GEORGE VOUTSADAKIS Categorical Abstract
Algebraic Logic:
Equivalent Institutions

Abstract. A category theoretic generalization of the theory of algebraizable deductive
systems of Blok and Pigozzi is developed. The theory of institutions of Goguen and
Burstall is used to provide the underlying framework which replaces and generalizes the
universal algebraic framework based on the notion of a deductive system. The notion
of a term m-institution is introduced first. Then the notions of quasi-equivalence, strong
quasi-equivalence and deductive equivalence are defined for w-institutions. Necessary and
sufficient conditions are given for the quasi-equivalence and the deductive equivalence of
two term w-institutions, based on the relationship between their categories of theories.
The results carry over without any complications to institutions, via their associated -
institutions. The m-institution associated with a deductive system and the institution of
equational logic are examined in some detail and serve to illustrate the general theory.
Keywords: algebraic logic, institutions, equivalent deductive systems, algebraizable deduc-
tive systems, adjunctions, equivalent categories.
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1. Introduction

Recent work in algebraic logic has focused on abstracting the classical Tarski-
Lindenbaum algebraization process by which a class of algebras is associated
with certain deductive systems. In the prototypical example of classical
propositional calculus the presence of a biconditional induces a congruence
on the algebra of formulas whose quotient gives a Boolean algebra. In the
absence of an explicit biconditional one has to discover alternative ways of
determining whether a reasonable algebraic counterpart exists for a given
deductive system S and of finding a class of algebras serving this purpose
if such a class exists. To address this problem, Blok and Pigozzi [4] devel-
oped the theory of algebraizable deductive systems. The focus was now on
the equational deductive system associated with a class of algebras rather
than being on the algebras themselves. The possible ways of interpreting
the deductive apparatus of a deductive system into the equational deduc-
tive apparatus of a class of algebras and vice-versa play a key role in this
theory. A class of algebras K is said to be an equivalent algebraic semantics
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for a deductive system S if there exists an interpretation of the entailment
relation of S in the equational entailment of K and vice-versa and the two
interpretations are inverses of one another in a natural sense. A deductive
system is then called algebraizable if it has an equivalent algebraic seman-
tics. In [4] a characterization of algebraizability is obtained in terms of the
existence of an isomorphism between the theory lattice of S and the equa-
tional theory lattice of K, and a second characterization is given in terms
of the abstract properties of the Leibniz operator which maps S-theories
to congruences of the formula algebra of S. In [13, 14, 15] the theory was
generalized to encompass infinitary deductive systems. In [10] the notion
of Leibniz operator was modified and the notion of Tarski operator was ob-
tained which is applied to generalized matrices (called abstract logics in [10])
rather than ordinary logical matrices of the deductive system. In [6] a fur-
ther abstraction of the algebraization process is obtained. Algebraizability
is now viewed as a specific example of the notion of equivalence of deductive
systems. It is the equivalence of the algebraizable deductive system S with
a very special deductive system, namely the 2-dimensional deductive system
that is associated with its equivalent algebraic semantics.

In a slightly different direction Andréka, Németi and Sain introduced
a process of algebraization of logics with semantics in [1, 2, 3]. The two
approaches are different but have much in common. See [9] for a detailed
comparison.

The theory developed in [4, 6] together with its generalizations and refine-
ments [13] and [10] serve well the algebraization of propositional-like logics
over a fixed similarity type. However they are rather inefficient in handling
more complex deductive systems where similarity types (or signatures) vary,
like equational logic (the theory of abstract clones) and first-order logic.
These systems may be handled by the methods of abstract algebraic logic
only after the logical system is transformed into a propositional logic in a
rather artificial way; see, e.g., Appendix C in [4]. On the other hand the no-
tion of institution introduced in [12] has proven very successful in formalizing
deductive systems with varying signatures. Roughly speaking, an institution
consists of an arbitrary category Sign of signatures together with two func-
tors SEN and MOD that give, respectively, for each signature object X, a
set of 2-sentences and a category of Y-models. For each signature object 3,
sentences and models are related via a Y-satisfaction relation. The main ax-
iom formalizes the slogan that ”truth is invariant under change of notation”
(see [11]). Motivated by Goguen and Burstall’s work, Fiadeiro and Sernadas
[8] introduced the notion of 7m-institution. The main modification is that,
instead of having a semantical satisfaction relation as the basis for the de-
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duction, the focus is shifted towards a syntactic consequence relation in the
spirit of Tarski [19]. Thus, a m-institution T = (Sign, SEN, {Cs }s¢c|sign|) is
a triple, where Sign and SEN are the same as before but Cy; is a closure op-
erator on the set of Y-sentences. The notion of a m-institution may be viewed
as the natural generalization of the notion of a deductive system on which a
categorical theory of algebraizability, generalizing the theory of [4] may be
based. It would thus be desirable to extend the notions of interpretation and
equivalence to m-institutions. The notion of an institution morphism that is
used in [11, 12] to connect two institutions may be appropriately modified
to serve the purposes of categorical abstract algebraic logic.

A translation will now be defined to be a pair (F, «) : 7y — Z, where F :
Sign; — Sign, is a functor and « is a natural transformation o : SEN; —
PSENsF. le., single sentences of the source institution get mapped not to
single sentences of the target institution but, rather, to sets of sentences in
accordance with the notion of translation for deductive systems in [6]. A
translation is an interpretation if, for all ¥ € [Sign,|,® U {¢} C SEN;(X),

¢ € Cx(®) if and only if ax(¢) C Cr)(as(P)).

Following [8] and [11, 12], the category of theories of a m-institution and
that of an institution are considered, i.e., the category with objects theories
(closed sets of sentences) with respect to either the sentence closures, in
the m-institution framework, or the induced consequence relations, in the
institution framework. This category plays the role of the theory lattice of
a deductive system in this broader context.

Inspired by [4, 6, 7], the notions of quasi-equivalence and deductive equiv-
alence for two m-institutions are then defined. Generally speaking, two -
institutions 77 and Zy are quasi-equivalent if the sentence closure operators
of the first can be interpreted in the corresponding closure operators of the
second in a natural way and vice versa. This notion of quasi-equivalence
generalizes the notion of equivalence for deductive systems introduced in [6].
Attention is subsequently restricted to a special, but yet wide, class of -
institutions, the, so-called, term m-institutions. Using the theory categories
of w-institutions, necessary and sufficient conditions for the quasi-equivalence
and the deductive equivalence of two term m-institutions are given. Namely,
it is proved in Theorem 9.4 that two term m-institutions Z; and Z, are
quasi-equivalent if and only if their categories of theories are adjoint cat-
egories via an adjunction satisfying some additional, relatively simple and
quite natural, conditions. A similar characterization for deductive equiva-
lence is also provided. More precisely, it is shown in Theorem 10.5 that two
term 7-institutions are deductively equivalent if and only if their categories



278 G. Voutsadakis

of theories are naturally equivalent via an equivalence satisfying some of the
same conditions. These results carry over without any complications to the
institution framework.

Finally, as an illustration of the theory, a w-institution Zs that naturally
represents a k-deductive system S in the sense of [6] and an institution £Q
that corresponds to a version of equational logic with varying signatures are
considered. If the k-deductive system is algebraizable [4], the associated -
institution Zg is easily seen to have an algebraic counterpart. Similarly, £Q
is shown to be deductively equivalent to an algebraic counterpart £A.

2. Institutions and w-Institutions

DEFINITION 2.1 (Goguen and Burstall). An institution 7 = (Sign, SEN,
MOD, =) consists of

(i) A category Sign whose objects are called signatures.

(ii) A functor SEN : Sign — Set, from the category Sign of signatures
into the category Set of sets, called the sentence functor and giving,
for each signature X, a set whose elements are called sentences over
that signature 3 or Y-sentences.

(iii) A functor MOD : Sign — CAT®P from the category of signatures into
the opposite of the category of categories, called the model functor
and giving, for each signature X, a category whose objects are called
Y-models and whose morphisms are called ¥-morphisms.

(iv) A relation Ex C |[MOD(X)| x SEN(X), for each ¥ € |Sign|, called
Y-satisfaction, such that for every morphism f : ¥; — X in Sign
the satisfaction condition

ma [y, SEN(f)(¢1) if and only if MOD(f)(me) Ex, ¢1
holds, for every mg € [IMOD(X3)| and every ¢; € SEN(Z;).

The defining categories and functors of an institution together with their
interconnections are illustrated by the following diagram:

Set

SEV

Sign =

MOIX

CAT®?
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Furthermore, the satisfaction condition can be given pictorially as follows:
If f:31 — X9 is a morphism in Sign, then

):El

MOD(%;) SEN(Z;)
MOD(f) SEN(f)
MOD(%,) SEN(X,)

):EQ
Given an institution Z = (Sign,SEN,MOD, ) and ¥ € |Sign|, we
define, for all ® C SEN(X) and M C |[MOD(X)|,

®* = {m € [MOD(X)|: m |=x ¢ for every ¢ € &}

and
M*={¢ € SEN(X) :m =5 ¢ forevery m e M}.

Moreover we set ¢ = &** and M¢ = M**.

From now on, when the ““” symbol is used, its scope will be the largest
possible well-formed expression to its left. For instance, in SEN(f)(®)¢ the
scope of ““” is SEN(f)(®) and not just ® and in SEN(f)(SEN(f)~1(®))¢ the
scope of the second “” is SEN(f)(SEN(f)"'(®¢)) and not just
SEN(f)~(0°).

Goguen and Burstall [12], prove the following very useful lemma that is
used below to obtain the 7-institution associated with a given institution Z.

LEMMA 2.2. [Closure Lemma] Let Z = (Sign, SEN,MOD, =) be an institu-
tion, f: X1 — 39 € Mor(Sign) and ® C SEN(X1). Then

SEN(f)(®%) € SEN(f)(®)*.

DErFINITION 2.3 (Fiadeiro and Sernadas). A w-institution Z = (Sign,
SEN, {Cs }sc|sign|) consists of

(i) A category Sign whose objects are called signatures.

