfied
by all A e K.

It turns out that, when a Gentzen w-institution & is algebraizable via
two different classes K and K’ of F-algebraic systems, then both classes K
and K’ generate the same guasivariety and, hence, that there exists a unique
guasivariety of F-algebraic systems that serves as the algebraizing class of
®. This is proven in Proposition 1925, following a needed lemma.

Lemma 1924 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is
algebraizable via (7,p) : & 2 &K, then, for all ¥ € |Sign’| and all ¢, €
Seqw(F) of trace (m,n) e tr,

P eGx({o} UU{PE[@?@/%’] ti<m+n}).

Proof: Let ¥ € [Sign’| and ¢, € Seq(F) of trace (m,n) € tr. By the
definition of an equational Gentzen m-institution, we get

rs[p] € GE(rs[@p]u{e; by ¥, :i<m+n}).

Thus, since, by the definition of equivalence

Gg((sz >y ;) = GE(TE[pE[d)i;wi]])?
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we get that

s[¥] € GE(relo] u W mslpsldii ]l si <m+n}).

Therefore, since T is an interpretation,

Y eGy({p}u U{PEM%V»/)Z] ti<m+ny).

This establishes the conclusion. ]

Proposition 1925 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is
algebraizable via both the conjugate pair (1,p) : & 2 &K of transformations
and the conjugate pair (7/,p') : & = &X' of transformations, then G(K) =
G(K").

Proof: Suppose that & is algebraizable via both the conjugate pair (7, p) :
® 2 &K of transformations and the conjugate pair (7/,p) : & 2 &K' of
transformations.

We show, first, that, for all ¥ € |Sign’| and all ¢, € SEN"(X),

Gs(pslé;v]) = Gs(ps[o;¢]).

Note that pi[¢;¢] € Gx(2), since ¢ by ¢ € GK'(@) and p' : 8K > & is an
interpretation. Moreover, for all o € p’ of trace (m,n) € tr, all i < m + n,all
Y € |Sign’|, and all Y € SEN"(X),

pE[U%(¢> ¢a )2)7 Uiz(@% )2)] S GZ(pZ[¢; ’QD])

Since, by Lemma 1924, p has the modus ponens in &, we get that p.[¢;1)] €
(8

¢
Gx(ps[¢;¢]). By symmetry, we conclude that Gs(ps[¢;¢']) = Gu(p&[o;¢]).
Finally, we have, for all ¥ € |Sign’| and all ¢, € SEN’(2),

ooy e GR(E) iff psle;v] € Gs(ps[E])
it p5loiv] € Ge(pslE])
iff ¢oy e G (E).

Thus, we get that G(K) = G(K’). |

Given an algebraizable Gentzen w-institution &, there exists, by Propo-
sition 1925, a unique guasivariety K that serves as the algebraic counterpart
of &. It is called the equivalent algebraic semantics of &.

The next result asserts that equivalent Gentzen systems have the same
status vis-a-vis algebraizability and, in case they are algebraizable, they share
a common algebraic semantics. Moreover, they share the same Hilbertizabil-
ity status and, in case they are Hilbertizable, they share the same Hilberti-
zations (which, however, are not unique).
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Proposition 1926 Let F = (Sign’, SEN®, N*) be an algebraic system, tr, tr’
traces and & = (F,G), & = (F,G’) two equivalent Gentzen m-institutions of
traces tr, tr’, respectively, based on F.

(a) & is algebraizable if and only if &' is algebraizable. If this is the case,
& and &' have the same algebraic semantics.

(b) & is Hilbertizable if and only if &' is Hilbertizable. If this is the case,
every Hilbertization of & is one of &' also.

Proof:

(a) Suppose & and &’ are equivalent via (7,p) : & 2 &’ and that &' is
algebraizable via (77,p') : " 2 &K' for some class K’ of F-algebraic
systems. Then, by Lemma 1920,

T 7!

& &' K
p r'

(t"oT,pop): ® = &K is witnessing the algebraizability of &. By
symmetry & is algebraizable if and only if &’ is algebraizable. Since
any algebraizing class K’ for &’ is also an algebraizing class for &, and
vice versa, we get that & and &’ have the same equivalent algebraic
semantics.

(b) Suppose & and &' are equivalent via (7,p) : & 2 &’ and that &’ is
Hilbertizable via (77,p') : & 2 $), for some Hilbert 7-institution $’.
Then, again by Lemma 1920,

T T
Q5 Q5l 5’:),
p r'

(70T, pop’) : & 2 £ is witnessing the Hilbertizability of &. By symme-
try, & is Hilbertizable if and only if &’ is. Moreover, any Hilbertization
£’ for &’ serves also as one for &, and vice versa, i.e., & and &’ share

the same Hilbertizations. .

Suppose that a Gentzen m-institution & = (F,G) of trace tr, together
with a trace tr’, are given. We give, next, a characterization of the existence
of an equivalence (7,p) : & 2 &’ of & with some Gentzen m-institution &’
having the given trace tr'.

Theorem 1927 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’ be
traces and & = (F,G) a Gentzen m-institution of trace tr based on F. & is
equivalent to a Gentzen m-institution & = (F,G") of trace tr’" based on F if
and only if there exist a tr-tr’'-transformation T and a tr’'-tr-transformation
p, such that:
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(1) p*: ThFam(®) - SenFam(Seq™ (F)) is injective on ThFam(®);

(2) For all ¥ €|Sign’| and all ¢ € Seqs (F), pi(G(¢)) = G4 (m[¢]), where
G’ is the closure system induced by p*(ThFam(®)).

Proof: Suppose, first, that there exists an equivalence (7,p) : & 2 &/
where &’ = (F,G’) is a Gentzen 7-institution of trace tr’ based on F. By
Theorem 1917, we know that p* : ThFam(®) — ThFam(®’) is an order
isomorphism, whence, in particular, it is injective on ThFam(®). Moreover,
for all ¥ € |Sign’| and all 1) € Seq (F), we have

Y epi(G(@)) iff po[eh] € Gr(@)
iff ms[po[v]] € Gy (mle])
iff 4 e G5 (1s[9])-

Therefore, p&(G(@)) = G5 (1s[@]).

Suppose, conversely, that there exist a tr-tr’-transformation 7 and a tr'-
tr-transformation p, such that Conditions (1) and (2) of the statement hold.
Since p*(ThFam(®)) is closed under intersection, it defines a closure system
on Seqtr’(F), which we denote by G’ writing &’ = (F,G’) for the correspond-
ing Gentzen m-institution of trace tr’. It suffices now, by Theorem 1919, to
show that p* : ThFam(®) — ThFam(®') is a transformational order iso-
morphism induced by (7,p). We know, by hypothesis, that p* is injective.
By definition of &', it is surjective. By definition of p*, it is order preserving.
Finally, it is order reflecting, since, for all T',T" € ThFam(®),

p*(T) <p(T") it p*(T)np*(T") = p*(T)

it p(TnT’) = " (T)

iff TnT'=T

iff T<T.
Therefore, p* : ThFam(®) — ThFam(®') is, indeed, an order isomorphism.
To show that p* : ThFam(®) - ThFam(®’) is transformational, it suffices
to show that, for all ¥ € [Sign’|, all ¢ € Seq®s(F) and all ¢’ € Seq (F),

r5(G()) = Gy(1s[@]) and  (p*)3'(G'(8)) = Gs(p=[']).

The first holds by hypothesis and the second holds by the definition of G,
since p&(G(ps[@'])) is the least theory family of &’ containing ¢'. |

26.5 Matrix Families and Algebraic Seman-
tics

Let F = (Sign’,SEN", N*) be an algebraic system, tr a trace and A = (A,
(F,«)), with A = (Sign, SEN, N), an F-algebraic system. A tr-filter family
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of A is a family T < Seq"(A). The pair A = (A, T) is called a tr-matrix
family. It defines a closure family G* of trace tr on F as follows: For all
Y € |Sign’| and all ® U {¢} € Seq¥(F),

¢ e GL(®) iff for all ¥ €|Sign’|, f € Sign’(%,Y),
sy (SEN’(£)(®)) € Ty implies asy (SEN'(£)(9)) € T sy

Let F = (Sign’,SEN’, N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen m-institution of trace tr based on F. Let A = (A, (F,«a)),
with A = (Sign,SEN, N), be an F-algebraic system and T a tr-filter family
of A. T is called a &-filter family of A if G < G¥, i.e., if, for all ¥ € |Sign’|
and all ® U {¢} c Seqa(F),

¢ € Gx(®) implies ¢ e GR(P).

Note that, as was pointed out previously, because of the structurality of G,
it suffices to check that, for all ¥ € [Sign’| and all ® U {¢} < Seq(F), such
that ¢ € Gx(®), we have

Oéz(‘I)) c TF(E) 1mphes Oéz(¢)) € TF(E)

If T is a B-filter family of A, then the pair 2 = (A, T) is called a &-matrix
family of A. We denote by FiFam®(A) the collection of all &-filter families
of A and by MatFam(®) the collection of all &-matrix families.

Many facts, introduced previously in this work, that hold for Z-filter
families and Z-matrix families, for a m-institution Z, have analogs for &-filter
and G-matrix families, respectively. We list some of those that will be needed
in the sequel.

Lemma 1928 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace,
® = (F,G) a Gentzen m-institution of trace tr based on F and A = (A, (F,«a)),
B =(B,(G,B)) F-algebraic systems.

(a) The collection FiFam®(A) forms a complete lattice
FiFam®(A) = (FiFam®(A), <)
under signature-wise inclusion <;
(b) FiFam®(F) = ThFam(®);

(¢c) If A= (A (F,«)), B=(B,(G,p)) are F-algebraic systems and (H,~) :
A - B a surjective morphism, then T € FiFam®(B) if and only if
7~1(T) € FiFam®(A).

Proof:
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(a) Let {T":iel}cFiFam®(A), ¥ ¢ |Sign’| and ® U {¢} ¢ Seqy; (F), such
that ¢ ¢ G(®). Then, if an(®) € Nics Tres), we get ax(P) € Ty,
for all i € I, whence, since T € FiFam®(A), ax(¢) € T%@), for all i € I,
e, as(@) € Nier T%(z)- We conclude that M;e; T" € FiFam®(A).

(b) For all ¥ € |Sign’| and all ® u {¢} € Seq(F), such that ¢ e Gx(P),
we get that, for all T' e ThFam(®), ® ¢ T'y, implies ¢ € T's;. Therefore,
ThFam(®) ¢ FiFam®(F). On the other hand, if T e FiFam®(F),
then, if ¢ € Gx(Tyx), then ¢ € Ty, i.e., T € ThFam(®). Therefore,
FiFam®(F) = ThFam(®).

(c) Assume, first, that T € FiFam®(B) and let ¥ € |Sign’|, ® u {¢} C
Seqw (F), such that ¢ € Gx(®) and ax(®) c 7}1(2)(TH(F(2)))- Then

f
<F,a/ \G,m
A ) B

’}/F(Z)(Oég(q))) c TH(F(E)); ie., 52(‘1)) c Tg(g). Since T ¢ FiFasz(B),
we now get Oy (@) € T'q(xy. Reversing the steps above, we conclude
that ax(¢) € ’}/l:—,l(z)(TH(F(z))). Therefore, y~1(T) € FiFam®(A).

Assume, conversely, that v~1(T) € FiFam®(A) and let ¥ € |Sign’|,
® U {¢} ¢ Seq:(F), such that ¢ € Gx(®) and Ss(®) ¢ T(s). Then
’}/F(Z)(Oég(q))) c TH(F(E)); whence Ozz(q)) c ’Y;ﬂl(z)(TH(F(E)))- Since
7" Y(T) e FiFam®(A), we get ax(@) € 71;1(2)(TH(F(2))). Reversing,
once more, the preceding steps, we get that 3x(¢) € T'¢(x). Therefore,
T e FiFam®(B).

Y

The isomorphism between the complete lattices of theory families induced
by an equivalence extends to corresponding order isomorphisms between the
complete lattices of filter families of the equivalent Gentzen m-institutions on
the same algebraic system.

Proposition 1929 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’
be traces, and ® = (F,G), &' = (F,G") two Gentzen m-institutions of traces
tr, tr’, respectively, based on ¥. If & and &' are equivalent via the conjugate
pair (1,p) : & 2 &', then, for every F-algebraic system A= (A, (F,a)), the
mappings

T +——— p™(T), T eFiFam®(A),
AT ——T', T eFiFam® (A),

are mutually inverse isomorphisms from FiFam®(A) onto FiFam® (A).
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Proof: We show, first, that, for all T € FiFamY(A), all ¥ € |Sign’| and all
¢ € Seqs; (F),

PF(E)[T?@)[CYE(@]] CTpx iff as(@p)eTre).

Indeed, taking into account the surjectivity of (F,a), we obtain

pﬁ(ﬁ)[Tﬁ(E)[aZ(¢)” CTr) iff p}?(z)[aZ(TEW])] € Trs)
iff as(ps[rs(@]]) € Tr)
iff pe[rs[@]] € o (Tr(s))
iff ¢ear' (Trw))
iff Ozz(¢) € TF(Z})-

By symmetry, we also have, for all T' ¢ FiFam? (A), all ¥ ¢ |Sign’| and all
@' € Seq (F),

TF(Z)[P?(Z)[O‘Z(¢')” €Ty iff an(d’)eThey).

Using the first of these equivalences and, once again, taking into account the
surjectivity of (F,a), we get, for all T € FiFam®(A), all ¥ ¢ |Sign| and all
¢ € SEN(X),
¢ e (pM(T)) it [@] € pi*(T)
it p[rd (] € T
ifft ¢peTs.

