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Functions Integration in Two Variables

Subsection 1

Integration in Two Variables
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Functions Integration in Two Variables

Approximating Volumes by Sums of Volumes of Boxes

@ Consider the function of two variables f(x, y).
@ The elementary volume under the graph of z = f(x, y) over an
elementary area AAj; that contains the point Pj; = (X7, y}) is

approximated by the volume AVj; of a box AVj; = f(x}, yi)AA;.

@ To obtain an approximation of the entire volume we sum:
m n
Va )Y f(xy)AA;
i=1 j=1
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Functions Integration in Two Variables

Double Integral

@ The limit of the sum as the numbers of x- and y-subintervals become
infinite, or, equivalently, as the lengths Ax; of each x- and Ay; of
each y-subinterval approach 0 is the actual volume under the curve

V= lim DD O y)nA;

Ay;—0i=1j=1
@ The double integral of f over a rectangle R is

/ / foy)dA= lim > > fxf,y;)AAy;
R

Ay;—0i=1j=1
if the limit exists. If it does exist, we call f integrable.

@ Thus, we have V = //f(x,y)dA, where V is the volume under f
R

over the rectangle R.
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Functions Integration in Two Variables

Approximating a Volume via Rectangles

@ Approximate roughly the volume of the solid
lying above R = [0,2] x [0,2] and be-
low f(x,y) = 16 — x> — 2y? using two
subintervals and right endpoints.

Each subinterval has length 1, so each of the four rectangles formed
has area AA=1-1=1.

Thus, we get

V o~ f(1,1)-1+F(1,2)-14+f(2,1)-1+£(2,2) 1
= 13+7+10+4 =34
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Functions Integration in Two Variables

A Double Integral via a Volume

@ Suppose R = [—1,1] x [-2,2]. Evaluate //\/1 — x2dA.
R
The face is a semi-disk with ra-
dius 1, so it has area

1 i
A:— -]_2=—.
" 2

The length is equal to 4. Thus,
the volume is

vV = l/mdA

= g -4 = 21 units®.
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Functions Integration in Two Variables

The Midpoint Rule

Midpoint Rule for Double Integrals
//f(x y)dA ~ ZZf(x,,yJ )AA where X; is the midpoint of [xj_1, xi]

i=1j=1
and yj is the midpoint of [y;j_1, yj].

Example: Use the Midpoint Rule with
m = n = 2 to estimate the value of the

integral //(x — 3y2)dA, where
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Functions Integration in Two Variables

Approximating [ [,(x — 3y?)dA

2 2
//(x—3y2)dA A OY F(xi,7)AA

= i=1j=1
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Functions Integration in Two Variables

Iterated Integrals

@ Let f be a function of two variables x, y that is continuous on a
rectangle R = [a, b] X [c, d].

@ The notation fcd f(x,y)dy means that x is held fixed and f(x,y) is
integrated with respect to y from y = ¢ to y = d. This process is
called partial integration with respect to y.

@ The partial integral fcd f(x,y)dy depends on the value of x, i.e., it is
a function of x: A(x) = fcd f(x,y)dy.

@ If we integrate A(x) with respect to x from x = a to x = b, we get
the iterated integral

/a bA(x)dx = / ’ [ / df(x, y)dy] dx.

@ In the notation, the brackets are omitted and we write

/a b / () = / b [ / df(x,y)dy] dx.
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Functions Integration in Two Variables

Example of Iterated Integral

4 9
o Compute / / ye*dydx.
2 1

4 9 4 9
//yexdydx = /ex/ ydydx
2 J1 2, -
= /ex 2 dx
2 2,

4

= /40exdx
2

= 40(e* — €?).

= 40 e"|‘21
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Functions Integration in Two Variables

Changing the Order of Iterated Integration

o Compute f03 ff x?ydydx.