(ii) A functor SEN : Sign — Set, from the category Sign of signatures
into the category Set of sets, called the sentence functor and giving,
for each signature X, a set whose elements are called sentences over
that signature 3 or Y-sentences.

(iii) A mapping Cx : P(SEN(X)) — P(SEN(Y)), for each ¥ € |Sign]|,
called Y-closure, such that
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C Cx(A), forall ¥ € |Sign|, A C SEN(Y),
) =Cx(A4), forall ¥ € |Sign|,A C SEN(X),
Os(A) C Cx(B), for all ¥ € [Sign|, A C B C SEN(S),
(d) SEN(f)(Cs, (A)) C Cs,(SEN(f)(4)), for all 51,5, € |Sign],
f € Sign(X¥q,3¥2), A C SEN(X).

Note that the X-closure operator of a m-institution is not required to be
finitary. Also in Definition 2.3 condition (iii)(d) generalizes the structurality
condition of deductive systems and Corollary 2.4 and Lemma 2.5 below are
generalizations of well-known properties of the closure operators of deductive
systems to the present institutional context.

Given an institution Z = (Sign, SEN, MOD, =), define

m(Z) = (Sign, SEN, {Cs }xc|sign|)

by setting
Cx(®) = @, for all ¥ € |Sign|,® C SEN(X).

It is easy to verify, using Lemma 2.2, that n(Z) is a m-institution. We will
refer to 7(Z) as to the m-institution associated with the institution Z.

From now on, given a 7-institution Z = (Sign, SEN, {Cs}scsign|), 2
signature ¥ and ® C SEN(X), we will use the simplified notation ®° to
denote Cx,(®). Usually the signature ¥ is clear from context and therefore
this simplified notation does not cause any confusion.

COROLLARY 2.4. Let T = (Sign,SEN,{Cs}sc|sign|) be a m-institution.
Then, for all f :¥1 — 39 € Mor(Sign), ® C SEN(X,),

SEN(/)(®°)° = SEN(f)(®)".
PROOF. Clearly SEN(f)(®)¢ C SEN(f)(®)¢. For the reverse inclusion
SEN(f)(@°)° € (SEN(f)(®)°)° = SEN(f)(®)",
the inclusion being valid by (iii)(d) of Definition 2.3. n

Another lemma will also be of utmost importance for our subsequent
considerations.

LEMMA 2.5. Let T = (Sign, SEN, {Cs }x¢|sign|) be a m-institution, f : ¥q —
Yo a morphism in Sign and ® C SEN(33). Then

SEN(f)™(®°)° = SEN(f) ™" (2°).
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PrROOF. Clearly, SEN(f)~1(®¢) C SEN(f)~!(®°)°. For the reverse inclusion,
let

¢ € SEN(f)~1(®°)e.

Then SEN(f)(¢) € SEN(f)(SEN(f)~1(®¢)), whence by (d) of Definition 2.3
SEN(f)(¢) € SEN(f)(SEN(f)~1(®))¢, and therefore SEN(f)(¢) € ()¢,
i.e., SEN(f)(¢) € ®°. Hence ¢ € SEN(f)~1(®°), as required. |

COROLLARY 2.6. Let T = (Sign, SEN, {Cs }xc|sign|) be a m-institution, f :
Y1 — X9 an isomorphism in Sign and ® C SEN(X,). Then

SEN(f)(9%)® = SEN(f)(®°).

The notions of institution and w-institution are too general to allow the
formulation of any useful general results. Usually one has to focus on a par-
ticular class of institutions by imposing appropriate conditions on the signa-
ture category, the model categories or the sentence closures of the institution
(see, e.g., [18]). The development of a general theory of algebraizability of
institutions may be achieved by restricting to institutions that satisfy a cat-
egorical analog of a property of deductive systems that plays a crucial role
in the classical theory of algebraizability. This is the property of having
"real” (recursively defined) terms and "real” (also recursively defined) sub-
stitutions of terms for variables in other terms. The generalized institutional
property is, thus, called the term property. Its precise definition follows and
m-institutions that satisfy this property are called term mw-institutions. Some
examples follow in the next section.

DEFINITION 2.7. Let Z = (Sign, SEN, {Cs. }s¢|sign|) be a m-institution, A €
|Sign| and p € SEN(A). (A,p) is called a source signature - variable
pair if there exists a function f : {(X,¢) : ¥ € |Sign|,¢ € SEN(X)} — [(4 |
Sign)|, such that, for all ¥ € [Sign| and for all ¢ € SEN(X), fis 4y : A — X
and SEN(fx 4))(p) = ¢ and

(VX' € |Sign| Vg : X — Y (9fin.4) = frsr sEN@)(0)))-

A 7-institution is called term if it has a source signature-variable pair. An
institution Z is called term if its associated m-institution 7(Z) is a term -
institution. A Sign-object such as A will be called a source signature and
a sentence such as p will be called a source variable or, simply, a variable.

The following diagrams illustrate the definition:



282 G. Voutsadakis
=
A (

@) SEN
J (57 SEN(g)(0)) / SEN(f Js SEN(g \ ﬁEN

¥/ SEN(g

X

3. Examples

An example of a m-institution and one of an institution will now be sketched.
More details and proofs of relevant statements will be presented elsewhere.
The w-institution is a very simple one. Its signature category is a one-
object category. It naturally represents a deductive system in the sense of
[4, 6]. The institution, on the other hand, naturally represents a version of
equational logic with varying types. The types are the objects of its signature
category and its morphisms are interpretations between the types. Thus,
in this case, the structure of the signature category is much more complex.
These two examples provide an illustration of the fact that deductive systems
may be viewed as special cases of w-institutions and that the w-institution
and institution formalisms can handle much more complex logical systems.
For some additional examples see [11, 12] and [20].

k-Deductive Systems

Let £ = (A, p) be a propositional language and V' a countable set of variables.
Fm/ (V') denotes the set of formulas constructed by recursion using variables
in V' and connectives in £ in the usual way. An assignment of formulas to
variables is a mapping f : V' — Fmg (V). It will be denoted by f:V — V.
Such an assignment can be extended uniquely to a substitution, i.e., an
endomorphism of the formula algebra Fmg(V'), denoted by f*: Fm,(V) —
Fm, (V).

Let S = (L,Fs) be a k-deductive system over £ in the sense of [6]. We
construct the m-institution Zs = (Signg, SENs, {Cs }yesigng|) as follows:

(i) Signg is the one-object category with object V' and morphisms all
assignments f : V — V. The identity morphism is the inclusion ¢y :
V — Fmg (V). Composition go f of two assignments f and g is defined

by go f=g"f.

(ii) SENg : Signg — Set maps V to Fmg(V)* and f: V — V to (f*)*
Fm/(V)¥ — Fmg (V). It is easy to see that SENg is a functor.
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(iii) Finally, Cy : P(Fmg(V)¥
operator Cs : P(Fm,(V)¥)
deductive system S, i.e.,

P(Fmg(V)¥) is the standard closure
P(Fm,(V)F) associated with the k-

—
—

Cy(®)={p c Fms(V)F: dts ¢}, forall ®CFmg(V)E

Cy, defined in this way, satisfies conditions (iii)(a)-(d) of Definition 2.3. In
fact, as already noted, (iii)(d) of Definition 2.3 in this case is the structura-
lity property of a deductive system that plays a central role in the classical
theory of algebraizability. Abstracting structurality in the context of multi-
signature logical systems is one of the basic motivations for the introduction
of categorical abstract algebraic logic. Zgs is thus a w-institution. It will be
called the m-institution associated with the k-deductive system S. Note
that Zs is a term w-institution for any k-deductive system S. Indeed, the
pair (V,p), where p is a k-variable, is a source signature-variable pair for Zs.
Note also that for £ = 1 we obtain the m-institutions associated with deduc-
tive systems in the sense of [4] and for k = 2 we obtain all 7-institutions
associated with 2-deductive systems including those associated with the se-
mantically defined equational 2-deductive systems Sk whose consequence
relations Cg : P(Fmz(V)?) — P(Fmg(V)?) are the equational consequence
relations determined by some class K of L-algebras.

In the next section an institution representing equational logic with vary-
ing similarity types is developed. Comparison with Zg makes it obvious that
one has to deal with a significantly more complex signature structure due
to the different type of structurality present in morphisms relating different
similarity types. An institution representing equational logic with varying
signatures was also developed in [11]. The one given here is different in
many ways from the one in [11]. Goguen and Burstall’s system is multi-
sorted whereas the present system is single-sorted. On the other hand the
present system handles substitutions of derived operations of one type for
basic operations of another whereas Goguen and Burstall restrict to substitu-
tions of basic operations for other basic operations. The added generality at
this point is essential for appropriately handling structurality in the context
of abstract algebraic logic. It is the main feature that allows the generation
of an algebraic theory via its Kleisli adjunction serving to algebraize the
equational institution.

Equational Logic

An w- indexed set or, simply, w-set A is a family of sets A = {Aj, : k € w}.
An w-indexed set morphism or, simply, w-set morphism f : A — B,
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from an w-set A to an w-set B, is a collection of set maps f = {fi : Ax —
By : k € w}. Given two w-set morphisms f : A — B,g : B — C, define
their composite gf : A — C by gf = {gxfx : Ax — Ck : k € w}. With this
composition, the collection of w-sets with w-set morphisms between them
forms a category, called the category of w-sets and denoted by (2Set.