Thus, 74*(pA*(T)) = T, for all T € FiFam®(A) and, by symmetry, we also
have pA(74+(T")) = T, for all T’ ¢ FiFam® (A). Therefore, pA* and 74*

are mutually inverse bijections and reflect component-wise inclusion, since
they are obviously order preserving undel <. We conclude that

p™* : FiFam®(A) 2 FiFam® (A) : 74
are mutually inverse order isomorphisms. [

Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace, A = (Sign,
SEN, N) an N'-algebraic system and 0 € ConSys(A)

Given ¢ = ¢ by, ¥, @' = ¢ by 1’ € Seq(A) of the same trace (m,n), we
say that ¢ is f-equivalent to ¢', denoted ¢ Ox; ¢, if, for all i < m and all
J<n,

¢i Os ¢ and  ; Os ).

Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace, A = (Sign,
SEN, N) an N'-algebraic system, T < Seq”(A) and 6§ € ConSys(A).

We say that 6 is compatible with T if, for all ¥ € |Sign|, and all
@, @' € Seqe(A) (of the same trace),

¢ 92 ¢), and ¢ € TZ 1mply ¢/ € Tz.

An alternative characterization of compatibility is given in the following
lemma.



1654 CHAPTER 26. GENTZEN 7-INSTITUTIONS Voutsadakis

Lemma 1930 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace,
A= (A,(F,a)) an F-algebraic system, T < Seq" (A) and 0 € ConSys(A). 0
is compatible with T if and only if the quotient morphism (I,7%) : A - A%
induces a strict matrixz family morphism

(I,7°): (A, T) > (A°, 7°(T)),
i.e., if and only if (7)Y (#x%(T))="T.

Proof: Suppose, first, that 6 is compatible with T and let ¥ € |Sign]|,
¢ € Seqt: (A), such that ¢ € (7&) 1 (7%(T's)). Then, we get 7 () € & (Ts).
Hence, there exists ¢’ € T'sx;, such that ¢ 0x; ¢'. Therefore, by the compati-
bility of § with T, we get that ¢ € T's,. Thus, (7)1 (7?(T)) < T and, since
the reverse inclusion always holds, we conclude that (7%)~'(x%(T")) =T.
Conversely, assume that (7?)"1(x?(T)) = T. Let X € |Sign|, ¢, ¢ ¢
Seq$(A), such that ¢ Oy ¢" and ¢ € T's. Then ¢ € (7%) 1 (7(Tx)) = T
and, hence, 6 is compatible with T . [ ]

Given a Gentzen m-institution, taking the quotient of any filter family
by a compatible congruence system results in a filter family on the quotient
algebraic system.

Lemma 1931 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace,
& = (F,G) a Gentzen m-institution of trace tr based on F, (A, T) an F-matriz
family and 6 € ConSys(\A). If 6 is compatible with T, then

T e FiFam®(A) iff T/6 e FiFam®(A%).

Proof: Suppose that 6 is compatible with T". Then, using Lemmas 1928 and
1930, we have the following equivalences:

T/0 € FiFam®(A/6) iff (7?0 )1 (T/0) e ThFam(®)
iff a1 ((7%)"1(T/0)) e ThFam(®)
iff o 1(T) e ThFam(®)
iff T e FiFam®(A).

Hence T'/6 is a ®-filter family of A% iff T is a B-filter family of A. ]

The following lemma forms an analog of the characterization of the Leib-
niz congruence system of a filter family on a given F-algebraic system. It will
also give rise to a corresponding operator, also termed the Leibniz operator,
for theory families of Gentzen 7-institutions.

Lemma 1932 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace,
A = (Sign, SEN, N) an N'-algebraic system, T < Seq™ (A) and § € ConSys(A).
0 is compatible with T if and only if, for all ¥ € |Sign| and all ¢, € SEN(X),
(¢,1) € Os implies, for all (m,n) € tr, all 6 = (0°,...,0™ 1), and all T =
(10, ..., 1) in N*, all X' € |Sign|, all f € Sign(%,%’) and all x € SEN(X),

33 (SEN(f)(9), X) by 75 (SEN(f)(9), X) € T
iff GH(SEN(f) (), X) bsr 75 (SEN(f)(¥),X) € T
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Proof: Suppose that ¥ € [Sign| and (¢,v) € SEN(X), such that (¢, ) € bs.
Since 6 is a congruence system, for all ¥/ € |[Sign| and all f € Sign(%,3)
(SEN(f)(¢),SEN(f)(#)) € 5. Since 6 is a congruence system, we get, for
all i <m, all j <n and all ¥ € SEN(X'),

(0%, (SEN(£)(9),X), 0%, (SEN(f)(4), X)) € Oxr
and (73, (SEN(f)(¢), X), 75, (SEN(f)(¥), X)) € O

The conclusion follows immediately by the assumption of compatibility of €
with T'. [

Lemma 1932 serves to show that, given an algebraic system A and T <
Seq™ (A), there exists a largest congruence system on A that is compatible
with T'.

Corollary 1933 Let F = (Sign’,SEN’, N*) be an algebraic system, tr a
trace, A = (Sign,SEN, N) an N’-algebraic system and T < Seq" (A). There
exists a largest congruence system on A compatible with T .

Proof: Define § = {0x}sqsign as follows: For all 3 € [Sign| and all ¢, €
SEN(X), (¢,v) € b, iff, for all (m,n) € tr, all 6 = (¢°,...,0™71), and all 7 =
(10,7 1) in N*, all ¥ € |Sign|, all f € Sign(3,¥’) and all y € SEN(X),

53 (SEN(f)(6), X) Py 75 (SEN(f)(9), X) € T
iff 63 (SEN(f)(¢), X) pxr ZH(SEN(f)(¥),X) € Ty

It is easy to see that 6, thus defined, is a congruence system on A compatible
with T'. By Lemma 1932, it is the largest one compatible with T'. [

The largest congruence system on A compatible with T is denoted by
QA(T) and called the Leibniz congruence system of T on A.

As a consequence of the definition of the Leibniz congruence system, given
T € Seq™(A) and 0 € ConSys(A),

6 is compatible with T if and only if 6 < QA(T).

Given an algebraic system F = (Sign’, SEN’, N*), a trace tr, a Gentzen 7-
institution & = (F,G) of trace tr based on F and an F-algebraic system A,
the operator

QA : FiFam®(A) - ConSys(A)

is called the Leibniz operator of & on A.

Recall from Proposition 1929 that, given two equivalent Gentzen m-insti-
tutions, the conjugate transformations establishing the equivalence induce an
order isomorphism between the corresponding filter families of the gentzen
m-institutions involved on arbitrary algebraic systems. It turns out that,
under this isomorphism, corresponding filter families have identical Leibniz
congruence systems.
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Proposition 1934 Let F = (Sign’,SEN’, N*) be an algebraic system, tr,
tr’ traces and & = (F,G), & = (F,G’") Gentzen m-institutions of traces tr,
tr’, respectively, based on F. If & and & are equivalent via a conjugate
pair (1,p) : & 2 & of transformations, then, for every F-algebraic system
A= (A, (F, &) and all T € FiFam®(A),

QN(T) = 24 (p™(T)).

Proof: Let ¥ € [Sign|, ¢, ¢’ € Seqsi(A), such that ¢ Q&(T') ¢ and suppose
that ¢ € p&*(T). Then, we obtain p&[@] € Tx.. Thus, since, by definition,
QA(T) is a congruence system compatible with T', we get that pd[¢'] ¢
T's; and, therefore, ¢ € pd*(T'). Hence QA(T) is compatible with pA*(T'),
showing that QA(T) < QA(pA*(T)).

Assume, conversely, that 3 € [Sign|, ¢, ¢’ € Seq (A), such that

¢ G (p(T)) ¢’

and suppose that ¢ € Ty Then, we obtain pa[rg[¢p]] € T, ie., &[] €
p&*(T'). Thus, since, by definition, 24 (pA*(T')) is a congruence system com-
patible with pA*(T'), we get that 7[@'] € p**(T'). Therefore, pa[r5[@']] €
Ts. So ¢’ € Tx and, hence, QA(pA*(T)) is compatible with T, showing that
QA(pA(T)) < QA(T). n

As was the case with ordinary m-institutions, the Suszko operator is a
very useful tool in the study of the algebraization of Gentzen w-institutions.

Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace, & = (F,G)
a Gentzen 7-institution of trace tr based on F and A = (A, (F,«)) an F-
algebraic system. The Suszko operator Q%4 of & on A is the operator

Q%A : FiFam®(A) - ConSys(A)
defined, for all T € FiFam®(A), by
QOAT) = ({QAT') : T < T' € FiFam®(A)}.
Since, obviously, for all T € FiFam®(A),
QOA(T) < QA(T),

QOA(T) is also a congruence system on A compatible with T'. Moreover,
the operator 2%+ is monotone on FiFamﬁ(A), for every F-algebraic system
A.

Using the definition of the Suszko congruence system and Corollary 1933,
it is not difficult to see that the following characterization of the Suszko
congruence system of a filter family holds:
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Proposition 1935 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace, = (F,G) a Gentzen m-institution of trace tr based on F, A = (A,
(F,a)) an F-algebraic system and T € FiFam®(A). For all ¥ € |Sign| and
all ¢, € SEN(X), (¢,%) € QT if and only if, for all (m,n) € tr, all
oV . ..omt 00 rnlin NP all X e [Signl, all f € Sign(X,Y) and all
X € SEN(X'),

G (T, 64 (SEN'()(9), ) b 7 (SEN'(£)(9), 1)
= Gu (T, 68 (SEN"(f) (4), X) >sr 755 (SEN"(f)(¥), X))-
Proof: The statement follows directly by combining the definition of the

Suszko congruence system of T" on A with the characterization of the Leibniz
operator of each T”, with T < T, given in the proof of Corollary 1933. =

Moreover, as is clear from the definition, we have

Lemma 1936 Let F = (Sign’, SEN’, N*) be an algebraic system, tr be a
trace, & = (F,G) a Gentzen w-institution of trace tr based on F, and A =

(A, (F,a)) an F-algebraic system. The Suszko and the Leibniz operators on
A coincide, i.e., QA = QA if and only if QA is monotone on FiFam®(A).

Proof: Since Q®4 is monotone on FiFam®(A), if the two operators coin-
cide, QA is also monotone on FiFam®(A).

On the other hand, if Q4 is monotone on FiFam®(A), then, for all T €
FiFam®(A), we get

QOA(T)

MN{QA(T") : T < T' € FiFam®(A)}
QA(T).

Therefore, Q&A = QA (]

An analog of Proposition 1934 holds also for the Suszko operator. That
is, under the isomorphism between the corresponding filter families of two
gentzen m-institutions that are equivalent, corresponding filter families have
identical Suszko congruence systems.

Proposition 1937 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’
traces and & = (F,G), &' = (F,G') Gentzen m-institutions of traces tr, tr’,
respectively, based on F. If & and & are equivalent via the conjugate pair
(1,p) : & 2 &', then, for every F-algebraic system A = (A, (F,«)) and all
T e FiFam®(A),

GOA(T) = G384 (T)),

Proof: Since pA* : FiFam®(A4) — FiFam® (A) is an order isomorphism,
and taking into account Proposition 1934, we obtain, for all T € FiFam®(A),

QCA(T) N{QA(T") : T < T' € FiFam®(A)}

N{QA(pA(T")) : p*(T) < p**(T") € FiFam® (A)}
N{QA(T") : p**(T) <T" € FiFam® (A)}

QO A(pA(T)).
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Thus, the conclusion holds. [

Let F = (Sign’,SEN", N*) be an algebraic system, tr a trace and & =
G) a Gentzen m-institution of trace tr based on F. A &-matrix family
(A, T) is called Suszko reduced if

(F
2

QOA(T) = AA.

We denote by MatFam® (&) the class of all Suszko reduced &-matrix fami-
lies.
Foe every &-matrix family 2 = (A, T'), the quotient structure

(A/QSA(T), T[Q%(T))

is also a &-matrix family and it is Suszko reduced. Moreover, if a &-matrix
family (A, T) is Suszko reduced, it is obviously isomorphic to a -matrix
family of this form.

Among other things, Suszko reduced ®-matrix families are important
because they form a class of structures with respect to which & enjoys a
completeness property.

Theorem 1938 Let F = (Sign’, SEN’, N*) be an algebraic system, tr be a
trace, and & = (F,G) a Gentzen m-institution of trace tr based on ¥. For
all ¥ € |Sign’| and all ® U {¢} € Seqi(F), ¢ € G(®) if and only if, for all
(A, T) e MatFam®' (&), all ¥’ € |Sign’| and all f € Sign’(%,%),
Oégl(SENb(f)(‘I))) c TF(E’) zmplzes QEI(SENb(f)(¢)) € TF(Z’)-

Proof: Suppose ¢ € Gx(®) and let (A, T) be a Suszko reduced B-matrix
family. Then (A, T) is, in particular, a -matrix family, whence the conclu-
sion holds by applying the definition of a &-filter family to the &-filter family
T. Suppose, conversely, that, for all (A, T) € MatFam®* (&), all ¥’ € [Sign’|
and all f e Sign'(%, %),

as (SEN'(f)(®)) € Tr(xy implies as (SEN'(f)()) € Tr(s).
Let T € ThFam(®) and consider the Suszko reduced B-matrix family

(F[QS7(T), T [0 (T)).