3 r2 3 2
Ik Xydydx = f03 x2 1 ydydx
= Jo P(Gy? 1D)dx
= fos 3x%dx
i 2
- Iep= 2
2 r3 2
o Compute | [5 x*ydxdy.
2 r3 2 3
fl fo X2ydxdy = J yfo x2dxdy
= f]z}/(%x3 lg)dy
= J; 9ydy
_ 9722
~ah
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Functions Integration in Two Variables

Fubini’'s Theorem

Fubini's Theorem

If f is continuous on R = [a, b] X [c, d], then

2 ¢ d b
l / f(x,y)dA = a/ C/ f(x,y)dydx = C/ a/ f(x,y)dxdy.

This is also true under the weaker conditions that f is bounded on R,
discontinuous only on a finite number of smooth curves and the iterated
integrals exist.

Example: Evaluate [[o(x — 3y?)dA, where R =[0,2] x [1,2].
[[p(x =3y?)dA = f02 ff(x — 3y?)dydx
= oy =y’ o
= [2(2x -8 — (x — 1))dx
= f02(x — 7)dx
= -7 = -12
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Functions Integration in Two Variables

Double Integration through Iterated Integrals |

o Compute [[ ysin(xy)dA, where R = [1,2] x [0, 7].
z

T
ffRysin (xy)dA

= i flzysin (xy)dxdy

— [ cos () 2 dy

=[5 (—cos2y + cos y)dy
= (—% sin2y +siny) |5
=0.
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Functions Integration in Two Variables

Double Integration through Iterated Integrals Il

@ Compute the volume of the solid S bounded by the elliptic paraboloid

x? 4+ 2y? + z = 16, the planes x = 2 and y = 2 and the three
coordinate planes.

[JR(16 — x* — 2y?)dA

= f02 f02(16 — x2 — 2y?)dxdy
= f02(16x — %X3 —2y°x) |(2) dy
= Jo (8 —4y?)dy

= (By-%y%) 13

— 48 units>.
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Functions Integration in Two Variables

Double Integration through Iterated Integrals Il

o Calculate [fp ﬁ, where R =[1,2] x [0, 1].

ffR x+y)2

f1 fo (x+y)2

f1 X-I—y o)dX
=i (=1 + x)dx
=(nx—In(x+1)) 2
=(n2—1In3)—(In1—1In2) x
=2In2—In3=In}%.
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Functions Integration in Two Variables

Properties of Double Integrals

@ Sum Rule:

l [1#0) + st lon = { [fyran- { [etxyjan

@ Constant Factor Rule:

/R [ertenian=c /R [ txvjan

o Comparison Property: If f(x,y) > g(x,y), for all (x,y) in R, then

// xydA>// (x,)dA.
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Functions Double Integrals Over More General Regions

Subsection 2

Double Integrals Over More General Regions
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Functions Double Integrals Over More General Regions

Double Integrals Over Type | Regions

@ A planeregion D is of type | or vertically ¥
simple if it lies between the graphs of two
continuous functions of x, that is y=g,(0

g () <y<g,(x)

D={(x,y):a<x<b,

g1(x) <y < g(x)},
y=g,&)

where g1, g» are continuous on [a, b]. — P
a X D

@ If f(x,y) is continuous on a type | region D, as above, then

b rea(x)
//f(x,y)dA = / / f(x,y)dydx.
s a Jeai(x)
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Functions Double Integrals Over More General Regions

Example of Double Integral Over a Type | Region

o Evaluate [[(x + 2y)dA, where D is the
D

region bounded by the parabolas y = 2x?
and y =1+ x2.
Note that D is of type I:

D={(x,y): —1<x<1,
2x2 <y <1+ x2).

Jf(x+2y)dA = f1+x (x + 2y)dydx
D

1 xy + y?) é;x dx

x(1 4 x%) + (1 + x?)? — x(2x?) — (2x?)?)dx
1(=3x* — x3 4+ 2x% + x + 1)dx

(2 —3x*+ 23+ 1+ x) |1, = &£

|
mRn
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Functions Double Integrals Over More General Regions

Example |l of Double Integral Over a Type | Region

o Evaluate [[ x2ydA, where D is the re-
D y=\x

gion shown in the figure.
Note that D is of type I: g

D={(xy):1<
<

Vertical segment
x<y<x

y=1ix
%

[[ x*ydA = f13 fl\//fx2ydydx = f13 Ix%(y?) |I//;X dx
D
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Functions Double Integrals Over More General Regions