An w-set V = {V} : k < w}, with V;, = {vg; : i < k}, called w-set of
variables, is fixed in advance. Given an w-set X, the w-set of X-terms
Tmx (V) = {Tmx(V)r : k € w} is defined by letting Tmx (V) be the
smallest set with

o v € Tmx(V)g,i <k,

o x(tg,...,th—1) € Tmx(V), for all n € w,x € X,,tg,...,th—1 €

Given X,Y € |QSet|, f : X — Tmy (V) € Mor(Q2Set), let f*: Tmx(V) —
Tmy (V) be the 2Set-morphism such that f; leaves v, < k, fixed, for all
k € w, andf;(t) is the Y-term obtained from ¢ by recursively replacing each
subterm x(to, ..., tn—1) of t by fn(x)(fi(t0),- .-, fi(tn=1)). (See also [21, 22]
for a formal definition and proofs.) We write f : X — Y to denote an
QSet-map f : X — Tmy (V). Given two such morphisms f : X — Y and
g:Y — Z their composition go f : X — Z is defined to be the {Set-map
go f = g* f. With this composition, the collection of w-sets with the harpoon
morphisms between them forms a category, denoted by EQSIG. Identities in
EQSIG are the morphisms j;j(Q : X — X, with jfé?(l‘) = 2(Vkos - - - » V1),
for all k € w,x € Xj. The category EQSIG will be the signature category
of the institution for equational logic.
Next, define the sentence functor EQSEN : EQSIG — Set by

EQSEN(X) = U Tmx(V)2, for every X € |EQSIG],
k=0
and, given f : X — Y € Mor(EQSIG), EQSEN(f) : EQSEN(X) —
EQSEN(Y), is given by

EQSEN(f)({s,t)) = (fg(s), fg(t)), if s,t € Tmx(V)g,

for all (s,t) € EQSEN(X). EQSEN is well-defined, because, if s € Tmx (V)i
NTmx (V);, k # [, then it can be shown that s € Tmx (V) and f;(s) =
f5(s), for all k € w. We call an (s,t) € EQSEN(X) an X-equation and
denote it by s =~ t.
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The model functor EQMOD : EQSIG — CAT®P of the equational
institution is described next. Given a set A, by CI(A) is denoted the w-set
whose k-th level Cl;(A) consists of all functions f : A¥ — A. Given an w-set
X, an X-algebra A = (A, X2) is a pair consisting of a set A together with
an QSet-morphism XA : X — Cl(A). If z € X}, following common usage,
we write 2 for X (z) € Cl;(A). Given two X-algebras A and B, an X-
algebra homomorphism h: A — B is a set map h : A — B, such that,
foralln e w,z € X,,,a e A",

h(z®(@)) = 2®(h(a)).

X-algebras with X-algebra homomorphisms between them form a category,
denoted by EQMOD(X). Given an X-algebra A = (A, X), define an QSet-
morphism 4 : Tmyx (V) — CI(A) by letting v : A¥ — A be the i-th
projection function in k variables and z(tg,...,t,—1)* = (4, ... t2 ),
for all n € w,x € X,,t0,...,th—1 € Tmx(V)g. Then, it is not difficult
to define EQMOD at the morphism level. To this end, let f : X —
Y € Mor(EQSIG). Then EQMOD(f)((A,Y4)) = (A, XPQMODA)(A)) " for
all (A, YA) € [EQMOD(Y)|, where zPQMODUIA) — £ (2)A for all k €
w,x € Xy, and, if h : (A, YA) — (B, YB) € Mor(EQMOD(Y)), then
EQMOD(f)(h) = h : (A, XPQMOD(N(A)y _, (B xEQMOD()(B)) 1 may
be shown to be an X-algebra homomorphism and, hence, EQMOD(f) is
well-defined at the morphism level.
Finally, for the satisfaction relation, we have, for every X € |[EQSIG|,

Alxs~t iff 8 =4,

for all A € [EQMOD(X)|,s ~ ¢t € EQSEN(X). It is not very hard to ver-
ify that the satisfaction condition holds and that £Q = (EQSIG, EQSEN,
EQMOD, [=) is an institution. It is worth pointing out that £Q does not
possess a source signature-variable pair and, hence, is not a term institu-
tion. The main reason is that, roughly speaking, sentence morphisms work
level-wise. So it is not possible starting from a single sentence (the source
variable of Definition 2.7) at a specific level to reach sentences of arbitrary
levels.

One may develop a m-institution corresponding to first-order logic in a
very similar way. Details of that construction are given in [23].

4. The Category of Theories and the Theory Functor

In [4] algebraizability of a deductive system was characterized via the exi-
stence of an isomorphism connecting the theory lattice of the deductive
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system with the congruence lattice of its algebraic counterpart that com-
mutes with substitutions. In [6] this setting was generalized to include the
characterization of the equivalence of an arbitrary k-deductive system with
an arbitrary [-deductive system. Lattices of theories are playing a key role
in this characterization as well. Since then, they have proven to be very
effective model theoretic tools in the whole of abstract algebraic logic. The
notion corresponding to the theory lattice in the present categorical context
is that of the category of theories of a 7-institution [8]. Thus, it is only
natural that the category of theories of a w-institution will play a key role
in categorical abstract algebraic logic in general. We summarize below the
main facts concerning the category of theories of a w-institution. For a more
detailed treatment see [8].

Let Z = (Sign, SEN, {Cs }x¢|sign|) be a m-institution. Define its cate-
gory of theories TH(Z), as follows:

The objects of TH(Z) are pairs (X,T), where ¥ € |Sign| and 7" C
SEN(X) with 7¢ = T'. The morphisms f : (¥1,71) — (X2, T3) are Sign-mor-
phisms f : 31 — X9, such that SEN(f)(T1) C Ts.

Given an institution Z = (Sign, SEN, MOD, |=), define

TH(Z) = TH(r(T)),

i.e., its category of theories is the category of theories of its associated
m-institution. It is straightforward to verify that this notion coincides with
the notion defined directly in [12]. Note also that the category of theories
TH(Zs) of the m-institution Zs associated with a deductive system S has as
its objects all pairs (V,T'), where T is an S-theory in the sense of [4], and as
morphisms between (V,T1) and (V, T3) all assignments f : V' — V, such that
f*(T1) C Ty. In particular, the wide subcategory of TH(Zs) with morphisms
all theory morphisms induced by the identity assignment is isomorphic to
the category associated with the theory lattice of S in the standard way.

Now, coming back to the m-institution framework, define a functor SIG :
TH(Z) — Sign by

SIG((2,T)) =%, forevery (3,T)¢€ |TH(Z)|,

and by letting SIG(f) : £1 — X5 denote the underlying Sign-morphism of f,
for every f: (¥1,T1) — (¥2,T2) € Mor(TH(Z)). Then the following holds.

LEMMA 4.1. Let T = (Sign,SEN, {Cs }s¢|sign|) be a m-institution and f :
(31,T1) — (X2,T3) € Mor(TH(Z)) an isomorphism. Then

SEN(SIG(f))(T1) = T.
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PROOF. Since f : (X1, T1) — (39, T2) € Mor(TH(Z)), SEN(SIG(f))(T1) C
Ty. Since f~1: (X9, T) — (X1,T1) € Mor(TH(Z)), we also have

SEN(SIG(f™))(ZT2) € T1.

Thus, To € SEN(SIG(f))(T1), whence SEN(SIG(f))(T1) = T», as was to be
shown. ]

Next, define a functor THY : Sign — TH(Z) by
THY(X) = (X,0°, for every X € |Sign],
and THY (f) : (£1,0°) — (X2,0°), with
SIG(THY(f)) = f, forevery f:%; — Xy € Mor(Sign),

which is well-defined since SEN(f)(0¢)¢ € SEN(f)(0)¢ = 0¢, by (d) of Defi-
nition 2.3.

Finally, denoting by Isign, ITH(z) the identity functors of Sign, TH(Z),
respectively, define natural transformations 7 : Igjgn — SIG o THY by

Ny : ¥ — SIG(THY (X)) € Mor(Sign),
with
Ny =iy, forevery X € |Sign|,

and € : THY o SIG — Itg) by =7y @ (5,09 — (8,T) € Mor(TH(Z)),
with
SIG(en,1y) = in, forevery (X,7T) € |TH(I)|.

Then, the following theorem ([8], Proposition 3.32) holds.
THEOREM 4.2. (THY, SIG, n,¢€) : Sign — TH(Z) is an adjunction.

Recall that if S is a deductive system, T is an S-theory and o : Fm, (V)
— Fm(V) a substitution, 0 ~1(T) is always an S-theory whereas o(T) is
not in general an S-theory. Thus, in dealing with the effect of substitutions
on theories one has to define (see [4]) an induced operator s : Thg — Thsg,
on the set of S-theories Thg, such that

0s(T) = Cs(a(T)), for every T € Ths.

In the present categorical context the place of og is taken by the morphism
part of a functor THS : Sign — Set. It is defined formally as follows:

THS(X) = {(X,T) : T CSEN(X),7°=T}, for every X € |Sign]|,
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i.e., THS(X) is the set of all ¥-theories. Given f : ¥; — X3 € Mor(Sign),
THS(f) : THS(X1) — THS(3s) is defined by

THS(f)((X1,T1)) = (X2, SEN(f)(T1)%), for every (¥1,T1) € THS(Z1).

Recall that by our adopted scoping convention for “¢” in Section 2, in

“SEN(f)(T1)” “” applies to SEN(f)(T1) and not only to 77. THS : Sign
— Set is indeed a functor, since, if f : 3 — X9, ¢ : X9 — X3 € Mor(Sign)
and <21,T1> € THS(El),

THS(gf)((S1,T1))

(X3, SEN(gf)(T1))
= (X3, SEN(g)(SEN(f)(11))*
(X3, SEN(g)(SEN(f)(11)°)
THS(g)({¥2, SEN(f)(T1))
= THS(g)(THS(f)((31,T1)))-

We call THS : Sign — Set the theory functor.

)
‘)
)

5. Relating Categories of Theories

A key role in the theory of algebraizable deductive systems [4] is played by
special properties of the Leibniz operator mapping theories to congruences
on the formula algebra. For instance, monotonicity of the Leibniz operator is
equivalent to protoalgebraicity and injectivity together with join-continuity
is equivalent to algebraizability. In the categorical context, where the cor-
respondence between theory lattices assumes the form of a functor between
categories of theories of institutions, it is natural to look for special pro-
perties that this functor may possess and expect that they will be crucial in
characterizing equivalence of institutions. Properties of this kind are studied
in this and subsequent sections.