Then, we have, by hypothesis, taking >/ = and f = iy,

®/057(T) c Tx/Q0” (T) implies  ¢/Q9” (T) € T /007 (T),

i.e., using the compatibility of Q& (T') with T, ® ¢ Ty, implies ¢ € T..
Equivalently, since T € ThFam(®) was arbitrary, ¢ € G (®). |

If two Gentzen w-institutions are equivalent, then the classes of algebraic
system reducts of their Suszko reduced matrix families coincide.
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Theorem 1939 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’
traces and & = (F,G), &' = (F,G') Gentzen m-institutions of traces tr, tr’,
respectively, based on F. If & and & are equivalent via the conjugate pair
(1.p) : & 2 &, then MatFam® (&) and MatFam®"(&') have the same class
of F-algebraic system reducts.

Proof: Suppose that A = (A, (F,«)) is the F-algebraic system reduct of
(A, T) e MatFam®(&). Then, by definition, we have Q®-4(T) = AA. There-
fore, by Proposition 1937, we obtain Q&A(pA*(T)) = A4. Since, pA*(T) €
FiFam®(A), we conclude that (A, pA*(T)) € MatFam®(®’) and, hence, A
is also the F-algebraic system reduct of a Suszko reduced &’-matrix family.
By symmetry of equivalence, every F-algebraic system reduct of a Suszko
reduced &’-matrix family is also one of a Suszko reduced G-matrix family.
Therefore, the two classes of F-algebraic system reducts coincide. [

Let F = (Sign’,SEN’, N*) be an algebraic system, tr be a trace, and
® = (F,G) a Gentzen m-institution of trace tr based on F. The class of all
F-algebraic system reducts of Suszko reduced &-matrix families is denoted
by AlgSys(®), i.e., we have, by definition,

AlgSys(®) = {A: (3T <Seq™(A)((A,T) e MatFam®" (&)}
{A: (3T € FiFam®(A))(Q®A(T) = AA)}.

It is not difficult to show that the class AlgSys(®) is closed under iy
and, thence, conclude that the class of all AlgSys(®)-congruence systems on
every F-algebraic system A forms a complete lattice under signature-wise
inclusion.

Proposition 1940 Let F = (Sign",SEN",N") be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on ¥. Then
AlgSys(®) is closed under subdirect intersections, i.e.,

TI(AlgSys(®)) € AlgSys(8).
Proof: Suppose that A’ = (A? (F? o)) € AlgSys(®), for all i € I, and let
(H\y') 2> A, i€l

be a subdirect intersection, i.e., such that My Ker({(H',7')) = AA. Then,
for all i € I, there exists T" € FiFam®(A?), such that Q&A(T%) = A4, We
consider the least ®-filter family on A, namely N FiFam®(A). We have

Q®A(NFiFam®(A)) N{QA(X) : X e FiFam®(A)}

IN

Mier ﬂxiepipamt’f(m) () (QAZ: (XZ))
= Mier(79)! (QxieFiFam® (Af) o (X"))
Nier(Y)H(QSA4(T"))

[ RVAN

Nier(Y)H(AY)
AA,



1660 CHAPTER 26. GENTZEN 7-INSTITUTIONS Voutsadakis

Hence, we get that A € AlgSys(®). Therefore, AlgSys(®) is indeed closed
under subdirect intersections. ]

26.6 Equivalence and Algebraic Counterpart

In Theorem 1927, given a w-institution & and a trace tr’, we gave a charac-
terization of the existence of an equivalence (7,p) : & 2 &’ of & with some
Gentzen m-institution &', having the given trace tr’. We strengthen this re-
sult here, by considering only &-filter families on algebraic systems belonging
to AlgSys(®).

Theorem 1941 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr' be
traces and & = (F,G) a Gentzen w-institution of trace tr based on F. & is
equivalent to a Gentzen -institution &' = (F,G') of trace tr’ based on F if
and only if there exist a tr-tr'-transformation T and a tr’'-tr-transformation

p, such that, for all A€ AlgSys(®):
(1) p?*:FiFam®(A) - SenFam(Seq™ (A)) is injective on FiFam®(A);

(2) For all 3 € |Sign| and all ¢ € Seqz(A), p* (G4()) = GL(5[)),
where G’ is the closure system on A induced by p”*(FiFam®(A)).

Proof: Suppose, first, that there exists an equivalence (7,p) : & 2 &/,
where &’ = (F,G’) is a Gentzen m-institution of trace tr’ based on F. By
Proposition 1929, we know that pA* : FiFam®(A) - FiFam® (A) is an order
isomorphism, whence, in particular, it is injective on FiFam® (A). Moreover,
for all ¥ € |Sign| and all 4 € Seqs: (A), we have

Yep(GOA(g)) iff pip] <GS ()
it [ [w]] < G3 ([ 9))
iff e GY (R o))

Therefore, pg*(G®4(p)) = Gg/’A(Tg‘[Qb]) and, again by Proposition 1929,
G®'A is the closure system on A induced by pA*(FiFam®(A)).

Suppose, conversely, that there exist a tr-tr'-transformation 7 and a tr'-
tr-transformation p, such that Conditions (1) and (2) of the statement hold.
The function pA* commutes with intersections of &-filter families on A. As
a consequence, we obtain, on the one hand, that p** is order reflecting on
FiFam®(A) and, on the other, that pA*(FiFam®(A)) is closed under inter-
section, and, hence, defines a closure system on Seqtr’(A), which we denote
by G’. It suffices now, to prove the two conditions of Theorem 1927.

Assume, first, that T,T" € ThFam(®), such that p*(T) < p*(T"). Let
X = G(p[p*(T)]) and A = F/Q®F(X). Since X/Q®F(X) € FiFam®(A),
we get that (A, X/Q®F (X)) € MatFam®(&). Therefore, A ¢ AlgSys(&).
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Further, T' € ThFam(®) and p[p*(T)] < T, which give X <T. Moreover,
plp*(T)] < plp*(T")] < T'. Hence, X < T'. Thus, by the monotonicity of
the Suszko operator, Q8F(X) < Q®F(T) and Q&F(X) < Q&F(T"). These
imply that Q®%(X) is compatible with both T' and T”. This, in turn,
gives that both T'/Q®F(X) and T'/Q®F (X ) are &-filter families on A and,
furthermore, that

P (T/Q°7 (X)) = p"(T) Q%7 (X)

and, similarly, pA*(T"/Q®7 (X)) = p*(T")/Q®F(X). Since, by hypothesis,
p*(T) < p*(T"), we get

P (T (X)) < o™ (T [0 (X)),

Thus, by Condition (1) in the hypothesis, we get T/Q®F(X) < T'/Q®F (X)),
whence, using again the compatibility of Q&% (X)) with both T and T”, we
obtain T < T'. We conclude that p* is order reflecting and, therefore, a
fortiori, injective on ThFam(®).

Finally, let € [Sign’|, ¢ € Seq¥(F) and consider 6 = Q& (Thm(®)).
Then F/6 € AlgSys(®), whence, by hypothesis,

PN (GOT I ($0)) = G (73, [105]),
where G is the closure system on F/60 generated by

pFIO* (FiFam®(F/0)) = p&F/O*(ThFam(®)/6)
= p*(ThFam(®))/6.

Thus, we get pL(G(¢))/0 = G5 (1s[@]/05), whence

pTI(G(P)]0) = N{p™(X)/0:7s[@)/6 < p*(X)[6}
N (X) : 1sle] € p*(X)}/6.

Therefore, p§.(G(¢)) = N{p*(X) : Ts[@] € p5.(X)} = G"(s[¢]), where G”
is the closure system on F generated by p*(ThFam(®)). [ ]

Theorem 1941 may be used to provide a characterization of equivalence
based on the coincidence of the algebraic counterparts of two Gentzen -
institutions.

Theorem 1942 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’
traces and & = (F,G), &' = (F,G") Gentzen m-institutions of traces tr, tr’,
respectively, based on F. & and & are equivalent if and only if

e AlgSys(®) = AlgSys(®’) and

o there exist a tr-tr'-transformation T and a tr’-tr-transformation p, such

that, for all A € AlgSys(®),
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— pA*:FiFam®(A) - FiFam® (A) is an order isomorphism and
— for all ¥ € |Sign| and all ¢ € Seq™ (A),

P (GO4(9)) = G (1 9]),
where G'A is the closure system on A induced by p** (FiFam®(A)).

Proof: Suppose that & and &’ are equivalent via the conjugate pair (7, p) :
® 2 &’. Then, by Theorem 1939, AlgSys(®) = AlgSys(®’). By Proposition
1929, pA* is an order isomorphism and, finally, for all 3 € |Sign| and all
¢ € Seq(A) and all ¢’ € Seq’ (A),

¢ e (GOA(@)) it pi¢'] € G5 ()
it 7 [pd[¢]] € GY (e [¢])
iff ¢’ Gy (9],

i.e., for all ¥ ¢ |Sign| and all ¢ € Seq™ (A), pd*(GEA(¢)) = GLA(rA[@)).

Conversely, assume that the conditions in the claimed characterization
of equivalence hold. Then, by Theorem 1941, there exists a Gentzen -
institution X’ of trace tr’ to which & is equivalent, such that p* : ThFam(®) —
ThFam(X) is an order isomorphism. Thus, p* is both order preserving and
order reflecting and, hence, injective, on ThFam(®&). Thus, it suffices to
show that it is onto ThFam(®').

Suppose T' € ThFam(®). Set A = F/Q(T') and let (I,7) : F - A be
the quotient morphism. Then, since Q& (T') < Q(T'), we get, by the defi-
nition of AlgSys(®) and the hypothesis, A € AlgSys(®) = AlgSys(®’). By
the compatibility of Q(T') with T, we get that T/Q(T) € FiFam®(A) and
Y (T/Q(T)) = T. By hypothesis, pA*(T/QUT)) € FiFam® (A), whence
7 (pM(T/UT))) € ThFam(&’). On the other hand, we have

pi(T) = p"(n (T /QUT))) = 7~ (o™ (T/UT))).

Hence, we obtain p*(T') € ThFam(®&’).

Finally, consider T' € ThFam(®’). Set B = F/Q(T") € AlgSys(&’) =
AlgSys(®) and let (I,7') : F — B be the quotient morphism. Then we have
T'/Q(T") € FiFam® (B) and, by compatibility, =~(T"/Q(T")) = T'. By
hypothesis, there exists T' € FiFam®(B), such that T'/Q(T") = p5*(T). On
the other hand, 7'~!(T") € ThFam(®) and

pH(rH(T)) =7 (pP(T)) =7 (T JUT)) = T".

thus, p* maps ThFam(®) onto ThFam(®’) and, hence, it is an order iso-
morphism from ThFam(®) onto ThFam(®’). Therefore, ' = X and &' is
equivalent to &. ]

Directly from Theorem 1941, we get the following
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Corollary 1943 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is Hilberti-
zable if and only if there exist a tr-{(0,1)}-transformation 7 and a {(0,1)}-
tr-transformation p, such that, for all A € AlgSys(®):

(1) p? : FiFam®(A) — SenFam(A) is injective on FiFam®(A);

(2) For all ¥ € |Sign| and all ¢ € Seqi(A),

P2 (GO (@) = GE([8)),

where G' is the closure system on A induced by p**(FiFam®(A)).

Proof: This is a special case of Theorem 1941. [ ]

Specializing further, we get the following result characterizing simple
Hilbertizability.

Corollary 1944 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen w-institution of trace tr based on F. & is simply

Hilbertizable if and only if there exists a tr-{(0,1)}-transformation T, such
that:

(1) For all A€ AlgSys(®) and all T,T' € FiFam®(A),

Tn>A=T'n> A implies T =T

(2) For all ¥ € |Sign| and all ¢ € Seqs(A),

GoA(P)n> A={> T : 7 [@] € Tx, T € FiFam®(A)}.

Proof: It suffices to see that Conditions (1) and (2) in the statement reflect
exactly Conditions (1) and (2) in the statement of Corollary 1943, where the
role of p is assumed by the special {(0, 1) }-tr-transformation p°. [ ]

Finally, we obtain a characterization of those algebraic Gentzen m-ins-
titutions, i.e., Gentzen m-institutions associated with guasivarieties of alge-
braic systems, which are equivalent to some Hilbert m-institution.

Corollary 1945 Let F = (Sign’,SEN’, N*) be an algebraic system and K
a guasivariety of F-algebraic systems. &K = (F,GK) is Hilbertizable if and
only if there exists a {(1,1)}-{(0, 1) }-transformation 7 and a {(0,1)}-{(1,1)}-
transformation p, such that, for all A€ K:

(1) p? : ConSys*(A) - SenFam(A4) is injective on ConSys"(A);
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(2) For all ¥ €|Sign| and all ¢, € SEN(X),

ps (0" A (o~ ) = G713 (5 0]),
where G is the closure system on A induced by pA*(ConSys"(A)).

Proof: This is again a specialization of Theorem 1941 for & = &K, where
we take into account the facts FiFam®" (A) = ConSys¥(A), AlgSys(®K) = K
and, for all 3 € |Sign| and all ¢,¢ € SEN(X), we have, under appropriate
identifications, G®A(¢p >y 1)) = OKA(¢ ~ 1)). u

26.7 Protoalgebraicity

We now start a relatively brief tour of analogs of some of the classes in
the algebraic hierarchy of m-institutions that were introduced in the earlier
chapters of this work, as adapted and generalized for Gentzen m-institutions.
Even though we revisit and recast only very few of the classes considered
previously for w-institutions, the observant reader would realize that all other
classes have similarly adapted analogs that have analogous properties.

In this section, we define protoalgebraic and syntactically protoalgebraic
Gentzen m-institutions and study some of their properties. In the following
section, we shall take a look at order algebraizable Gentzen w-institutions,
which parallel the order algebraizable m-institutions of Chapter 25. In the
last section, we look at completely reflective and truth equational Gentzen
m-institutions.

We look, first, at some properties of the Leibniz operator, whose analogs
for m-institutions have been established in Chapter 2.