Let 77 = (Signl, SENq, {CE}EG\Sign1\>7 I, = (SignQ, SENs,
{Cs}se|sign,|) be two 7-institutions. We now introduce properties of func-
tors relating the categories of theories TH(Z;) and TH(Z), that will be used
in the sequel to give the main characterization theorems of the relations
of quasi-equivalence and deductive equivalence between the m-institutions
themselves.

Denote by 7o : |[TH(Z;)| — |Set| the second projection, defined by

mo((X1,T1)) =Ty, forevery (¥1,71) € |TH(Z;)|,
and, similarly, mo : |TH(Z2)| — |Set|, given by
T2 ((X2,T2)) = To, for every (X2,T3) € [TH(Z2)|.
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DEFINITION 5.1. A functor F': TH(Z;) — TH(Zy) will be called

(i) signature-respecting if there exists a functor F' : Sign; — Sign,,
such that the following rectangle commutes

TH(Z,) TH(Z,)
SIG SIG
Sign, Sign,

Jall
If this is the case, it is easy to verify that F' is necessarily unique.
(ii) (strongly) monotonic if, for all (¥1,71),(X1,7]) € | TH(Z1)|,

Ty €Ty (ifand) only if m(F((¥1,T1))) € ma(F((E1, 1)),

(iii) join-respecting if, for all ¥; € |Sign,|,® C SEN;(%,),

(U m(F((S1,{8})))° = m2(F (21, ©9))).

pcd

Finally, a signature-respecting functor F' : TH(Z;) — TH(Z;) will
be said to commute with substitutions if, for every f : ¥; — ¥| €
Mor(Sign, ),

THS(F'(f))(F((S1,T1))) = F(THS1 (f)((%1,T1))), (1)

for every (X1, T1) € |TH(Z;)|, where F' : Sign, — Sign, is the (necessarily
unique) functor of part (i).

Let S be an algebraizable deductive system with equivalent algebraic
semantics K. In [4] it is shown that the mapping €2 : Ths — Thx sending
an S-theory T to the largest congruence on the formula algebra of & that
is compatible with 7', which is called the Leibniz operator, is actually an
isomorphism from the lattice of S-theories onto the lattice of K-congruences.
This isomorphism induces a functor €2 : TH(Zs) — TH(Zs, ) by defining
Q(V,T)) = (V,Q(T)), for every (V,T) € | TH(Zs)|, and

QUf) = (f)? - (V. QT1)) — (V. Q(T2)),

for all f : (V,T1) — (V,Ty) € Mor(TH(Zs)). In other words, a theory
morphism os induced by a substitution ¢ is mapped to the congruence
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morphism o induced by the same substitution. In this case QF is the
identity signature functor and commutativity with substitutions assumes
the familiar form in [4]

o (UTh)) = Qos(T1)).

On the other hand, the join-respecting property has nothing to do with the
join-continuity of [4]. In [4], Q@ : Ths — Thg is said to be join-continuous
if, for every family 7,7 € I, of S-theories, Q(\/‘fe[ T;) = \/féIQ(TZ) In the
case of the m-institution associated with a deductive system S = (£, Fgs) it
assumes the form

\/j@ Q(Cs(d)) = QCs(®)), for every & C Fmp (V).

Using the definition of the theory functors THS; : Sign; — Set and
THS, : Sign, — Set, Equation (i) may be rewritten in the form

SENy (F'(f))(m2(F((£1,T1)))) = ma(F ({1, SEN1(f)(T1)°))).

The properties above may be extended to the case where the two cate-
gories of theories TH(Z;) and TH(Z;) are related via an adjunction. The
following definition then applies

DEFINITION 5.2. An adjunction (F,G,n,e) : TH(Z;) — TH(Z2) will be
called

(i) signature-respecting if both F' and G are signature-respecting,
(ii) (strongly) monotonic if both F' and G are (strongly) monotonic,
(iii) join-respecting if both F' and G are join-respecting.

Finally, a signature-respecting adjunction will be said to commute with
substitutions if both I' and G commute with substitutions.

6. Relating Institutions

In [6], the notions of interpretation and of translation between two deductive
systems were introduced. The notion of equivalence of deductive systems was
then given. This allowed for an elegant and symmetric reformulation of the
notion of algebraizability. In this section the notion of a translation and that
of an interpretation are extended to fit the w-institution framework. Based
on these notions, the relations of quasi-equivalence, strong quasi-equivalence
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and deductive equivalence, increasing in strength, can be defined between
two m-institutions. These relations provide the necessary means for compar-
ing their deductive apparatuses. The weakest notion is introduced first and
the rest are then developed in increasing order of strength. Characteriza-
tions of these relations will be provided in the next sections of the paper, in
terms of the strength of the ties that they impose between the categories of
theories of the two w-institutions they relate.

DEFINITION 6.1. Let Z; = (Sign;,SENy, {Cs}sesign,|),Z2 = (Sign,,
SEN3, {Cx }se|sign,|) be two 7-institutions.

e A translation of 7; in 75 is a pair (F,«) : 7y — Zy consisting of

(i) a functor F': Sign; — Sign, and
(ii) a natural transformation o : SEN; — PSEN;y F.

e A translation (F,«) : 7y — Z5 is an interpretation of Z; in 75 if, for
all 31 € |Sign,;|,® U{¢} C SEN;(Xy),

¢ € ®° if and only if ax,(¢) C ax, (P)°. (ii)

Note that if S is an algebraizable deductive system and K is its equivalent
algebraic semantics, a translation (F,«a) : Zs — Zg, is always taken to be
the identity on signatures in [4]. In that case ay : Fmz (V) — P(Fmg(V)?)
is the well-known system of defining equations § = ¢, which is always finite.
In particular (ii) assumes the form

Prs¢ iff {6()) =e(y): ¢ € P}k 6(9) ~ €(0), (ii)

which is the condition defining K as an algebraic semantics for S and is the
first condition for algebraizability. The existence of an interpretation in the
other direction gives the second condition for algebraizability in the context
of deductive systems. The remaining two (third and fourth) conditions dic-
tate that the two interpretations must be inverses of one another. (iii) also
appears in a more general form as the definition of an interpretation from a
general k-deductive system to a general [-deductive system in [6].

Using the notion of interpretation for m-institutions the following rela-
tions on m-institutions can be defined.

DEFINITION 6.2. Let 77,7 be two m-institutions, as above.

e 77 will be said to be interpretable in 7, if there exists an interpre-
tation (F,a) : Ty — To.
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e 7, will be said to be left quasi-equivalent to Z, and Z, is right
quasi-equivalent to Z; if there exist interpretations (F,«) : 7y — 7o
and (G, 8) : Iy — 7, such that

1. (F,G,n,€) : Sign; — Sign, is an adjunction, for some natural
transformations 7, €,

2. for all ¥; € |Sign, |, ¢ € SEN;(3),

SEN1 (n5,)(6)° € Br(sy)(ox, (4))° (iv)

and, for all ¥y € |Sign,|, 1 € SENa(X3),
SENz (€5, ) (ag(s,) (Os, () € {9} (v)

In this case (F, «) is a left quasi-inverse of (G, §) and (G, ) a right
quasi-inverse of (F,a).

e 71 will be said to be strongly left quasi-equivalent to 7> and 7o
strongly right quasi-equivalent to Z; if there exist interpretations
(F,a) : Iy — Iy, (G,B) : Ty — I, such that 1 and 2 above hold,
but in 2 the inclusions are replaced by equalities. In this case (F,«)
is a strong left quasi-inverse of (G, 3) and (G, 5) a strong right
quasi-inverse of (F,q).

e 7, and 7, are deductively equivalent if there exist an interpretation
(F,a) : Ty — Zy and an interpretation (G, () : Zo — Zj, such that
(F,a) and (G, ) are inverses of one another meaning that (F,«) is
a strong left quasi-inverse of (G, ) and in 1 above the adjunction is
replaced by an adjoint equivalence.

Note that if Z; and Z» are deductively equivalent and (F, o), (G, 3) are in-
verses of each other, then each is both left and right strongly quasi-equivalent
to the other and the unit and counit of the quasi-invertibility relations are
natural isomorphisms.

Coming back to the case of algebraizable deductive systems, it is interest-
ing to note that (iv) and (v) replace the invertibility relations of [4] and the
generalized invertibility relations of [6]. But in the present setting, because
of the additional complexity induced by varying signatures, the additional
condition that the signature adjunction (F, G, 7, €¢) be an adjoint equivalence
is necessary to obtain full deductive equivalence. Note also that, if Z; and
7, are deductively equivalent via the interpretations (F,«) : 7y — Zs and
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(G,B) : Ty — I; and the adjoint equivalence (F,G,n,¢€) : Sign, — Sign,,
then, for all 39 € |Sign,| and ¢ € SENa(Xs),

{¥}° = SENy(es, ) (ag(s,) (B, (¥))°), (vi)
and, for all ¥; € [Sign,| and ¢ € SEN;(X,),
{¢}° = SEN1(ns,) ™ (Brsy) (ox, (4))°). (vii)

In this case (vi) and (vii) are equivalent to the equality versions of (v) and
(iv), respectively, in view of Corollaries 2.4 and 2.6 and the fact that ny,
and ey, are isomorphisms.

We define the corresponding notions for institutions using their associ-
ated m-institutions.

DEFINITION 6.3. Let 77 and Z» be two institutions.

e 7, is interpretable in Z, if 7(Z;) is interpretable in m(Z2).

e 7, is (strongly) left quasi-equivalent to 7, if 7(Z;) is (strongly)
left quasi-equivalent to m(Z3) and, similarly, for (strong) right quasi-
equivalence.

e 7, and 7, are deductively equivalent if 7(Z;) and 7(Z5) are deduc-
tively equivalent.

A technical lemma that will be used very often in what follows is given
first.

LEMMA 6.4. Let Il = <Sign1,SEN1,{CE}EG‘Sign”),IQ = <Sign2,SEN2,
{Cs}seisign,|) be two m-institutions and (F,a) : Ty — Iy an interpretation.
Then

ay, (P9)° = ax, ()¢, forall 3, € |Sign,|,® C SEN;(Z,). (viii)

PrOOF. Clearly, as, (?)¢ C ax, (P€)¢. Since « is an interpretation, as, (®€)
C ay,(®)¢, whence ax, (9°)¢ C (ax,(®)9)° ie., ax, (P9)° C ax, (P)¢, as
required. ]

Let 77 = (Signl, SENq, {CE}EG\Sign1\>7 I, = (SignQ, SENs,
{Cs.}se|sign,|) be two m-institutions such that there exist translations (F, o)
: Iy — 19, (G, ) : Ty — I; and an adjunction (F,G,n,€) : Sign; — Sign,.
It is routine to check that in case any of the relations (iv)-(vii) holds, then
the same relation is valid with the single sentence ¢ or v replaced by a set of
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sentences. This fact will be used repeatedly in what follows without being
explicitly stated.

Moreover, it can be shown (see [20]) that the existence of the two transla-
tions and of the adjoint equivalence together with conditions (ii) and (vi) are
sufficient for the deductive equivalence of Z; and Z,. This parallels Corollary
2.9 of [4], where an analogous result is proved for algebraizable deductive
systems.

7. Equational Algebra

In this section, an algebraic counterpart £A of the institution £0Q, given
in Section 3 is constructed. This is an institution based on an algebraic
theory in monoid form in an appropriately chosen category. The definition
of deductive equivalence, presented in the previous section, will provide the
necessary framework in which £Q will be shown to be related to its algebraic
counterpart £A.

The construction of the institution £4 = (EASIG, EASEN, EAMOD,
k=) is outlined first. This institution is based on an algebraic theory Trq =
(Teq, MEQ, pEQ) in monoid form in the category QSet of w-sets. It may be
shown that the equational institution £Q and £A are deductively equivalent
institutions. Details of the construction and the equivalence will be provided
elsewhere.

First, an adjunction (FFQ UFQ nFQ FQ) . OSet — EQSIG is con-
structed as follows: The functor FEQ : QSet — EQSIG is the identity
on objects and sends an QSet-morphism f : X — Y to the morphism
ngf : X — Y in EQSIG obtained by composing f with the embedding
of Y in Tmy (V), taking the k-ary basic operation y € Y to the Y-term
Y(Vk,0s -+, Vk k—1). The functor UEQ : EQSIG — QSet sends an object X
of EQSIG to the w-set Tmyx (V) of X-terms with variables in V' and an
EQSIG-morphism f : X — Y to the w-set map f*: Tmx (V) — Tmy (V)
obtained by extending f to X-terms (see also Section 3). The natural trans-
formation nEQ : Igset — UEQFEQ from the identity functor on Q2Set to the
composite of FEQ and UPQ assigns to each w-set X the standard embedding
jEQ of X into Tmx (V) sending € X}, to x(vgp,...,Vkk—1). Finally, the
natural transformation ¢£Q ; FEQUEQ _, Igqsic from the composite of
UPFQ and FEQ to the identity functor on EQSIG assigns to each object X
of EQSIG the identity map iy, (1) viewed as an EQSIG-morphism from
Tmx (V) to X.

This adjunction gives rise in a standard way to an algebraic theory
Teq = <TEQ777EQ,MEQ> in (2Set by setting Tgq = UEQFEQ,HEQ = 77EQ
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and pupq = UEQGI;EQ (see, e.g., [16], p.134). It turns out that the Kleisli
category (2Setry, coincides with EQSIG. A Tgq-algebra in ()Set is now a
pair X = (X, &) consisting of an w-set X together with an Q2Set-morphism
¢ : Tmx (V) — X, such that the following diagrams commute

T;
x Qx| Tmx (V) Tmry vy (V) M Tmx (V)
Z'X 5 IU’EQX g
X Tmyx (V) X

¢

The w-set X is called the carrier or universe of the algebra X and the
(1Set-morphism ¢ is called the structure map of X. Given two Tgq-
algebras X = (X,¢) and Y = (Y, (), a Tgq-algebra homomorphism is an
QSet-morphism h : X — Y that preserves the algebra structure, i.e., such
that the following rectangle commutes.

Ty (V) 220 | (v
§ ¢
X 7 Y

The collection of all Tgq-algebras together with Tgq-algebra homomor-
phisms between them forms a category QSetT®Q, known as the Eilenberg-
Moore category of Tgq-algebras in {2Set. QSetTEQ is usually thought of as a
class of algebras of the same similarity type that is equationally defined, since
Eilenberg-Moore categories of algebras for algebraic theories in Set roughly
correspond to universal algebraic varieties of algebras [17]. Thus, the pas-
sage from £Q to £A, as defined below, is not a trivial process. Models of £Q
are first-order models over varying algebraic signatures whereas models of
EA come from algebras of the same similarity type that, in addition, belong
to some equationally defined class of algebras corresponding to the chosen
algebraic theory Tgq. The significance of this passage in the general theory
of categorical abstract algebraic logic and its key role in the algebraization
of a multi-sorted logical system was emphasized in [20] and will be further
studied in [21], where a further step towards the formulation of a general the-
ory of algebraizability along the lines of [4, 6] will be taken. Namely, based
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on the notion of an algebraic theory, the general notion of algebraic insti-
tution will be defined, which roughly corresponds to a 2-deductive system
with an equational consequence relation. Algebraic institutions will then
be used in conjunction with the graded notions of equivalence, that were
defined in Section 6, to give a definition of corresponding graded notions of
algebraizability for institutions.

Recall from Section 3.2 that given a set A, by Cl(A) is denoted the w-set
whose k-th level consists of all k-ary operations on A. Given a set A, one
may construct a Tgq-algebra A* = (CI(A),£4), with universe C1(A), whose
structure map reflects the way clone operations compose in CI(A). Letting
Opq be the full subcategory of QSet™®Q with objects {A* = (CI(A), £4) :
A € |Set|}, construct the institution £4 = (EASIG, EASEN, EAMOD, )
as follows:

(i) EASIG = EQSIG

(ii) EASEN = EQSEN

(iii) For every X € |EASIG|,EAMOD(X) is the category with objects
pairs (A*, f),A* € |Qgq|, f : X — CI(A) € Mor(EASIG), and mor-
phisms h : (A", f) — (B*,g), Tgq-algebra homomorphisms h : A* —
B*, such that g = ho f. Moreover, given k: X — Y € Mor(EASIG),
EAMOD(k) : EAMOD(Y) — EAMOD(X) is the functor that maps
an object (A*, f) € [EAMOD(Y)| to (A*, fok) € |[EAMOD(X)| and a
morphism h : (A*, f) — (B*,g) € Mor(EAMOD(Y')) to the morphism
EAMOD(k)(h) : (A*, fo k) — (B*,g o k), with EAMOD(f)(h) = h.

(iv) Finally, satisfaction in £A is defined, for every X € |[EASIG]|, by

(A% ) Ex st it £a(f"(s)) = £a(f7 (1)),
for all (A*, f) € [EAMOD(X)|,s ~t € EASEN(X).

It is not hard to see that £A is an institution and that £A and £Q are
deductively equivalent, via the interpretations (Igqsic, ) : £Q — £A, and
<IEASIG7ﬂ> :EA — SQ, where

ax(s~t)={s~t}, forall X € |[EQSIG|,s~tec EQSEN(X) and
Bx(s~t)={s~t}, forall X € |EASIG|,s~tec EASEN(X).

The key observation for this equivalence is that to an X-algebra A =
(A, X2) one may associate the Trq-algebra (Cl(A),€4) € |Qrq| and a mor-

phism f : X — CI(A), such that fi(x) = n(EJ;%A)k(:L‘A), for all k € w,z € X,
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and to each model ((Cl(A),£4), f) one may associate an X-algebra A =
(A, €A f), such that the two members in each of these pairs satisfy the same
equations in their respective institutions.

As an example, let X = {X} : k € w}, with Xo = X; =0, Xy = {-} and
X, =0, for all n > 3, i.e., X is the signature of groupoids. To a groupoid
(A,-A) € [EQMOD(X)| one associates the Tgq-algebra (C1(A), 4) with the
morphism 77@1(A)XA : X — CI(A), with ncy(a) (XA(4) = voo A w21, and to
((C1(A),€4),9) € |[EAMOD(X)| one associates the groupoid (A, &A(g(+))).
Then the assertion expresses the fact that, for any groupoid term ¢,

SA((ﬁCI(A XA)A(t) and ¢ = Ea(g (1)),

Nogea XA
TmX(Vg a4 )]

Tmeya) (V) ==~ e Cl(A)

*

T (V) -4 Trngy ) (V) —4 CI(A)

8. Interpretability

In this section a characterization of interpretability of a term m-institution
7, in a w-institution Zo is provided. Namely, it will be shown that a term
m-institution Z7 is interpretable in a w-institution Zy if and only if there
exists a strongly monotonic, join-respecting, signature-respecting functor
from TH(Z;) into TH(Z;) that commutes with substitutions. A characte-
rization of the existence of a translation (F,«) : 7y — Zy, from a term
m-institution Z7 to a m-institution Zs is given first. This will just require and
will be guaranteed by the existence of a signature-respecting functor from
TH(Z;) into TH(Z,).

Let I, = (Sign;, SENy, {CE}E€|Sign1\>7I2 = (Sign,, SENg,
{Cs}seisign,|) be two m-institutions and (F,a) : 7y — I a translation.
Define F'# : TH(Z;) — TH(Z,) as follows.