Lemma 1946 Let F = (Sign’, SEN’, N*) be an algebraic system, A = (Sign,
SEN, N), B = (Sign’, SEN’, N’} be N*-algebraic systems and (H,7v): A - B
a morphism. For every trace tr and all T < Seq™ (B),

(a) yH(QB(T)) < QA (v I(T));
(b) v HQB(T)) = QA (v N(T)), if (H,~) is surjective.
Proof:

(a) It is straightforward to check that 4v~1(QB(T)) is a congruence system
on A compatible with v~1(T"). Hence, by the maximality property of
QA (-(T)), we get that 1~ (QB(T)) < A (17 (T)).

(b) Suppose, now, that (H,v) is surjective and let X € |Sign|, ¢,1 €
SEN(X), such that (¢, ) € Q2 (y'(T')). Then, by Lemma 1932, we get
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that, for all (m,n) e tr, all 5 = (0°,...,0™ 1), and all 7 = (7°,... 77°1)
in N*, all 3/ € |Sign|, all f € Sign(%,>’) and all x € SEN(X'),

33 (SEN(f)(9), X) by 75 (SEN(f)(¢), X) € 75} (Tr(s))
iff 68 (SEN(f) (1), X) bxr 75 (SEN(£)(¥),X) € v (Trs))-

Equivalently,

e (68 (SEN(f)(6),X) bxr FE(SEN(f)(¢), X)) € T
iff e (68 (SEN(f)(¥),X) b T3 (SEN(f)(¥), X)) € Trsry.-

This holds if and only if, by the morphism property,

sy (7 (SEN(f) (), 7 (X))
PH(s) ?E(E,)(vy(SEN(f)(qS)),72,(92)) €Ty
iff 63 ) (7 (SEN() (1)), 75 (X))
D) Thesy (7 (SEN() (), 75 (X)) € Ty

Equivalently, by the naturality of -,

UH(zf)(SEN,(H(f))(Wz(@) Y57 (X))
>r(sr) Thon (SEN'(H () (75(¢)), 75 (X)) € Ty
iff UH(zf)(SEN,(H(f))(Wz(?/)))a72'(92))
>r(s) Ty (SEN'(H(£)) (7=(¥)), 72 (X)) € Trcsry.-

Hence, taking into account the sur3ect1v1ty of (H,~), by Lemma 1932,
we get (15(0),75()) € DB (1), ie., 1n(QA((T))) € QB (T).

We conclude that QA(y1(T)) <~ 1(QB(T))
[

Let F = (Sign’,SEN’, N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen m-institution based on F.

e We say & is protoalgebraic if the Leibniz operator €2 : ThFam(®) —
ConSys(F) is monotone on ThFam(®&);

e We say 6 is syntactlcally protoalgebraic if, for all (m,n) € tr, there
exists 107) : (SEN”) > Uy, pyetr (SEN" )5+ in N* with (m+n)+(m+n)
dlstlngmshed arguments, such that, for all T' € ThFam(®), all ¥ €
|Sign’| and all ¢, 1) € Seq™ (F) of trace (m,n),

(p,9) € Qs(T) iff II"[p,9p] < Ts.

In this case the collection I = {I(™™) : (m,n) € tr} is called a collection
of witnessing transformations of the syntactic protoalgebraicity of

&.
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We give an alternative characterization of syntactic protoalgebraicity that
comes handy in what follows.

Let F = (Sign’,SEN’, N*) be an algebraic system and tr a trace. Given
(m,n) € tr, we say that a collection I : (SEN")* — (SEN")* of natural trans-
formations in N*, with (m+n)+(m+n) distinguished variables is (pairwise)
permutable if and only if, for all ¥ € [Sign’|, all ¢,1) € SEN*(X) and all
{i1, .- imen}y ={0,....,m+n—1},

]E[¢i17 cee 7¢im+n7wi17 s 77~pim+n] = IE[¢07 cee 7¢(m+n)—17w07 s 7¢(n+m)—l]-

When we want to refer to an arbitrary pairwise permutation of two sequences
qb w of the same length as above, we write ¢’T w“ the meaning being that b, w
have the same length and that in gb’r @D’r their elements have been permuted
both by applying the same arbitrary permutation .

Theorem 1947 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution based on F. & is syntactically pro-
toalgebraic if and only if, for all (m,n) € tr, there exists [mn) : (SEN")» —
Utk.yere (SEND )R in N*, with (m +n) + (m + n) distinguished arguments,
which is permutable, such that, for all T € ThFam(®), all ¥ € [Sign’| and all
¢,9, X € SEN’(),

(0.0) € Qu(T) iff I [(6,7), (¥, X)] € Ts.

Proof: Suppose, first, that & is syntactically protoalgebraic, with witnessing
transformations I = {I{™") : (m ,n) € tr}. For all (m,n) € tr, we symmetrize
I(mn) by defining I(m™) in N*, with (m+n)+(m+n) distinguished arguments,
by setting, for all 3 € |Sign’| and all ¢, € Seqi (F) of trace (m,n),

) (&, Y] U{[mn @™, 1" ]: m a permutation}.

Then, we have, for all T € ThFam(®), all ¥ € |Sign’| and ¢, 1) € Seqi:(F) of
the same trace (m,n),

IS G, p)e Ty it (§,99) € Ou(T)
iff (@™, ") € Qx(T), for all =
it 10" [¢. 9] <5 Ts.
Therefore, we obtain, for all T' € ThFam(®), all ¥ ¢ |Sign’| and all ¢,1, Y €
SEN"(%),

(6.0) € 2(T) Ml 1" [(6.0). (0. D] € T
iff 15[, X), (4. X)) € T

Suppose, conversely, that there exists a permutable I = {I{™™) : (m, n) €
tr} that satisfies the condition in the statement of the theorem. Define a
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collection I = {I{mn) : (m,n) e tr} in N* having (m+n)+(m+n) distinguished
arguments by setting, for all ¥ e |Sign’| and all ¢, € Seq¥(F) of trace
(m,n),
Is[g. ) = U [(69) ™ ()] i <+~ 1),
where
(@) = (o, ..., Di-1,Vir s Vin-1)-

Then we have, for all T' € ThFam(®), all ¥ € [Sign’| and all ¢, € Seql (F)
of trace (m,n),

<¢71/)>€Qg(T) iff <¢27¢2)EQE(T)7 i<m+n—1,
i T [ (dap) (pab)T] € T, i<m+n—1,
iff [0, ap] € T,

Therefore, & is syntactically protoalgebraic with witnessing transformations
I. m

Before embarking on a characterization of the exact relationship between
syntactic protoalgebraicity and protoalgebraicity, we look at some proper-
ties related to notions that have been studied in this chapter, namely, the
algebraic counterpart of a Gentzen w-institution and equivalence between
Gentzen m-institutions.

The first property states that it suffices to check monotonicity of the
Leibniz operator only on the filter families of algebraic systems belonging to
the algebraic counterpart.

Lemma 1948 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen mw-institution of trace tr based on F. If, for all
A= (A, (F,a)) e AlgSys(®), QA is monotone, then & is protoalgebraic.

Proof: Suppose that Q4 is monotone, for all A € AlgSys(®) and let T',T" €
ThFam(®), such that T < T'. Then, by the monotonicity of the Suszko
operator, Q&F(T) < Q&F(T"). Thus, the congruence system Q&7 (T) is
compatible with both T and T”. Hence, both T/Q®F (T and T"/Q®7 (T)
are ®-filter families of F/Q®F(T'), such that T/Q&F(T) < T'/Q®F (T). By
hypothesis, since F/Q&7 (T') e AlgSys(®),

Qf/ﬁﬁf(T)(T/ﬁeﬁ,f(T)) < Q]—'/ﬁ""f(T)(T//ﬁ@,}'(T)).

Thus, applying the inverse of the quotient morphism (I,7) : F - F/Q&F (T),
we get that

T (QTIETIO(T QST (T))) < 771 Q72T (T [G0(T))),
whence, by Lemma 1946,
Qr N (T/Q°7(T))) < Qx(T'[Q°7(T))).
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Thus, since Q& (T') is compatible with both T' and T, we get that Q(T') <
Q(T"). Therefore, & is protoalgebraic. |

Now we prove that protoalgebraicity is preserved under equivalence.

Theorem 1949 Let F = (Sign’,SEN’, N*) be an algebraic system, tr, tr’
traces and & = (F,G), &' = (F,G') Gentzen m-institutions of traces tr, tr’,
respectively, based on F. If & and &' are equivalent, then & s protoalgebraic
if and only if &' is also.

Proof: Suppose ® and &’ are equivalent via the conjugate pair (7,p) : & 2
&’ and that &’ is protoalgebraic. Let T, T" € ThFam(®), such that T' <T".
Then, by Theorem 1917, p*(T') < p*(T"). Thus, by hypothesis, Q(p*(T)) <
Q(p*(T")). Hence, by Proposition 1934, Q(T') < Q(T"). Therefore, & is also
protoalgebraic. The converse follows by the symmetry of equivalence. ]

Finally, it is shown that the same applies to syntactic protoalgebraicity,
i.e., if two Gentzen w-institutions are equivalent, then one is syntactically
protoalgebraic if and only if the other is also.

Theorem 1950 Let F = (Sign’,SEN’, N*) be an algebraic system, tr, tr’
traces and & = (F,G), &' = (F,G') Gentzen m-institutions of traces tr, tr’,
respectively, based on ¥. If & and &' are equivalent, then & is syntactically
protoalgebraic if and only if & is also.

Proof: Suppose that & and &’ are equivalent via a conjugate pair (7,p) :
® 2 6’ and that &’ is syntactically protoalgebraic, with witnessing trans-
formations I := {I™™ : (m,n) € tr'}. Then, for all T' € ThFam(®&), all
Y € |Sign’| and all ¢, 1) € Seqi(F), we get, setting, according to Theorem

1917, T € ThFam(@&’) be such that T (ﬂ_: T', and taking into account Theo-
rem 1956, '

(,9) € Qu(T) i (@, 9) e Qs(p*(T))
ift (@, 9) € Qs(T")
iff E[(@X)a(%ﬂ@] gT,Evi<m+n7
iff E[(sz,i()v@#zui)] ET;(T),i<m+n,
it m[Is[{Ps, X), (¥i, X)]] € Ts,i <m+n.

~> =~

Therefore, (7o I ) witnesses the syntactic protoalgebraicity of &. The con-
verse follows by the symmetry of equivalence. ]

It is relatively easy to see that, if a Gentzen m-institution & is syntactically
protoalgebraic, then it is protoalgebraic.

Theorem 1951 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is
syntactically protoalgebraic, then it is protoalgebraic.
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Proof: Suppose & is syntactically protoalgebraic, with witnessing transfor-
mations [ = {I(™") : (m,n) e tr} in N* and let T, T' € ThFam(®), such that
T < T'. Then, for all ¥ € [Sign’| and all ¢, € Seq(F) of the same trace
(m,n), we have

(p.p)eQu(T) iff [¢71/J] Ty
implies I [qb,z/;] c TS
iff (d) ¥) € Qu(T).

Hence Q(T') < Q(T") and & is protoalgebraic. [

Let F = (Sign’,SEN’, N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen 7-institution of trace tr based on F. The reflexive core
R® of & is the collection

R® = {R®{m™) : (m, n) e tr},
where, for all {(m,n) € tr, R®{m") consists of all natural transformations

p: (SEN")® > Uy yetr (SEN")F in N* with (m +n) + (m +n) distinguished
arguments that satisfy:

1. For all ¥ € |Sign’| and all ¢, ¥ € SEN*(),

2. For all ¥, % ¢ |Sign’|, all f € Sign’(X,%’) and all ¢, v € Seqi(F) of
trace (m,n),

ps[SEN'(£)(),SEN"(f)(¥)] € G5 (ps[,4]).

Using the notation in the proof of Theorem 1956, we observe that, R® ¢
R® and that R® c R%:

e If pe R®, then, for
os(¢, 4, X) = p=(o", 9", X),
we get ox[@, @] = po[@”, "] ¢ Thmy(8);
e If pe R®, then, for
o5(#,9,X) = pu((99)™, ($9)',X),

we get ox[@, @] = ps[@P, @] € Thmy(S).

If a Gentzen rw-institution @& of trace tr is syntactically protoalgebraic
with witnessing transformations I, then I{mn) ¢ R®:{m.n) for all (m,n) € tr.
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Lemma 1952 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on ¥. If & is syn-
tactically protoalgebraic with witnessing transformations I = {I(™™) : (m,n) €
tr}, then I ¢ R®.

Proof: Suppose that & is syntactically protoalgebraic, with witnessing trans-
formations 1.

e Since, for all ¥ € |Sign’| and all ¢ € Seq(F), (¢, ¢) € Qs (Thm(®)),
we get that Is[¢, @] € Thmy(8).

e If, for some T € ThFam(®), ¥ € [Sign’| and ¢, € Seqy:(F), we have
Is[@,] € T, then we get (P, 1) € Qx(T'), whence, since Q(T) is a
congruence system on F, for all ¥’ € |Sign’| and all f € Sign’(Z, %),
we get (SEN"(f)(¢),SEN’(f)(v)) € Qx/(T), showing that

I/ [SEN'(f)(9), SEN"(f)(¥)] ¢ T's.

Thus, by definition of R®, we get that I ¢ R®. [

Another important property of syntactic protoalgebraicity is that it guar-
antees that the reflexive core of & possesses a modus ponens property in &.