FH(S1,T1)) = (F(S1), a5, (T1)7),  for every  (S1,73) € | TH(T)),
and, given f: (X1,Th) — (X],17) € Mor(TH(Z1)),
F#(f) : (F(21), a5, (T1)%) — (F(2Y), ax, (T7)°)

is determined by

SIG(F#(f)) = F(SIG(f)),
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where SIG : TH(Z;) — Sign; and SIG : TH(Z;) — Sign, denote the
forgetful functors from theories to signatures, defined formally in Section 4.

SIG being faithful, F#(f) is well-defined, and it is a theory morphism
since

SEN2(SIG(F#(f))) (s, (T1)9)® = SENa(F(SIG(/)))(as, (T1))°
(by Corollary 2.4)
= axy (SEN1 (SIG(f))(T1))°
(since « is a natural transf.)
Qyy (17)°
(since f + (£1,T1) — (. T})).

N

F# : TH(T;) — TH(Z,) is a functor, since, if f : (X1, T1) — (X],T1),9 :
(X0, 17) — (XY, T7) € Mor(TH(Z;)), we have

SIG(F#(gf)) = F(SIG(gf))
F(SIG(9))F(SIG(f))
= SIG(F*#(9))SIG(F#(f))
= SIG(F#(g)F#(f))

and therefore F7(gf) = F#(g)F#(f). Finally F# is signature-respecting.
In fact, the following diagram commutes:

TH(T,) — £ TH(T)

SIG SIG

Sign, —F Sign,
For every (¥1,T1) € |[TH(Z;)|,

SIG(F#((21,T1))) = SIG({F(Z1),as, (T1)))
F(X%y)
= F(SIG((X1,T1))),

and, for every f : (X1,T1) — (X,T]) € Mor(TH(Z1)), we have, by definition
of F'#,
SIG(F#(f)) = F(SIG(f)).

Suppose, next, that 7; = (Sign;, SENy, {Cs}sesign,|) is a term 7-
institution, Zp = (Signy, SENg, {Cs }yesign,|) is a m-institution and F :
TH(Z,) — TH(Z,) a signature-respecting functor. Then, by Definition
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5.1(i), there exists a (necessarily unique) functor FT : Sign; — Sign,, such
that the following rectangle commutes

TH(Z,) TH(Z>)
SIG SIG
Sign, Sign,

FT

Since 7 is term, there exists a source signature-variable pair (A, p) for Z;.
Set

0 = m(F((A,{p}))).

Define o' : SEN; — PSENoF' by of : SEN{(Z1) — P(SEN(F())),
with

af (¢) = PSENy(FT( fene))(©),  forall Xy € [Sign,|,¢ € SEN: ().

To show that the pair (FT, of") : T; — 7, is a translation, it suffices to
show that of : SEN; — PSEN,F' is a natural transformation, i.e., that the
following diagram commutes, for every f :3; — X} € Mor(Sign,).
af
SEN;(21) — PSENy(F1(%1))

SEN; (f) PSENy(FT(f))

SENl(Z’l)—>F PSENQ(FT(Z’l))
a
!
For every ¢ € SEN;(X1), we have

PSEN,(FT(f))(as;,(¢)) = PSEN2(FT(f))(PSEN2(F'(fis;, ¢))(O))
(by definition of agl)
= PSENo(FI(ff(5,,6)))(O)
(since PSEN,FT is a functor)
= PSEN2(F'(fis; seni(5)(0))(©)
(by the term property)
= ag,l(SENl(f)(qZ))) (by definition of ag,l),

as required. Thus, <FT, af ) : Iy — Iy is indeed a translation. This estab-
lishes the following



300 G. Voutsadakis

THEOREM 8.1. Let I; = (Sign;,SENy,{Cs}seisign,|)»Z2 = (Signy,
SENa, {Cs }yc|sign,|) be two m-institutions.

(i) If (F,a) : Iy — I is a translation, then F7 : TH(T,) — TH(Z:) is a
signature-respecting functor.

(i1) If Iy is term and F : TH(Z7) — TH(Z,) is a signature-respecting
functor, then (F1,af") : T; — Ty is a translation.

With the help of Theorem 8.1, it is not difficult to obtain a similar
characterization for the existence of an interpretation (F,«) : Zy — Zo from
a term 7-institution Z; to a m-institution Zs. Namely, we have

THEOREM 8.2. Let I; = (Signy,SENy,{Cs}seisign,|)»Z2 = (Signy,
SEN2, {Cs }esign,|) be two m-institutions.

(i) If (F,a) : Ty — Iy is an interpretation, then F7 : TH(T;) — TH(Z,)
is a strongly monotonic, join-respecting, signature-respecting functor
that commutes with substitutions.

(ii) If Zy is term and F : TH(Z;) — TH(Zs) is a strongly monotonic,
join-respecting, signature-respecting functor that commutes with sub-
stitutions, then (FT,a%) : Ty — Ty is an interpretation.

PRrROOF. (i) By part (i) of Theorem 8.1, it suffices to show that F# : TH(Z;)
— TH(Z) is strongly monotonic, join-respecting and commutes with sub-
stitutions. To this end, let (X1,71), (X1,T7) € |TH(Z;)|. Then

Ty CT] iff ax,(T1)° C ax,(T7)° (since « is an interpretation)
iff o (F7((S1,T1))) € ma(F7((21,T1)))
(by the definition of F#, 7y).

To show that F'# is join-respecting, let X1 € |Sign;|,® C SEN;(X1). Then

Useo m(FF((Z1,{6})))° = (Uges oz ({6}°)°)°
by the definitions of F#, y)
Usco @, (6)°)° (by Lemma 6.4)
U¢e¢> as, (9))°
= ay,(P)°
= ay, (99 (by Lemma 6.4)
= m(F#((31,20))
(by the definitions of F#, ).

A~ N S
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Finally, for commutativity with substitutions, we have, for all f: ¥} — ¥} €
Mor(Sign,),

SENa(F(f)) (ma(F#((S1, T1))¢ = SENa(F(f))(as, (T1)°)°
(by the definitions of F#, my)
= SENa(F(f))(ax, (Th))¢ (by Cor. 2.4)
= ay (SEN1(f)(T1))°

(since a is a natural transformation)

= ayy (SEN1(f)(T1)°)¢ (by Lemma 6.4)

= my(F* (24, SEN,(£)(T1))))
(by definitions of F#, ).

(ii) By part (ii) of Theorem 8.1, it suffices to show that, for every ¥; €
|Sign, |, ® U {¢} C SEN;(X;), we have

¢ ed iff af (¢) Caf, (9)"
To this end, we first prove that
mo(F((X1,99))) = agl(@)c, for all ¥; € |Sign,|,® C SEN;(%1). (ix)
In fact, we have

of, (®)° (Upes o, (0))°

(U¢€¢ PSENQ(FT(f< #))(©))¢ (by the definition of agl)
(Usea PSEN2(FT(fs, 0))) (m2(F((A, {p})))))*

(by definition of ©)

(Usea PSEN2(F!(f152,,0))) (ma(F ({4, {p})))))°

(Ugea m2(F((X1, SEN1(fis,,6) (P)9))))°

(by commutativity with substitutions)

(

Usea m2(F((X1,{¢}))))° (by the term property)
mo(F((X1,®°))) (by join-continuity).

Finally, let ¥; € |Sign;| and ® U {¢} C SEN;(X;). Then

of, (¢) € af ()¢ iff af (¢)° C o, (2)°
iff mo(F((X1,{9}))) € ma(F((X1,99)))
by Equation (ix),
iff {¢}¢ C ®° by strong monotonicity,
iff ¢ € o,

as required. [ |
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9. Quasi-Equivalence

In this section the relation of quasi-equivalence between two term m-institu-
tions Z7 and 7o is characterized. As a corollary, a characterization of strong
quasi-equivalence is obtained. This also yields a characterization of deduc-
tive equivalence by looking at the special case where the adjunction between
the signature categories happens to be an adjoint equivalence. However, in
the main result of the next section, Theorem 10.5, it will be shown that
in this special case, the additional requirement that the unit and counit of
the adjunction be natural isomorphisms can simplify the conditions imposed
significantly.

It is worth pointing out that the main characterization theorem of this
section, Theorem 9.4, and its proof are slightly more complicated than the
corresponding result for deductive systems because in the present context
one has to deal with the increased complexity of the signature categories of
the w-institutions involved. The reader may wish at this point to compare
the two examples presented in Section 3 as an illustration of this fact.

LEMMA 9.1. Let 77 = <Sign1aSEN1a{CE}EG\Sign1|>aI2 = <Sign2,SEN2,
{Cs}seisign,|) be two m-institutions and (F,G,n,¢) : TH(Z;) — TH(Z2) a
signature-respecting adjunction. Then, for all (¥1,T1),(X1,T]) € |TH(Z1)|,
<22,T2>, <22,T2,> S |TH(IQ)‘,

SIG(’I7<EI’T1>) = SIG(’I7<21,T1/>) and SIG(€<E27T2>) = SIG(€<22’TQI>).

PRrOOF. We show that, for all ¥; € [Sign,|, (X1,T1) € |TH(Z;)|,

SIG(??(EI ,T1>) = SIG(T]<EI7®C>).

To this end, consider the theory morphism i : (31,0°) — (X1,71), such
that SIG(¢) = ix,. This morphism agrees on signatures with the morphism
iy 00y ¢ (B1,09) — (¥1,0°), that is also the identity on signatures, by defi-
nition. Thus, by signature-respectivity,

SIG(F(i) = SIG(F(ify, g))
= SIG(ILF(<21,®C>))'

Similarly, by signature-respectivity, the above equation yields

SIG(G (ir((s, ,0))))

= SIG(iG(F(<21,®C>)))
= ISIG(G(F({21,09))))

SIG(G(F(4)))
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and, therefore, the following diagram commutes, by the naturality of 7 :

SIG(T]<EI7®C>)

SIG((1,09)) SIG(G(F((X1,0%)))

i, ISIG(G(F((£1,0°))))

SIG((¥1,T1)) SIG(G(F((X1,T1))))

SIG(”(ELTD)

This shows that SIG (s, 1)) = SIG(7(s, ¢e)), as required. The correspond-
ing relation for the counit € can be proved similarly. [ |

Recall from Section 5 that, given a signature-respecting functor F' :
TH(Z,) — TH(Z,), by F' : Sign; — Sign, is denoted the induced sig-
nature functor such that SIG o F = F o SIG. We denote by UT& 1Y —
GY(FT(2;)) the common value SIG(n¢s, 1)), for all ¥i-theories (¥q,T7),
and by 6;2 : FT(G1(%3)) — X the common value SIG(€e(s,,13)), for all Y-
theories (Xo, Th).

Using Lemma 9.1, it is not hard to see that the following holds

LEMMA 9.2. Let 77 = <Sign1,SEN1,{CE}EG‘Sign”),IQ = <Sign2,SEN2,
{Cs}seisign,|) be two m-institutions.

(i) If (F,G,n,e) : TH(Z,) — TH(Z2) is a signature-respecting adjunction,
then (FT,GT 0t €) : Sign, — Sign, is an adjunction.

(ii) Moreover, if (F,G,n,€) : TH(Z,) — TH(Zs) is a signature-respecting
adjoint equivalence then (F1, Gt nf ') : Sign; — Sign, is an adjoint
equivalence.

The following definition will be used in the characterization of strong
quasi-equivalence.

DEFINITION 9.3. Let Z; = (Sign;,SENy, {Cs}sesign,|),Z2 = (Signy,
SEN2, {Cs}sesign,|) Pe two m-institutions. An adjunction (F,G,n,¢€) :
TH(Z,) — TH(Z,) will be said to be strong if the following hold

(i) SENy(SIG (1, 1)) (T1)" = m2(G(F((X1,T1)))), for every (X1,T1) €
|TH(Z;)|, and

(ii) SEN2(SIG(€<22’TQ>))(FQ(F(G((EQ7T2>))))C = Tg, for every <22,T2> €
I'TH(Z,)|.
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THEOREM 9.4. Let I; = (Sign;,SENy,{Cs}seisign,|)»Z2 = (Signy,
SENa, {Cs }yc|sign,|) be two m-institutions.

(i) IfZy is left quasi-equivalent (respectively, strongly left quasi-equivalent,
deductively equivalent) to Iy wia the interpretations (F,a) : Iy —
T, (G, ) : Ty — I1 and the adjunction (respectively, adjunction, ad-
joint equivalence) (F,G,n,€) : Sign, — Signy, then (F7 G# n¥,
e*) : TH(T)) — TH(Z,) is a strongly monotonic, join-respecting,
signature-respecting adjunction (respectively, strong adjunction, ad-
joint equivalence) that commutes with substitutions, where

SIG(??Z#ELTQ) =ny, and SIG(G?EEQ,B)) = ey,
for all (X1,T1) € |[TH(Z,)|, (32, T3) € |[TH(Z)|.

(ii) If 71,75 are term and (F,G,n,€¢) : TH(Z;) — TH(Zs) is a strongly
monotonic, join-respecting, signature-respecting adjunction (respecti-
vely, strong adjunction, adjoint equivalence) that commutes with sub-
stitutions, then Iy is left quasi-equivalent (respectively, strongly left
quasi-equivalent, deductively equivalent) to s via the interpretations
(FT .oy : Ty — I, (G, o) : Ty — Iy and the adjunction (respec-
tively, adjoint equivalence) (FT,GT, nt, ) : Sign; — Sign,.

PROOF. We restrict our attention to the case of quasi-equivalence. The
remaining cases may be handled similarly.

(i) Let (F,a) : Iy — Io,(G, B) : Zo — Z; be the two interpretations and
(F,G,n,¢€) : Sign; — Sign, the adjunction witnessing the quasi-equivalence
relation between 77 and Zy. By part (i) of Theorem 8.2 there exist strongly
monotonic, join-respecting, signature-respecting functors F# : TH(Z,) —
TH(Z;),G* : TH(Z;) — TH(Z;), that commute with substitutions. Define
n Itaz,) — G#F# and ¢ : F*G# — ItH(z,) as in the statement of
the theorem. Since, by the definition of left quasi-equivalence,

SEN1 (s, )(T1)¢ € Bpmy)(as, (T1))°

and
SENz (ex, ) (g(s,) (Bs, (12)))¢ € T,

# #
both 05, 1) and €50 1)
that (7%, G% 7, 7). TH(Z;) — TH(Z,) is an adjunction. Since both F'#

and G# are strongly monotonic, join-respecting, signature-respecting and

are well-defined theory morphisms and it is clear
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commute with substitutions, (F #,G#,n#,e#> is also strongly monotonic,
join-respecting, signature-respecting and commutes with substitutions.

(ii) By Theorem 8.2, (FT,af") : Ty — Iy, (GT,a%) : T, — I are inter-
pretations. Furthermore, since (F,G,n,¢) : TH(Z;) — TH(Z,) is signature-
respecting, n' : Isign, — G'Ft and € : FiGT — Isign, are such that
(F1,Gt,nf €f) : Sign, — Sign, is an adjunction. Thus, it only remains to
show that

SEN: (178, )(#)° € a5, (0, ()",

for all ¥; € |Sign,| and all ¢ € SEN;(3;) and

SENy (e, ) (06 ) (0, (9)))° € {9},

for all 39 € |Sign,| and ¢ € SEN3(X3). We show the first.

agf(gl)(agl(ﬁb))c = a%(gl)(azl( )€)¢ (by Lemma 6.4)
afli s, (8, ({#})9)° (by Lemma 6.4)
= a8, 5 (2(F (51, {6)))))° (by Equation (ix))
= mo(GUFT (1), m(F(S1, {6})))) (by Eat. (ix)
= m(G(F((X1,{¢}9))))
(since F((X1,{¢}%)) = (FT(21), m(F((Z1, {¢}))))
D SEN1(n% )({#}°)° (by Lemma 9.1)
= SEN1(ng,,)(9)°.
The second may be shown analogously. [ |

10. Deductive Equivalence

The notion of deductive equivalence was defined for m-institutions in Section
6 and a characterization was obtained for the deductive equivalence of two
term r-institutions in terms of their categories of theories in Theorem 9.4
of the preceding section as a special case of a similar characterization for
the more general notion of quasi-equivalence. In this section, we exploit the
special additional features present in the case of a deductive equivalence,
more precisely, the fact that units and counits of the adjunctions involved
are natural isomorphisms, to obtain a refinement of Theorem 9.4 for the case
of deductive equivalence.

LEMMA 10.1. Let 77 = <Sign1,SEN1,{CE}EE|Sign1|>,Ig = <Sign2,SEN2,
{CE}E€|Sign2|> be two mw-institutions. A signature-respecting adjoint equiva-
lence (F,G,n,¢€) : TH(Z;) — TH(Z:) is monotonic.
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PROOF. Suppose (F,G,n,e) : TH(Z;) — TH(Z,) is signature-respecting
and let (X1,71),(X1,77) € |TH(Zy)|, with 77 C TY. Then, the identity
on ¥; induces a theory morphism ¢ : (31,77) — (X1,77). This morphism
agrees on signatures with the identity i, 7y : (¥1,71) — (X1,71), whence,
by signature-respectivity,

SIG(F(i)) = SIG(F(ixs, 1))
= SIG(ipz,,m)))

= ISIG(F((S1,11)))"

Thus, F (i) : F((31,T1)) — F((31,TY})) is the identity on signatures, showing
that
mo(F((31,T1))) € ma(F ({51, T7)))-

By symmetry, for all (Xq,T5), (X2,T3) € |TH(Z3)|, with Ty C Ty,
m2(G((22, T3))) C ma(G((E2,T3))),
as required. [ |

LEmMA 10.2. Let 77 = <SignlasENla{CE}EG|Sign1|>7IQ = <Sign2,SEN2,
{Cs}seisign,|) be two m-institutions. A signature-respecting adjoint equiva-
lence (F,G,n,e) : TH(Z1) — TH(Zy) is injective on X;-theories, i.e., for
all 31 € |Sign, |, (X1, T1), <21,T1/> € |TH(Z,)|,

(E1,Th) # (E1,T1) implies  F((31,T1)) # F((E1,T1))
and the same holds for Xo-theories, for every 3o € |Sign,].

PROOF. Let <21,T1>, <21,T{> S |TH(I1)‘ If F(<21,T1>) = F((El,TD),
then, by signature-respectivity and Lemma 9.1,

SEN: (SIG(15, 1)) (m2(G(F((£1,T1))))) =
SEN: (SIG (15, 7)) (m2(G(F ({21, T1))))),

whence, by Lemma 4.1, T} = T{. An analogous argument can be used for
G. ]

LEMMA 10.3. Let 7; = <SignlasEN17{CE}E€|Sign1|>7I2 = <Sign2,SEN2,
{CE}EE|Sign2|> be two m-institutions. A signature-respecting adjoint equiva-
lence (F,G,n,¢) : TH(Z,) — TH(Z,) is join-respecting.
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PRrROOF. Let ¥; € |Sign,|,® C SEN;(X). Since, by Lemma 10.1, (F,G,n,
€) is monotonic,

mo(F((51,{¢}%))) € ma(F((X1,99))), for every ¢ € @,

whence

(U mF((E1,{6}))° C m2(F({S1,99)).

pcd

Suppose that the inclusion is proper, i.e., that

(U mF((Z1,{6}))° C m2(F({S1,99)).

pcd

Then, by Lemmas 10.1 and 10.2, if ¥9 = SIG(F((X1, ®))), we have

mo(G((Z2, (| m(F((Z1, {6})))) ©

peP C WQ(G(<EQ,7T2(F(<21,CI)C>))>))
= m(G(F((Z1,99)))),

whence, since 75, gc)y is an isomorphism,

SEN1(SIG (03}, gey))(m2(G (2, (| ma(F({E1, {#})))))))) C
Ped

SEN; (SIG(15;, gey))(m2(G(F((¥1,29)))))

i.e., by Lemma 4.1,

SEN: (SIG(13), gey))(m2(G({Z2, (| m2(F((E1,{6}))))) € €. (%)
ped

Now, note that

m(F((1.{6)))) € (| m(F((E1.{6})))",

ped

for every ¢ € ®, whence, by Lemma 10.1,

ma(G(F((S1,{})))) € ma(G((Z2, (| m(F((Z1, {8})))))).

pcd

and, hence,

(U m(GES1A{8}N))° S ma(G (2, (| ma(F((E1,{03)))))-

peP ped
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Thus, by Lemma 9.1,

SEN: (k) (| ma(G(E((Z1, {6})))) €

pcd

SEN1(SIG (5}, 4ey))(m2(G (2, (| ma(F({E1, {6}))))))));

PP

where recall that
"7T21 = SIG(ns, 1)), for every Xj-theory (¥1,T7) € |ITH(Z7)|.