Theorem 1953 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is
syntactically protoalgebraic, then, for all ¥ € |Sign’| and all ¢, € Seq:(F)
of the same trace,

77[) € GZ(¢> Rg[¢>¢])

Proof: Suppose & is syntactically protoalgebraic, with witnessing transfor-
mations I and let T € ThFam(®), ¥ ¢ |Sign’| and ¢, € Seq(F), such
that ¢ € Ty, and RE[¢,9] ¢ T's. Then, by Lemma 1952, we get ¢ € T’y
and Ix[¢,v] ¢ T, that is, by syntactic protoalgebraicity, ¢ € Ty, and
(¢, 1) € Qx(T). Therefore, by compatibility, we get ¢ € Ty, showing that

Y e Gx(¢, RR[9,9]). =

Conversely, if the reflexive core R® of a Gentzen w-institution & has the
modus ponens property in &, then & is syntactically protoalgebraic, with
witnessing transformations R®. First, a lemma of a technical nature. For a
Gentzen m-institution & and T' € ThFam(®), we set

R® (T) = {RS(T)}EqSignm
where, for all ¥ € [Sign’|,
RE(T) = {{¢,v) € SEN'() : (VX € SEN'(2))(RE[{#, X), (. X)] € T's)}.

Of course, by the symmetry of the transformations in N°*, in this definition,
¢ and 1 may appear, equivalently, in any position of the sequents on the
right, as long as they appear in the same position in both of the first sequent
arguments of R®.
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Lemma 1954 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If, for all
Y € |Sign’| and all ¢, € Seq(F) of the same trace,

P e Ge(¢, R2[$,4]),

the R®(T) is a congruence family on F compatible with T.

Proof: We start by showing that RE(T') is an equivalence family on F.
e By the definition of R®, we get, for all ¢,y € SEN"(X),
RE[(¢,X), (¢, X)] € Thmg (&) € Tx.
Thus, (¢, ¢) € RE(T) and RE(T) is reflexive.
e Suppose (¢,1) € RE(T). Then, for all ¥ € SEN’(X), we have
R2[(6,X), (¥, X)] € Ts.
But then, by the definition of R® and the symmetry of N* we get
RE[(¥,X), (¢, V)] € RE[{¢,X). (¥, X)] € Ts.
Therefore, (¢, ¢) € RE(T') and RE(T) is also symmetric.

e Suppose, now, that (¢,1), (1, x) € Re(T). Thus, we get, for all x €
SEN(Y),

R2[{6,X), (¢, X)] € Tx and RR[(¥, X), (x, X)] € T

By hypothesis, we have, for all p € R® and all £ e SEN*(X),

pZ((¢>>€>?<X?)€)>§)EGE(pE(<¢> )_2( >€)a
RE[ps ({6, X), (¢, X)), o ({6, (x.
€ Gs(RE[{¢, X), (¥, X)), RR[(+, X), (x, X)]
CGy(Tx)=Ts.

X).6)])
)

Therefore, RE[(¢,X),{x,X)] € Ts, showing that (¢, x) € R2(T') and,
hence, RE(T) is also transitive.

We show, next, that R®(T") is a congruence family. Let o be in N*, b, €
SEN’(X), such that, for all i < k, {¢;, ;) € RE(T). Then, for all i < k and all
v € SEN'(2), RE[(¢:, %), (i, V)] € T's. But, then, for all i < k,

RE[(os((0)*1),X), (o= ((61)"), X)] € R&[(¢:, X), (i, X)] € T,
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ie., (on((¢)*1),05((d1))?)) € RE(T). Since this holds for all i < k, we
get by the transitivity of R®(T') proven above, that (o5 (), 05 (%)) € RE(T)
and, therefore, R®(T) is also a congruence family.

Finally, R®(T') is a congruence system by the definition of R®. Com-
patibility of R®(T') with T is also readily obtainable by the hypothesis,
since (¢,v) € RE(T) implies RE[¢p, 4] ¢ Ts. Therefore, if ¢ € T5 and
(p,1p) € RA(T), we get

Y € Gs(p, R3[b,9]) € G(Ts) =T
Hence, R®(T) is a congruence system on F compatible with T. |
Now we are ready for the promised theorem.
Theorem 1955 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace

and & = (F,G) a Gentzen m-institution of trace tr based on F. If, for all
Y € |Sign’| and all ¢, € Seq:(F) of the same trace,

77[) € GZ(¢7 Rg[¢7¢])7

then & s syntactically protoalgebraic, with witnessing transformations R®.

Proof: Suppose that R® satisfies the displayed condition. We must show
that, for all T € ThFam(®), all ¥ € |Sign’| and all ¢, 1) € Seq(F),

(.)€ Qu(T) iff RY[¢,p] Ty

Suppose, first, that (¢, 1) € Qs (T"). Then,, since Q(T') is a congruence
system on F, we get, for all p € R® and all ¥ € SEN"(X),

<p2(¢7 ¢7>2)7p2(¢7¢7>2)> € QE(T)

Moreover, RE[¢, ¢] € Thmy (&) € T's;, by the definition of the reflexive core.
Therefore, by the compatibility of Q(T'), with T', we get that, for all p € R®
and all ¥ € SEN'(X), ps(¢, 9, X) € Ts. We conclude that RE[¢, ] c T's.
Assume, conversely, that R[¢, 1] ¢ Tx. Since, by Lemma 1954, R®(T)
is a congruence system on F compatible with T', we get, by the maximality of
Q(T), that R®(T') < Q(T'). But the hypothesis implies that (¢, 1) € RE(T).
Therefore, we conclude that (¢, 1) € Qs (T). m

We now have a characterization of syntactic protoalgebraicity in terms
of the property of modus ponens of the reflexive core R® of the Gentzen
m-institution &.

& is syntactically protoalgebraic «— R® has the MP.

Theorem 1956 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is syntac-
tically protoalgebraic if and only if R® has the modus ponens in &.
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Proof: Theorem 1953 gives the “only if” and the “if” is by Theorem 1955.
[ ]

As a corollary, we obtain

Corollary 1957 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on ¥. If & is syn-
tactically protoalgebraic with witnessing transformations I = {I™™) : (m,n) €

tr}, then, for all ¥ € [Sign’| and all ¢, € Seqs(F) of trace (m,n),
G (R [¢.4]) = Gu(1"[6.9)).

Proof: If & is syntactically protoalgebraic, with witnessing transformations
I, then, by Theorems 1956 and 1955, both I and R® are families of witnessing
transformations for the syntactic protoalgebraicity of &. Therefore, for all
T ¢ ThFam(®), all ¥ € [Sign’| and all ¢, € Seqis(F) of trace (m,n),

RS [ ) c Ty iff (b,9) € Qs(T)
iff 18", ab] € Ts..

Therefore, GE(RS’W’")M), P]) = Gz(lé’”’")[cb, p]). u

We get relatively easily another related characterization of syntactic pro-
toalgberaicity.

& is syntactically protoalgebraic
< R® Defines Leibniz Congruence Systems.

Theorem 1958 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is syntac-
tically protoalgebraic if and only if, for every T € ThFam(®),

Q(T) = R®(T).

Proof: If & is syntactically protoalgebraic, then, by Theorems 1956 and
1955, R® constitutes a collection of witnessing transformations, whence, for
every T € ThFam(®) Q(T) = R®(T) = R®(T).

The converse follows by the definition of syntactic protoalgberaicity, since,
in that case, R® = R® forms a collection of witnessing transformations. m

We finally show that the property that separates protoalgebraicity from
syntactic protoalgebraicity is the compatibility property with respect to the
theory family generated by the reflexive core.

Let F = (Sign’,SEN’, N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen m-institution of trace tr based on F. We say that the
reflexive core R is Leibniz if, for all T € ThFam(®), all ¥ € |Sign’| and all
¢, % € Seq (F),

¢ Os(G(RE[H,])) v.

This property is weaker than R® having the modus ponens, i.e., if R®
has the modus ponens, then it is Leibniz.
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Proposition 1959 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. If R®
has the modus ponens, then it is Leibniz.

Proof: If R® has the modus ponens, then, by Theorem 1956, we get, for all
T e ThFam(®), all ¥ € |Sign’| and all ¢, 1) € Seqi(F) of trace {m,n) e tr,

¢ Qs(T) +p iff RE[¢,p]cTs.
Therefore, for all ¥ ¢ |Sign’| and all ¢, € Seq¥(F), by considering, in
particular, T = G(RE[¢,1]), and taking into account that

Rg[d)u ‘b] < GZ(RS[Q,)? w])u
we get that ¢ Qs (G(RE[¢,v])) 9. Thus, R® is Leibniz. ]

In the opposite direction, in a protoalgebraic Gentzen w-institution &, if
the reflexive core R® is Leibniz, then it has the modus ponens in &.

Proposition 1960 Let F = (Sign’, SEN", N*) be an algebraic system, tr a
trace and & = (F,G) a protoalgebraic Gentzen m-institution of trace tr based
on F. If R® is Leibniz, then it has the modus ponens in &.

Proof: Suppose that & is protoalgebraic and that R® is Leibniz. Let T ¢
ThFam(®), ¥ € [Sign’| and ¢, € Seql(F) of trace (m,n) € tr, such that
¢ €Ty and R2[¢,9] € T's. Since R® is Leibniz, we have

¢ Qs(G(RS[, )

whence, since & is protoalgebraic and RE[¢, 9] ¢ T's;, we get ¢ Qs (T') .
Therefore, since ¢ € T's;, we get, by the compatibility of Q(T") with T, that
1 € Tx,. We conclude that R® has the modus ponens in . ]

We now show that a Gentzen m-institution is syntactically protoalgebraic
if and only if it is protoalgebraic and it has a Leibniz reflexive core.

Syntactic Protoalgebraicity = R® has the Modus Ponens
= R% Defines Leibniz Congruence Systems
= Protoalgebraicity + R® Leibniz

Theorem 1961 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on ¥. T is syntac-
tically protoalgebraic if and only if it is protoalgebraic and has a Leibniz
reflexive core.

Proof: Suppose, first, that & is syntactically protoalgebraic. Then it is
protoalgebraic by Theorem 1951. Moreover, its reflexive core has the modus
ponens by Theorem 1953 and, hence, by Proposition 1959, its reflexive core
is Leibniz.

Suppose, conversely, that & is protoalgebraic with a Leibniz reflexive
core. Then, by Proposition 1960, its reflexive core has the modus ponens
and, therefore, by Theorem 1956, & is syntactically protoalgebraic. ]
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26.8 Order Algebraizability

Let F = (Sign’, SEN’, N*) be an algebraic system and K a class of F-algebraic
posystems. Recall the inequational w-institution ZK = (F,CK) associated
with the class K, i.e., in which, for all ¥ € |Sign’| and all Tu{¢ < 1)} € Ing(F),

< e CK(I) iff for all (4,<)eK, Y €|Sign’|, f € Sign’(%,%),
Oézy(SENb(f)(I)) c SF(E’) implies
as (SEN"(f)(9)) <rery asy (SEN'(f)(¥)).

To ZK we associate the Gentzen m-institution &K = (F, GK) of trace {(1,1)}
defined by setting, for all ¥ € [Sign’| and all {¢;,v; i € IYu{p, ¥} € SEN* (D),

¢>Z¢EG§({¢iDZ¢i3iEI}) iff ¢$¢EC§({¢i$¢i:i€]})-

We call X the inequational Gentzen 7-institution associated with K.
It turns out that, for every class K of F-algebraic posystems, the associ-
ated inequational Gentzen m-institution BX is syntactically protoalgebraic.

Theorem 1962 Let F = (Sign’, SEN’, N*) be an algebraic system and K a
class of F-algebraic posystems. Then &K = (F,GK) is syntactically protoal-
gebraic.

Proof: Consider I = {I{t:D}, where I{11) : (SEN")* — (SEN’)2 is given, for
all ¥ € [Sign’| and all ¢,,¢', 1)’ € SEN’(X), by
I (0,0), (¢, 0N = {dps ¢, @' on g Yondf, ¢ by 0},
Then, we have, for all T € ThFam(&X, all ¥ e |Sign’| and all ¢ by ¢ €
S {(171} F
qu} ( )7

<¢> Cb’), <¢7¢’> € QE(T) iff {¢ >y ¢’a Cb' >y ¢a ’QD >y ,lvbla 'l/), >y ’QD} c TE
ift I8¢ v, ¢/ oy ¥] € T,

Therefore, ®X is syntactically protoalgebraic, with witnessing transforma-
tions I. [ |

Note, also, how I{L1) satisfies the modus ponens property in &X, i.e., for
all ¥ ¢ |Sign’| and all ¢, v, ¢', 1" € SEN’(X),

¢ by U € GE(p oy, I ooy ¢, ¢ by ¢]).

We now show that, if the class K happens to be an order guasivariety of
F-algebraic posystems, then the Leibniz reduced &X-matrix families coincide
with the class K.

Proposition 1963 Let F = (Sign’, SEN’, N*) be an algebraic system and K
an ordered guasivariety of F-algebraic posystems. Then MatFam™(6X) = K.
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Proof: Suppose (A,<) € K and let X € [Sign| ¢,% € SEN(X), such that
(¢,9) € QF(<). Since ¢ <5 ¢, we get, by compatibility of QA(<) with <,
that ¢ <y ¥ and ¥ <5 ¢. Thus, since < is a posystem on A and, therefore,
antisymmetric, we get that ¢ = 1. Hence, QA(<) = A4, We conclude that
(A, <) e MatFam™(®X). Thus, K ¢ MatFam”*(&K).

Suppose, conversely, that (A,<) € MatFam*(&X). Then QA(<) = AA
Since K is a class of F-algebraic posystems, we get that, for all o, 7 in N, all
¥, 37 € |Sign|, all f € |Sign(3,%’) and all ¢, 1, y € SEN(X'),

af (SEN'(£)(¥),X) <sv TA(SEN"(£) (%), %)
€ GXA(6 < 1,0 <5 6,08 (SEN"(£)(#), X) <sv TA(SEN'(£)(9), 7))

Therefore, if ¢ <x 1 and ¥ <5, ¢, then we get that (¢,1)) € Qé;“(s) = A&, ie.,
that ¢ = 1. Therefore, < is antisymmetric, i.e., (A4,<) € GO>*M(K) = K. We
conclude that MatFam* (&) c K. n

Let F = (Sign’,SEN’, N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen 7-institution of trace tr based on F. & is order alge-
braizable if it is equivalent to the inequational Gentzen w-institution X
associated with some class K of F-algebraic posystems.

Order algebraizability implies protoalgebraicity.

Proposition 1964 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is
order algebraizable, then it is protoalgebraic.

Proof: Suppose that & is equivalent to &X, for some class K of F-algebraic
posystems. Then, since, by Theorem 1962, &K is syntactically protoalgebraic,
it is, by Theorem 1951, protoalgebraic. Therefore, by Theorem 1949, & is
protoalgebraic as well. ]

The following result provides a characterization of order algebraizability.

Theorem 1965 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is order
algebraizable if and only if there exist a tr-{(1,1)}-transformation T and an
{(1,1)}-tr-transformation p, such that, for all 0,0 in N*, all ¥, %' € |Sign’|,
all f e Sign’(2,%), all ¢,1,x € SEN'(X), all ¥ € SEN*(X), all {¢;,v; :i €
I} € SEN'(X), and all ¢ € Seqt:(F):

(1) ps[¢,¢] € Thmg(&);
(2) pslo,x] € Gs(ps[o, ], pl, x]);

(3) pslos(¥,X), 08¢, X)]
< Gx(pslo,¥], psl, 0], pslos(9,X), 05 (0,X)]);
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(4) ps[é,9] € Gs(Uier ps(i,s]) implies
psy[SEN'(f)(9), SEN’(¢)] € G (U s [SEN" () (1), SEN"(f) (v:)]);

iel

(5) Gz(@) = Gs(ps[ts[d]]).

Proof: Suppose, first, that & is order algebraizable. Then there exist 7
and p as postulated and a class K of F-algebraic posystems, such that &
is equivalent to &K via the conjugate pair (7,p) : & 2 &K, Since, for all
Y e [Sign’| and all ¢ € SEN*(X), ¢ by ¢ € Thmy(BK), we get that px[¢, ¢] €
Thmy(®). So Condition (1) holds. Since, for all ¥ € |Sign’| and all ¢,1), x €
SEN’ (), ¢ by x € GK(¢ > 9,1 by ), we get that

ps[o.x] € Gs(ps[o. 9], ps[¥, x])-

Hence, Condition (2) is also satisfied. If, for some (A, <) € K, we have, for
some Y. € [Sign| and some ¢, 1 € SEN(X), ¢ <x ¢ and 9 <g ¢, then, since K
is a class of F-algebraic posystems, we get that ¢ = 1. Hence, it follows that,
if, for 0,0’ in N*, and ¥ € SEN(X), 0¢1(¢, X) <s 0%4(9, X), then, we will also
have (1, X) <s 0¥'(¢, ¥). In other words, we get that, for all 0,0’ in N?,
all ¥ ¢ |Sign’|, and all ¢,4, ¥ € SEN"(X),

o5 (¥, X) b 05 (10, V) € GE (¢ s ¥, Y by ¢,05(8, X) s 0% (9, V).

Again, by applying p we get that Condition (3) holds. Suppose, now, that
for some ¥ e [Sign’| and {¢;,1; : i € I} u{p, v} € SEN(X), ps[o,¥] <
Gs(Uier ps[@i,%i]). Then, we get ¢ by 1 € GK({¢; >x 1; = i € I'}). Therefore,
since &K is structural, for all ¥’ € [Sign’| and all f € Sign’(%, %),

SEN'(f)(¢ ox ) € GG ({SEN'(f) (¢ bx 1) i € I}).

By applying p again, we get that Condition (4) holds. Finally, Condition (5)
holds directly by the definition of equivalence.

Assume, conversely, that p and 7, as postulated in the statement, exist
and that they satisfy Conditions (1)-(5). Define &’ = (F,G’) of trace {(1,1)}
by setting, for all ¥’ € [Sign’| and all {¢;, ;13 € I} u{¢,1p} € SEN' (),

o5 veGh({divs biziel)) i ps[o.v] € GuUlpsloni] ie I}).

Then, by the fact that & is a Gentzen 7-institution and Property (4), we
get that @&’ is also a Gentzen m-institution. Moreover, by its definition and
Condition (5), taking into account Lemma 1916, (7, p) : & 2 &' is an equiva-
lence. Thus, it suffices to show that &’ = BX, for some class K of F-algebraic
posystems. For this, in turn, it suffices, by Theorem 1938, to show that
MatFam®" (&) is a class of F-algebraic posystems.
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Note, first, that I = {I(LD} | defined by setting, for all ¥ € [Sign’| and all
6,9, ¢', 9" € SEN"(X),

IS [{0,0) 40" )] = (oo & ¢ px 6, dos 0, W ox )

is a subset of R®, which, by Condition (2) and the definition of &’ satisfies
the Modus Ponens in &’. Therefore, by Theorem 1955, &’ is syntactically
protoalgebraic and, hence, by Theorem 1951, it is protoalgebraic. Thus, by
Lemma 1936, the Leibniz and the Suszko operator coincide. Moreover, by
Conditions (1) and (2) and the definition of &’, for all (A, <) € MatFam(®'),
the relation family < is reflexive and transitive. Also, by Condition (3) and
the definition of &', we get that, for all (4, <) e MatFam(®’), all 0,0’ in N*,
all ¥ € |Sign| and all ¢,v, x € SEN(X),

¢ <s ¥, ¥ < ¢, 08 (¢, V) <s 08 (¢, X) imply o (¥, ¥) <s 0¥ (¥, X).

We finish the proof by showing that, for all (A4, <) e MatFam®"(&'), < is also
antisymmetric. To this end, let ¥ € |Sign|, ¢,1 € SEN(X), such that ¢ <y 9
and 1 <5, ¢. Then, by Property (4) and the definition of &', we get that, for
all X' € |Sign| and all f € Sign(%, %),

SEN(f)(¢) < SEN(f)(¢) and SEN(f)(¢) <z SEN(f)(¢).

Then, by what was shown above, we have, for all o,0’ in N* and all y ¢
SEN(X),

iff o3, (SEN(f)(¥), X) <= o (SEN(f)(¥), X).

Therefore, by Corollary 1933, we get (¢,1) € Qf(<) = Qg/’A(S) = Ag. We
conclude that (A, <) is indeed an F-algebraic posystem. Hence, &’ is an
inequational Gentzen 7-institution associated with the class MatFam®*(&’)
of F-algebraic posystems and, as a consequence, the Gentzen m-institution
& is indeed order algebraizable. [ ]

Specializing Theorem 1965 to the case of Hilbert m-institutions, we get

Corollary 1966 Let F = (Sign’, SEN’, N*) be an algebraic system and $ =
(F, H) a Hilbert m-institution based on F. $) is order algebraizable if and only
if there exist a {(0,1)}-{(1,1)}-transformation 7 and an {(1,1)}-{(0,1)}-
transformation p, such that, for all 0,0’ in N*, all $,% € [Sign’|, all f €
Sign’ (%, %), all ¢,1,x € SEN'(X) all ¥ € SEN’ () and all {¢;,1;:iel}C
SEN"(2):

(1) psl¢,¢] € Thmy($);
(2) pslo,x] € Hs(psld,¥], psl¥), X1);
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(3) pslos(¥,X),05(¥, X)]
€ Hy(pslo, V], p[v, 0], pslos(9,X), 0%(6,X)]);

(4) ps[é,] € Hy(Uier psl @i, 1i]) implies
psr[SEN"(£)(),SEN’ ()] € Hyr (I psr [SEN"(£)(:), SEN"(f)(¢3)]);

(5) Hs(px ¢) = He(ps[1s[4]]).

Proof: Directly from Theorem 1965. [ ]

Let F = (Sign’,SEN’, N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen m-institution of trace tr based on F. & is simply order
algebraizable if it is equivalent to the inequational Gentzen m-institution
&K associated with some class K of F-algebraic posystems, via a conjugate
pair (7,p°) : & 2 K, where, as before, for all ¥ € |Sign’| and all ¢,v €
SEN'(%),

Pu(6;9) = p s .

We have the following analog of Lemma 1860.

Lemma 1967 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen w-institution of trace tr based on F. If & is simply
order algebraizable via both (7,p°) : & 2 BX and (7/,p°) : & 2 &K' then
GO>*™(K) = GO>*™(K).

Proof: Suppose & is simply order algebraizable via both (7,p°) : & 2 &K
and (7/,p%) : & 2 &X', Then, for all ¥ ¢ |Sign’| and all Tu {¢ < ¢} ¢ Iny(F),

we have _
o<y eGE(I) it ph[orv] € Ga(phll])
iff ¢=<yeGK().
Thus, K and K’ satisfy exactly the same F-guasiinequations. [

The unique order guasivariety K that simply order algebraizes a simply
order algebraizable Gentzen m-institution & is called the order class of &.
Specializing Theorem 1965, we get

Corollary 1968 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace, with (1,1) € tr, and & = (F,G) a Gentzen m-institution of trace tr
based on F. & is simply order algebraizable if and only if there exists a tr-
{(1,1)}-transformation 7, such that, for all 0,0’ in N*, all ©,%' € |Sign’|,
all f e Sign’ (2,2, all ¢,1p,x € SEN*(X), all ¥ € SEN'(Z') and all ¢ €
Seqy; (F):

(1) ¢ >s ¢ € Thmg(B);
(2) s x € Ge(Pps Y, Yoy X))
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(3) os(¥,X) bx 0&(¥,X) € Gs(¢ bs Y, ¢ by ¢, 05(0, X) by 0§(6,X));
(4) Gs(@) = Gs(pY[m=[#]]).

Proof: Directly by Theorem 1965. [ ]

26.9 Truth Equationality

By Theorem 1938, the closure system G of a Gentzen 7-institution & = (F, G)
can be recovered by the class MatFam®“(®) of its Suszko reduced matrix
families. A related issue is to investigate when G can be recovered just from
the class of underlying F-algebraic systems of the class MatFamS”(ﬁ), le.,
from the class AlgSys(®). The algebraizability property of & gives that

MatFam® (&) = {{A, 7*(A*) : A € AlgSys(®)},

where 7 : & - &K is the {(1,1)}-tr-transformation witnessing the algebraiz-
ability. In this case, the F-algebraic system A € AlgSys(®) is the F-algebraic
system reduct of a unique Suszko reduced G-matrix family, i.e., the &-filter
family of every Suszko reduced &-matrix family is uniquely determined by
the F-algebraic system A, since it is exactly 74*(A4) and this expression
does not depend on the choice of 7 witnessing the algebraizability of &.

Even in the absence of algebraizability, however, if each F-algebraic sys-
tem in AlgSys(®) is the F-algebraic system reduct of e unique Suszko reduced
B-matrix family, then, there exists, modulo a technical condition, analogous
to the adequacy of the Suszko core introduced in a preceding chapter, a
{(1,1)}-tr-transformation 7 that determines the unique ®-matrix filter on
the F-algebraic system, as described previously.

Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen m-institution os trace tr based on F.

e & is completely reflective, or c-reflective for short, if, for all 7 u
{T'} ¢ ThFam(®),

N QNT) < QNT') implies (T <T';
TeT

e & is truth equational if there exists 7 = {7{™") : (m,n) € tr}, where
r{mn) : (SEN")* - (SEN")2, with m + n distinguished arguments, such
that, for all T' e ThFam(®), all ¥ € |Sign’| and all ¢ € Seqi:(F) of trace
<m7 n>7

peTy iff 78" [p] cQu(T).

First, we provide a characterization of c-reflectivity.
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Theorem 1969 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution os trace tr based on F. Then, the
following statements are equivalent:

(i) For every A e AlgSys(®), there exists unique T € FiFam®(A), such
that (A, T) e MatFam™(&);

(i1) For every F-algebraic system A, and all T € FiFam®(A), T/Q¢A(T)
is the least &-filter family on A/Q®A(T);

(iii) For every F-algebraic system A, Q84 is injective on FiFam®(A);
(iv) For every F-algebraic system A and all T u{T'} ¢ FiFam®(A),

N QNT) < QNT')  implies (T <T';
TeT

(v) For all T u{T'} c ThFam(®), Ny UT) < QUT") implies T <T".
Proof:

(i)=(ii) Suppose (i) holds and let A = (A,(F,a)) be an F-algebraic system
and T € FiFam®(A). Consider the algebraic system A/Q®A(T) and
let T' be the least filter on A/Q®A(T). Then, since T/Q®A(T) e
FiFam®(A/Q®A(T)), we get that T' < T/Q®A(T). Thus, by the
monotonicity of the Suszko operator,

Q@,A/ﬁﬁvA(T)(T/) < ﬁeﬁ,A/ﬁ“"v*“(T)(T/ﬁeﬁ,A(T)) _ A.A/ﬁﬁvA(T).

But, noting that A/QOA(T) € AlgSys(®), we get, by hypothesis, that
T' =T [Q®A(T). Therefore, T/QA(T) is the least ®-filter family on
A/QEA(T).