Therefore, by (x), and Corollaries 2.6 and 2.4, we have

SEN (1, ) (| ma(G(F((S1, {8}))° € @,
Ped

i.e., by Lemma 9.1,

(U SENU(SIGO, (430 )(ma(GF((E1, {6)D))))° © @,
ped

whence, by Lemma 4.1,
(UJ{s19)° c @, ie., & C @,
ped

a contradiction. ]

LEMMA 10.4. Let 7, = <SignlasEN17{CE}E€|Sign1|>7I2 = <Sign2,SEN2,
{Cs}seisign,|) be two m-institutions and (F,G,n,¢) : TH(Z;) — TH(Z2) a
signature-respecting adjoint equivalence. Then, for all (31,T1),(¥1,T]) €
|TH(Z4)],

T ST iff m(F(Z1,T1))) € m(F((E1,1))),
and, similarly, for G.

PRrOOF. The “only if” holds by Lemma 10.1.
For the “if” direction, assume that mo(F((X1,71))) € me(F((X1,T7))).
Then we must have, by Lemma 10.1,

m(G(F((21,T1)))) € ma(G(F((£1,T1)))),
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and, therefore, by Lemma 9.1,

SEN: (SIG(15;, 7)) (m2(G(F ({1, T1))))) ©

(£1,71)
SEN,(SIG(r5L 7)) (ma(G(F((Z1, T]).

i.e., by Lemma 4.1, T} C 77, as required. [ |

THEOREM 10.5. Let 7 = <Sign1,SEN1,{C’E}E€|Signl|>,fg = (SignQ,
SENs, {Cx }se(sign,|) be two term m-institutions. Iy and Iy are deductively
equivalent if and only if there exists a signature-respecting adjoint equiva-
lence (F,G,n,¢€) : TH(Z1) — TH(Z2) that commutes with substitutions.

PROOF. A stronger “only if” was proved in part (i) of Theorem 9.4.

For the “if” part, it suffices, by part (ii) of Theorem 9.4, to show that
the signature-respecting adjoint equivalence (F,G,n,€) : TH(Z;) — TH(Z?)
that commutes with substitutions is also strongly monotonic and join-conti-
nuous. But this was shown in Lemmas 10.4 and 10.3, respectively. [ |

Theorem 10.5 is a direct generalization of Theorems 3.7 of [4] and V3.5
of [6] modulo the signature-respectivity condition which is needed here to
tame the much more complex structure of the category of signatures of an
arbitrary m-institution as compared to the one associated with a deductive
system S in the sense of [4, 6]

Since the notions of deductive equivalence and the category of theories
for institutions were defined in terms of the corresponding notions on the
associated m-institutions, Theorem 10.5 can be reformulated to fit in the
institution framework as follows:

COROLLARY 10.6. Let Z; = (Sign;,SEN;,MODy, '), 7o = (Sign,,
SENy, MODs, |=2) be two term institutions. I; and Iy are deductively equi-
valent if and only if there exists a signature-respecting adjoint equivalence
(F,G,n,¢) : TH(Z,) — TH(Z2) that commutes with substitutions.

Acknowledgements: This paper contains material that appears in the
author’s doctoral dissertation, written under the supervision of Professor
Don Pigozzi of Towa State University. 1 am deeply in debt to Don Pigozzi.
He has been watching and encouraging my every step. I am also grate-
ful for the moral support that the Algebra-Combinatorics-Logic-CS group
(Cliff Bergman, Roger Maddux, Jonathan Smith, Sung Song, Gary Leavens,

!The author believes that he was, very recently, able to further generalize Theorem
10.5 to arbitrary (not necessarily term) m-institutions [24].



310 G. Voutsadakis

Jack Lutz and Giora Slutzki) at Iowa State has provided over the years.
Finally, many thanks to Charles Wells for several enlightening categorical
discussions.

The author was partially supported by National Science Foundation
grant CCR-9593168.

References

[1] ANDREKA, H., and I. NEMETI, ‘General Algebraic Logic: A perspective on “What
is logic”’, in D. Gabbay, editor, What is a Logical System?, Studies in Logic and
Computation, Vol. 4, Oxford University Press, New York, 1994.

[2] ANDREKA, H., I. NEMETI, and 1. SAIN, Abstract Model Theoretic Approach to Alge-
braic Logic, Technical Report, 1984.

[3] ANDREKA, H., I. NEMETI, and I. SAIN, ‘Applying Algebraic Logic to Logic’, in M.
Nivat, T. Rus, and G. Scollo, (eds.), Algebraic Methodology and Software Technology:
AMST’93, Workshops in Computing, Springer-Verlag, London 1993.

[4] BLok, W., and D. P1cozz1, Algebraizable logics, vol. 77, No. 396 of Mem. Amer.
Math. Soc. A.M.S., Providence, January 1989.

[5] BLok, W.J., and D. P1Gcozz, ‘Algebraic Semantics for Universal Horn Logic With-
out Equality’, in A. Romanowska and J. D. H. Smith, editors, Universal Algebra and
Quasigroup Theory, Heldermann Verlag, Berlin 1992.

[6) BLok, W.J., and D. P1cozzi, ‘Abstract Algebraic Logic and the Deduction Theo-
rem’, Bulletin of Symbolic Logic, to appear.

[7] DISKIN, Z., Algebraizing Institutions: Incorporating Algebraic Logic Methodology into
the Institution Framework for Building Specifications, FIS/DBDL Research Report-
94-04, November 1994.

[8] FIADEIRO, J., and A. SERNADAS, ‘Structuring Theories on Consequence’, in D. San-
nella and A. Tarlecki, editors, Recent Trends in Data Type Specification, Lecture
Notes in Computer Science, Vol. 332, Springer-Verlag, New York 1988, pp. 44-72.

[9] FonT, J. M., and R. JANSANA, ‘On the sentential logics associated with strongly
nice and semi-nice general logics’, Bulletin of the I.G.P.L. 2, 1 (1994), 55-76.

[10] FonT, J. M., and R. JANSANA, A General Algebraic Semantics for Sentential Logics,
Lecture Notes in Logic, Vol. 7, Springer-Verlag, Berlin-Heidelberg 1996.

[11] GocGUEN, J. A., and R. M. BURSTALL, ‘Introducing Institutions’, in E. Clarke and
D. Kozen, editors, Proceedings of the Logic of Programming Workshop, Lecture Notes
in Computer Science, Vol. 164, Springer-Verlag, New York 1984, pp. 221-256.

[12] GocGUEN, J. A., and R. M. BURSTALL, ‘Institutions: Abstract Model Theory for
Specification and Programming’, Journal of the Association for Computing Machin-
ery 9, 1 (1992), 95-146.



CAAL: Equivalent Institutions 311

[13]

[14]

[15]

[19]

[20]

[21]

[22]

[23]

[24]

HERRMANN, B., Equivalential Logics and Definability of Truth, Dissertation, Freie
Universitat Berlin, Berlin 1993.

HERRMANN, B., ‘Equivalential and Algebraizable Logics’, Studia Logica 57 (1996),
419-436.

HERRMANN, B., ‘Characterizing Equivalential and Algebraizable Logics by the Leib-
niz Operator’, Studia Logica 58 (1997), 305-323.

MAc LANE, S., Categories for the Working Mathematician, Springer-Verlag, New
York 1971.

MaNEs, E. G., Algebraic Theories, Springer-Verlag, New York 1976.

TARLECKI, A., ‘Bits and Pieces of the Theory of Institutions’, in D. Pitt, S. Abramsky,
A. Poigné, and D. Rydeheard, editors, Proceedings, Summer Workshop on Category
Theory and Computer Programming, Lecture Notes in Computer Science, Vol. 240,
Springer 1986, pp. 334-360.

TARSKI, A., ‘Uber einige fundamentale Begriffe der Metamathematik’, C.R. Soc. Sci.
Lettr. Varsovie, Cl. III 23 (1930), 22-29.

VouTsADAKIS, G., Categorical abstract algebraic logic, Doctoral Dissertation, Iowa
State University, Ames, lowa, August 1998.

VouTtsaDpAkis, G., ‘Categorical Abstract Algebraic Logic: Algebraizable Institu-
tions’, Applied Categorical Structures 10, 6 (2002), 531-568

VOUTSADAKIS, G., ‘Categorical Abstract Algebraic Logic: Categorical Algebraization
of Equational Logic’. Submitted to the Logic Journal of the IGPL.

VOUTSADAKIS, G., ‘Categorical Abstract Algebraic Logic: Categorical Algebraization
of First-Order Logic Without Terms’. Preprint.

VOUTSADAKIS, G., ‘Categorical Abstract Algebraic Logic: The Criterion for Deduc-
tive Equivalence’. To appear in Mathematical Logic Quarterly.

GEORGE VOUTSADAKIS
Department of Mathematics
Towa State University
Ames, TA 50011

USA
and

Department of Mathematics
Case Western Reserve University
10900 Euclid Avenue

Cleveland, OH 44106

USA