(ii)=(iii) Suppose that (ii) holds and let A = (A, (F,a)) be an F-algebraic sys-
tem and T,T" € FiFam®(A), such that Q&A(T) = Q®A(T"). Then
Q®A(T) is compatible with both T and T” and, hence, T/Q®A(T)
and T'/Q®A(T) are both &-filter families on A/Q®A(T). Thus, by
hypothesis, T/Q8A(T) < T'/Q®A(T). Therefore, taking into account
the compatibility of Q®A(T) with both T and T”, we get T' < T". By
symmetry, we also have T" < T', whence T' = T". Thus, Q% is injective
on FiFam®(A).

(ili)=(iv) Suppose (iii) holds and let A = (A, (F,«)) be an F-algebraic system
and T u {T'} c FiFam®(A), such that

N QNT) < QNT).
TeT
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Then, we have

QEANT NT) = N{QA(X): T nT <X e FiFam®(A)}
N{QA(X) :NT < X e FiFam®(A)}

Q@,A(m 7—)_

By hypothesis, we get N T nT' =T, whence NT <T".
(iv)=(v) Condition (v) is a special case of Condition (iv).

(v)=(1) Assume that (v) holds and let A = (A, (F,«a)) € AlgSys(®) and T',T" €
FiFam®(A), such that Q®A(T) = Q®A(T') = A4, By Lemma 1928,
aY(T) and a~'(T") are both theory families of &. Now we have,
by hypothesis, Q®A(T) = Q&A(T"), whence, by the definition of the
Suszko operator,

({QA(X) : T < X e FiFam®(A)} < QA(T").
Hence, applying a~! to both sides,
a M ((HQAX) : T < X e FiFam®(A)}) < a {(QA(T")).
Equivalently,
M{a H(QAX)) : T < X € FiFam®(A)} < a 1{(QA(T")).
By Lemma 1946,
M{Q(a (X)) : T < X € FiFam®(A)} < Qa1 (T")).
By Condition (v),
Mo (X)) : T < X € FiFam®(A)} <o (T").
Hence, a}(T) < a~'(T"), which gives, by the surjectivity of (F,a),

T <T'. By symmetry, we get that T' = T" and, therefore, there exists

only one &-filter family T on A, such that (A, T) € MatFam®"(®).
m

It also turns out that a sufficient condition for the c-reflectivity of a
Gentzen m-institution & is the injectivity of the Suszko operator on all F-
algebraic systems in AlgSys(®).

Lemma 1970 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If, for all
A€ AlgSys(&), Q®A is injective on FiFam®(A), then & is c-reflective.
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Proof: By the hypothesis, for all A € AlgSys(®), there exists a unique
T € FiFam®(A), such that (A, T) € MatFam®*(&). Therefore, by Theorem
1969, & is c-reflective. [}

Next we provide an alternative characterization of truth equationality,
forming an analog of Theorem 819.

Theorem 1971 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is truth
equational if and only if, there exists T = {T(™™ : (m,n) € tr}, where 7{mn)
(SEN")* — (SEN®)2, with m +n distinguished arguments, such that, for all
(A, T) e MatFam®™ (&), T = 74 (AA).

Proof: Suppose & is truth equational, with witnessing transformations 7 =
{rlmn) = (m,n) € tr}. Let (A,T) ¢ MatFam® (&), ¥ ¢ |Sign’| and ¢ «
Seqs:(F) of trace (m,n). Then we have
as(@) € Tresy if as(@) € Ty, all T <T' € FiFam®(A)
iff ¢ eag (Thy), all T <T' ¢ FiFam®(A)
iff @] € Qu(aY(T)), all T < T' € FiFam®(A)
iff Tg’“”[ ] a3 () (T")), all T < T’ € FiFam®(A)
iff o ("™ [@]) < O ) (T"), all T < T' € FiFam® (A)
iff TF(zr;Ln[O‘E((ﬁ)] Q?ré)(T)
iff 7" [an(d)] € Afy)-

The conclusion follows by taking into account the surjectivity of (F, «).
Conversely, assume that the condition in the statement holds and let
T e ThFam(®), ¥ € [Sign’| and ¢ € Seq:(F) of trace (m,n). Then, since

QOFAT) (T IQ(T)) < QFINT(T[Q + T) = ATIUD)
we get that (F/Q(T),T/Q(T)) e MatFam®" (). Therefore, by hypothesis,
$/0s(T) € To/Ou(T) iff [P [9)0n(T)] € AT,

ie.,

¢/Qs(T) e Ty /Qs(T) iff Témn [0]/05(T) < Ag/Q(T).
By the compatibility of Q(T") with T, we now get

peTy iff 78" [p]cOu(T).

Therefore, & is truth equational. [

Before turning into a characterization of the exact relationship between
c-reflectivity and truth equationality, we prove that both c-reflectivity and
truth equationality are preserved under equivalence of Gentzen m-institu-
tions.
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Theorem 1972 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’
traces and & = (F,G), &' = (F,G') Gentzen m-institutions of traces tr, tr’,
respectively, based on F. If & and &' are equivalent, then & is c-reflective if
and only if &' is also.

Proof: Suppose that &’ is c-reflective and let T u {T"} ¢ ThFam(®), such
that Nger Q(T) < Q(T'). Then, by Proposition 1934, Nper Q(p*(T)) <
Q(p*(T")). Thus, by Theorem 1917 and the hypothesis, we get Nrer p*(T') <
p*(T") and, then, p*(NT) < p*(T"). As p* is order reflecting, we conclude
that N7 < T’ and, therefore, & is c-reflective. The converse follows by the
symmetry of the notion of equivalence. ]

Theorem 1973 Let F = (Sign’, SEN’, N*) be an algebraic system, tr, tr’
traces and & = (F,G), &' = (F,G') Gentzen m-institutions of traces tr, tr’,
respectively, based on F. If & and &' are equivalent, then & 1is truth equa-
tional if and only if &' is also.

Proof: Suppose that & and &’ are equivalent via a conjugate pair (7,p) :
® 2 &' and that &’ is truth equational, with witnessing transformations
o= {otmm : (m,n) e tr'}. Then, for all T ¢ ThFam(®), all ¥ € |Sign’| and
all ¢ € Seqyt(F) of trace (m,n) € tr, we get, setting, according to Theorem

1917, T' € ThFam(&') be such that T 2 T",

peTys iff peri(T') (definition of T")
iff m[¢p]cTy (definition of 7)
iff ox[rs[@]] € Q=(T') (hypothesis)
iff og[rs[p]] € Ue(p*(T)) (definition of T)
iff ox[s[¢]] € Qs(T). (Proposition 1934)

Therefore, o o7 witnesses the truth equationality of &. The converse follows
by the symmetry of equivalence. [ ]

We now turn to the investigation of the exact relationship between com-
plete reflectivity and truth equationality. We will show that for a Gentzen
m-institution to be truth equational, it must be c-reflective and, in addition
satisfy a technical condition analogous to the adequacy of the Suszko core
in the context of w-institutions, that ensures that there are enough natu-
ral transformations in its category of natural transformations to specify the
Suszko operator in a precise sense.

We start by showing that truth equationality implies c-reflectivity.

Proposition 1974 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace and ® = (F,G) a Gentzen m-institution of trace tr based on F. if & is
truth equational, then it is c-reflective.
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Proof: Suppose & is truth equational, with witnessing transformations 7 =
{rfmn) s (m,n) e tr}, and let T u{T"} ¢ ThFam(&), such that Ny QT) <
Q(T"). Then, for all ¥ € [Sign’| and all ¢ € Seq¥(F) of trace (m,n), we have

¢EmT€TTZ iff ¢)€T27 TETa
it e Qu(T), TeT,
iff @] € Nper Qs(T)
implies 7™ [p] € Qu(T")
iff  peTs.

Thus, N7 <T' and, hence, & is c-reflective. [
The property of c-reflectivity also has a characterization involving both

the Suszko and the Leibniz operator. Namely, we obtain

Lemma 1975 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is c-
reflective if and only if, for all T, T' € ThFam(®),

QOF(T) <QUT") implies T <T'.

Proof: Suppose, first, that & is c-reflective and let T, T' ¢ ThFam(®), such
that Q&7 (T) < Q(T"). Then, we get

M{QUX): T < X ¢ ThFam(&)} < Q(T").

Hence, by hypothesis, N{X : T < X € ThFam(®)} <T", i.e., T <T".
Assume, conversely, that the condition of the statement holds and let
T u{T'} ¢ ThFam(&), such that Ny QT) < Q(T"). Then we get

QST <{UT) : T e T} <QT).

Thus, by hypothesis, N7 < T" and & is c-reflective. [

Let F = (Sign’,SEN’, N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen m-institution of trace tr based on F. Define the Suszko
core

S® = {S®{mn): (m n) e tr}
of &, by setting, for all (m,n) € tr,
S®.(mn) = {5 : (SEN")» — (SEN")2 e N*:
(VS € [Sign’|) (Ve € Seql™ " (F))
(os[¢] <057 (G(9))}-

S9 is a set of natural candidates from which to seek witnesses for the truth
equationality of &, if such exist, since it satisfies the following property.



1686 CHAPTER 26. GENTZEN 7-INSTITUTIONS Voutsadakis

Lemma 1976 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is truth
equational, with witnessing transformations 7, then T ¢ S®.

Proof: Suppose & is truth equational, with witnessing transformations 7 =
{r{mm) : (m,n) € tr}. Then, for all ¥ ¢ [Sign’| and all ¢ € Seq¥s(F) of trace
(m,n), we have ¢ € Gx(¢), whence, ¢ € T's,, for all G(¢p) <T € ThFam(®).
Thus, by truth equationality, Témm[qb] € Qx(T) and, therefore, Tém’m[qb] c
Q27 (G()). We conclude that rmn) ¢ 58 {mn), n

The Suszko core of & always carries a theory family T of & into the
Leibniz congruence system 2(7T") of the theory family T

Proposition 1977 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace and ® = (F,G) a Gentzen m-institution of trace tr based on F. For all
T e ThFam(®), all ¥ € |Sign’| and all ¢ € T, of trace (m,n) e tr,

Se @] € Qu(T).

Proof: Let T € ThFam(®), ¥ € [Sign’| and ¢ € Ty of trace (m,n) € tr.
Then, by the definition of S®, we get

Spmmg) D27 (G()) € B8 (T) < Qu(T).

This establishes the conclusion. ]

The converse property, which does not always hold, is called solubility of
the Suszko core.

Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen m-institution of trace tr based on F. S® is soluble if, for
all T € ThFam(®), all ¥ € |Sign’| and all ¢ € Seqi(F) of trace (m,n) e tr,
we get

S§’<m’")[¢)] cQu(T) implies ¢eTs.

Truth equationality of a Gentzen m-institution guarantees the solubility
of its Suszko core.

Theorem 1978 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is truth
equational, then the Suszko core S® is soluble.

Proof: Suppose that & is truth equational, with witnessing transformations
7, and let T ¢ ThFam(®), ¥ ¢ [Sign’| and ¢ € Seqi:(F) of trace (m,n), such
that S9"™™[¢] € Qu(T). Then, by Lemma 1976, /" [¢] € Qs(T). By
truth equationality, ¢ € T's;. Therefore, S® is indeed soluble. [ ]

Conversely, if the Suszko core of a given Gentzen m-institution & is sol-
uble, then it acts as a set of witnessing transformations for the truth equa-
tionality of &.
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Theorem 1979 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If S® is
soluble, then & is truth equational, with witnessing transformations S®.

Proof: We must show that, for all T' € ThFam(®), all ¥ ¢ |Sign’| and all
¢ € Seqs (F) of trace (m,n),

peTs iff SY™™M[p]cQu(T).

The left to right implication is by Proposition 1977, whereas the reverse is
by the hypothesis of the solubility of the Suszko core. [

Theorems 1978 and 1979 allow two characterizations of truth equational-
ity in terms of the solubility of the Suszko core and in terms of the definability
of theory families by the Suszko core.

& is Truth Equational <— S% is Soluble.

Theorem 1980 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is truth
equational if and only if its Suszko core S® is soluble.

Proof: The “only if” by Theorem 1978. The “if” by Theorem 1979. [ ]

We say that S® defines theory families if, for all T' € ThFam(®) and
all ¥ € |Sign’| and ¢ € Seq (F),

peTy iff ST [p]cOu(T).
Then we can show
® is Truth Equational «— S® Defines Theory Families.

Theorem 1981 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is truth
equational if and only if S® defines theory families.

Proof: If & is truth equational, then, by Theorem 1980, S® is soluble,
whence it defines theory families. On the other hand, if S® defines theory
families, then it is soluble and, hence, by Theorem 1980, & is truth equa-
tional. [ |

We now know that truth equationality of a Gentzen m-institution is equiv-
alent to the solubility property of its Suszko core. The solubility property
implies another property, which, in accordance with our previous work on 7-
institutions, we call adequacy. It says, roughly speaking, that in a Gentzen
m-institution the category of natural transformations is rich enough to deter-
mine Suszko congruence systems in terms of the Leibniz congruence systems
that it selects by inclusion. This property arises in a natural way by con-
sidering the following result relating the Suszko core with both Suszko and
Leibniz congruence systems of theory families generated by single sequents.
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Proposition 1982 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. For all
Y € |Sign’| and all ¢ € Seq(F) of trace (m,n),

N{QAT) : SS™" @] € O (T)} < 87 (G(9)).

Proof: Note that, for all T' ¢ ThFam(®), all ¥ € [Sign’| and all ¢ € Seq%(F)
of trace (m,n), we have

¢peTy = Sg,(mm>[¢] c OS7(T) (Suszko core)
= Soelc Qu(T). (S (T) < QT))

Therefore, we get

N{UT) : SS™ M [p] < Qe(T)} < N{QUT) : S5 [p] € Q87 (T))
< H{AUT) ¢ e T}
= Q(G(9)).
Thus, the displayed inclusion always holds. [ ]

The reverse inclusion is not always guaranteed, but, when it holds, we
say that the Suszko core of & is adequate. As the name suggests, the prop-
erty somehow conveys the idea that S®[¢] suffices to determine the theory
families whose Leibniz congruence systems form a covering of the Suszko
congruence system corresponding to the theory family G(¢).

Let F = (Sign’,SEN", N*) be an algebraic system, tr a trace and & =
(F,G) a Gentzen 7-institution of trace tr based on F. The Suszko core S®
is adequate if, for all ¥ € [Sign’| and all ¢ € Seqi:(F) of trace (m,n),

057 (G(@)) < AT = 55" [§] € 0 (T)}
We can prove immediately that solubility implies adequacy.

Proposition 1983 Let F = (Sign’,SEN’, N*) be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. If the
Suszko core S® is soluble, then it is adequate.

Proof: Suppose S® is soluble. We have, for all ¥ € |Sign’| and all ¢ €
Seqs (F) of trace (m,n),

QOF(G(¢)) = N{AT):¢peTs}
(Suszko congrunece system)
= N{QUT) = 52" [@] € On(T)}
(solubility of S®)
Hence, the Suszko core of & is adequate. [ ]

Conversely, if a Gentzen m-institution is c-reflective, then the adequacy
of its Suszko core is sufficient to give its solubility.
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Proposition 1984 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is
c-reflective and the Suszko core S® is adequate, then S® is soluble.

Proof: Assume & is c-reflective and S® is adequate. Let T' € ThFam(®),
Y € |Sign’| and ¢ € Seq(F) of trace (m,n).
If ¢ € T's;, then, by the definition of the Suszko core, we get
Se "] € LT (G(9)) € (T < O (T).

Assume conversely, that S§’<m’">[¢] c Qu(T). Then, by adequacy of the
Suszko core, Q83 (G(@)) < Q(T'). Hence, by c-reflectivity and Lemma 1975,
G(¢) <T,ie., ¢eTs. We conclude that S® is soluble. [ ]

We finally show that a Gentzen rw-institution is truth equational if and
only if it is c-reflective and has an adequate Suszko core.

Truth Equationality = S Soluble
S® Defines Theory Families
c-Reflectivity + S® Adequate

Theorem 1985 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is truth
equational if and only if it is c-reflective and has an adequate Suszko core.

Proof: If & is truth equational, then, by Proposition 1974, it is c-reflective,
by Theorem 1978, its Suszko core is soluble and, by Proposition 1983, its
Suszko core is adequate. On the other hand, if & is c-reflective with an
adequate Suszko core, then, by Proposition 1984, its Suszko core is soluble
and, hence, by Theorem 1979, & is truth equational. [

We also obtain immediately

Corollary 1986 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a protoalgebraic Gentzen m-institution of trace tr based on F.
& is truth equational if and only if its Leibniz operator is injective on theory
families and has an adequate Suszko core.

Proof: If & is truth equational, then, by Theorem 1985, it is c-reflective and
has an adequate Suszko core, whence, it has, a fortiori, a Leibniz operator
injective on theory families and an adequate Suszko core.

Conversely, by Theorem 1985, it suffices to show that monotonicity and
injectivity of the Leibniz operator imply its c-reflectivity. In fact, given
T,T' € ThFam(®), we have

Qe9(T)<UT") = Q(T)<QUT') (Protoalgebraicity)
= QT nT)=QT)nQT") =QT)
(Protoalgebraicity)
= TnT' =T (Injectivity)
= T<T
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Thus, & is c-reflective, by Lemma 1975. [ ]

We close the section by a result asserting that truth equationality trans-
fers from a Gentzen m-institution & to all &-matrix families.

Theorem 1987 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. & is truth
equational, with witnessing transformations T = {7(™" : (m,n) € tr} if and
only if, for every F-algebraic system A = (A, (F,a)), and all T € FiFam®(A),
¥ € |Sign| and ¢ € Seqs(A) of trace (m,n),

¢eTs iff """ [¢] € Q(T).
Proof: Suppose & is truth equational, with witnessing transformations 7 =
{r{mn) s (m,n) € tr} and let A = (A,(F,a)) be an F-algebraic system, T ¢
FiFam®(A), ¥ € |Sign’| and ¢ € Seqi:(F) of trace (m,n). Then, we have
ax(¢) e Tpxy iff ¢ear (Tre))

it " [] € Qu(a”!(T))

ifft =[] € ag (U (T))

iff ayx (Témm[d)]) S Q};‘(z)(T)

iff 770" as(@)] € QA (T)-

Taking into account the surjectivity of (F,a), we have the conclusion. ]

26.10 Weak Algebraizability

Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace and & = (F,G) a
Gentzen m-institution of trace tr based on F. & is called WF algebraizable
if it is protoalgebraic and c-reflective.

Proposition 1988 Let F = (Sign’,SEN’, N*) be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. & is WF
algebraizable if and only if the Leibniz operator is monotone and injective on

ThFam(®).

Proof: It suffices to show that, under monotonicity, c-reflectivity and injec-
tivity are equivalent properties. Indeed, c-reflectivity always implies injectiv-
ity because it implies order reflectivity. On the other hand, suppose that the
Leibniz operator is monotone and injective. Then, we have, by monotonicity,
for all T u{T} ¢ ThFam(®), such that Ny QT) < Q(T"),

YT nT") = TﬂTQ(T) n(T") = TﬂTQ(T) =7T).

Thus, by injectivity, N7 nT' = NT and, hence, NT < T'. Therefore & is
also c-reflective. m

The following theorem provides characterations of WF algebraizability.
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Theorem 1989 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. Then the
following statements are equivalent:

(i) & is WF algebraizable;

(1) The Leibniz operator defines an order isomorphism from ThFam(®)
onto the lattice of all AlgSys(®)-congruence families on F;

(i1i) For every F-algebraic system A= (A,(F,a)), the Leibniz operator de-
fines an order isomorphism from FiFamQﬁ(A) onto the lattice of all
AlgSys(®)-congruence systems on A;

(iv) For every A= (A, (F,a)) e AlgSys(®), the Leibniz operator defines an
order isomorphism from FiFam®(A) onto the lattice of all AlgSys(®)-
congruence systems on A.

Proof:

(i)=(ii) Suppose & is WF algebraizable. Denote ConSys(®) the collection of
all AlgSys(®)-congruences on F. Then, since, for all T' € ThFam(®),

QOTID(TIQ(T)) < Q719D (TT)) = A1),

we get that (F/Q(T),T/QT)) € MatFam®'(&). Thus, F/Q(T)
AlgSys(®) and, therefore, Q(T') € ConSys(®). This shows that  :
ThFam(®) — ConSys(®) is well defined. By Proposition 1988, it is
injective. To see that it is surjective, consider # € ConSys(®). Then,
by definition, F/6 ¢ AlgSys(®), i.e., there exists T € FiFam®(F/f),
such that Q®F/9(T) = AF/%. However, since the Leibniz operator is
monotone, by hypothesis, we get that the Susko operator coincides with
the Leibniz operator, whence Q7/9(T') = AZ/%. Denoting by (I,7) : F —
F [0 the quotient morphism, we now get

Q(r1(T)) = 71 QPO (T)) = 1 (AT = 0.

Thus, 2 is indeed surjective. It is monotone by hypothesis and it
is order reflecting, since it is c-reflective. Thus, Q : ThFam(®) —
ConSys(®) is in fact an order isomorphism.

(il)=(iii) It is not difficult to show that Q4 is also monotone and c-reflective.
Therefore, one can work in the same way as in Part (ii) replacing the
mapping Q by QA : FiFam®(A) - ConSys®(A), where ConSys®(A)
denotes the collection of AlgSys(®)-congruence systems on A.

(ili)=(iv) Condition (iv) is a special case of Condition (iii).
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(iv)=(i) If Condition (iv) holds, the & is protoalgebraic, by Lemma 1948. Hence
the Leibniz and Suszko operators coincide on the &-filter families of all
F-algebraic systems. Thus, by Theorem 1969, & is also truth equa-

tional. Therefore, it is WF algebraizable.
[

Finally, based on results of preceding sections, we can also give a relation
between algebraizability and WF' algebraizability.

We show, first, that, if & is algebraizable, then it is both syntactically
protoalgebraic and truth equational.

We start by giving a modus ponens property in the case of algebraizability.

Lemma 1990 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is
algebraizable via the conjugate pair (1,p) : & 2 &K for some class K of F-
algebraic systems, then, for all ¥ € |Sign’| and all ¢, ¢ € Seq(F) of trace
(m,n),

YeGe({ptu U puldii]).

<m+n

Proof: We have, for all ¥ € [Sign’| and all ¢, ¢ € Seq(F) of trace (m,n),

ms[¥] € GS(rs[@] u{di by i ti <m+n}).

Thus, we get

pulrsl¥]] € Gs(psl=lollu U pslon i)

<m+n

Therefore, ¥ € Gx({@} U Uicmin P @i i ])- u

Moreover, in case of algebraizability, the isomorphism p* from the theory
families of the Gentzen 7-institution & to the K-congruence systems on F
coincides with the Leibniz operator €.

Proposition 1991 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a
trace and & = (F,G) a Gentzen m-institution of trace tr based on F. If &
is algebraizable via the conjugate pair (1,p) : & 2 BK, for some class K of
F-algebraic systems, then, for all T' € ThFam(®),

p*(T) =(T).
Proof: Let T e ThFam(®), ¥ € |Sign’| and ¢,v € SEN"(X).

If (¢,v) € Qu(T), then, since Q(T') is a congruence system, we get, for
all o € p and all ¥ e SEN*(X),

(05(0,¢,X),05(, ¢, X)) € 2s(T).
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But ox(¢,¢,Y) € Thmy(®) ¢ T's.. Therefore, by the compatibility of Q(T)
with T, we get that ox(¢,1,Y) € T's. Therefore, ps[¢,1] € T, which gives
that (6,0} € pi,(T).

Conversely, to see that p*(T') < Q(T) it suffices, by the maximality prop-
erty of Q(T), to show that p*(T) is compatible with T. Let ¥ € |Sign’|
and ¢, 1) € Seqys (F) of trace (m,n), such that (¢, 1) € p5(T) and ¢ € T's.
Then, we have ps[¢;, 1] € Ty, for all i < m +n, and ¢ € Tx, whence, by
Lemma 1990, 1 € T's. We conclude that p*(T') is compatible with T, giving
p*(T) <QUT). [ ]

Now, we prove one of the main theorems of the section to the effect that
algebraizability implies both syntactic protoalgebraicity and truth equation-
ality.

Theorem 1992 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is
algebraizable via the conjugate pair (7,p) : & 2 &K, for some class K of
F-algebraic systems, then, & is syntactically protoalgebraic and truth equa-
tional.

Proof: Suppose & is algebraizable via the conjugate pair (7,p) : & 2 &K,
for some class K of F-algebraic systems.
Let, first, T € ThFam(®), ¥ € |[Sign’| and ¢, € SEN’(X). Then we have

(6,0) € Qu(T) iff (¢,9) € ps(T) (Proposition 1991)
iff po[p,9] €Tx. (definition of p*)

Therefore, & is syntactically protoalgebraic, with witnessing transformations
p.

Finally, let T € ThFam(®), ¥ ¢ |Sign’| and ¢ € Seqi(F) of trace (m,n).
Then, we have

¢eTy iff ps[m[¢p]]cTs ((7,p) conjugate pair)
iff 7s[¢] < pi(T) (definition of p*)
iff mw[¢p] cQs(T). ((Proposition 1991))

Therefore, & is truth equational, with witnessing transformations 7. [ |

We show, next, that, conversely, syntactic protoalgebraicity and truth
equationality guarantee algebraizability.

Theorem 1993 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on F. If & is
syntactically protoalgebraic and truth equational, then it is algebraizable.
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Proof: Suppose that & is syntactically protoalgebraic, with witnessing trans-
formations p, and truth equational, with witnessing transformations 7. Then,
we have, for all ¥ € |Sign’| and all ® U {¢} € Seq:(F),

¢)€Gz(¢’) iff ¢Em{T23¢§T2}
iff Tg[q’)] c ﬂ{Qg(T) ZTE[‘I)] c Qg(T)}
iff (] cGX(ms[®]).

Moreover, for all ¥ € |Sign’| and all ¢, € SEN’(%),

(¢,9) € Qu(T) it po[d, 9] Ty
iff o[ps[o,v]] € Qu(T).

Hence, we have that GX(¢ bs ¢) = GK(ms[ps[é, ¢]]).
We conclude, by Lemma 1916, that & is equivalent to &X and, therefore,
& is algebraizable. [ ]

Now we can formulate the main characterization theorem:

Theorem 1994 Let F = (Sign’, SEN’, N*) be an algebraic system, tr a trace
and & = (F,G) a Gentzen m-institution of trace tr based on ¥. The following
statements are equivalent:

(i) & is algebraizable;
(i) & is syntactically protoalgebraic and truth equational;

(ii) & is WF algebraizable (i.e., protoalgebraic and c-reflective) and has
both a Leibniz reflexive core and an adequate Suszko core.

Proof: If & is algebraizable, then, by Theorem 1992, it is syntactically pro-
toalgebraic and truth equational. If & is syntactically protoalgebraic and
truth equational, then, by Theorems 1961 and 1985, it is protoalgebraic,
c-reflective and has both a Leibniz reflexive core and an adequate Suszko
core. Finally, if & is WF algebraizable, with a Leibniz reflexive core and
an adequate Suszko core, then, by Theorems 1961 and 1985, it is syntacti-
cally protoalgebraic and truth equational, whence, by Theorem 1993, it is
algebraizable. ]