Double Integrals Over Type Il Regions

@ A plane region D is of type Il or hor- y
izontally simple if it lies between
the graphs of two continuous func- 47
tions of y, that is

x=g,00  x=g,0)

g <sx<g,(

D={(xy):c<y<d, v
gi(y) <x< gy}, o
with g1, g» are continuous on [c, d]. x

@ If f(x,y) is continuous on a type Il region D, as above, then
//f(x y)dA = / / f(x,y)dxdy.
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Functions Double Integrals Over More General Regions

Example of a Double Integral Over a Type |l Region

o Evaluate [[(x2+y?)dA, where D is the region

D
bounded by the line y = 2x and the parabola

y = x2.

D is both of type | and of type Il

D {(x,y):0<x<2,x2<y<2x}

= {(xy):0<y<4iy<x< y}

We evaluate the integral using the type Il expression:

{)f(xz +y?)dA = fo f B (x? + y?)dxdy = f04 33+ y%x) ]}‘///}72 dy
= Gy 4y = ey = 3yP)dy

_ 2 2 2 2 13 __ 216
- (Ey5/ + 7)/7/ 95y4) ‘g - 35 °
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Functions Double Integrals Over More General Regions

Example Il of a Double Integral Over a Type Il Region

o Evaluate [[ xydA, where D is the region bounded by the line
D

y = x — 1 and the parabola y? = 2x + 6.
D can be written as type Il

1
D ={(x,y): 72§y§4,§y2f3§xsy+1}-

We evaluate the integral using type Il integration:

[[xydA = f f1 2 3Xydxdy
D

= f42 5X )/) |}1/+213

= i/ gy(y+ 1)2 — (3y? —3)%)dy
2f +4y +2y 8y)dy
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Functions Double Integrals Over More General Regions

A Double Integral Over a Type | Region

@ Evaluate the volume of the tetrahedron
bounded by the planes x + 2y + z = 2,
x=2y,x=0and z=0.

This can be expressed as the volume under
z =2—x—2y and above the type | region

D={(xy):0<x<1,
%Xﬁyﬁl—%x}.

ff(z —x—2y)dA= [} fjx‘%x(z — x — 2y)dydx

_1
—fo 2y — xy — y)l1 = dx
= fo 2—X—X1—— ) — (1—%X)2—X-|-%X2-|-%X2)dx
—fo X2 —2x + )dX—(l 3—x2+x)y =1
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Functions Double Integrals Over More General Regions

Choosing the Order Carefully

o Evaluate [, e’ dA, where D is the region shown in the figure.

y
=2
2 : .
i %§y§2
p i/
! X
/ y=3
+ X

x 4

If we attempt to integrate over a type | region
D:{(X,y)20§X§4,%X§y§2}, we will fail.

2 < 2 2
// e dA:/ / e’ dydx =7
D 0 Jx/2
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Functions Double Integrals Over More General Regions

Choosing the Order Carefully (Cont'd)

@ So we switch and evaluate over a type |l region

”
2
D
0<x=<2 X =2y
)7_ _______ 4 ey
t X
x 4
D={(x,y):0<y<20<x<2y}.
2 r2 2
JIp e dA = Jo foyey2dXdy = Jo (xe”* gy)dy

= [loyeldy=e"3=e* 1.
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Functions Double Integrals Over More General Regions

Reversing the Order

o To compute [; [ sin (y?)dydx, we must first reverse the order of
integration.

But this needs care as far as limits are concerned!! Note that D =
{(6y) 0<x<Lx<y<1}={(x,y):0<y<L0<x<y}

fo f sin ( dydx
e R om0y
= Jy xsin (y2) 6 dy
= f, ysin (y?)dy

= —3cos(y?) [g -

— %(1 —cos1). / e
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Functions Double Integrals Over More General Regions

Reversing the Order Il

@ Sketch the domain D of integration of

9 3
/ / xe¥ dxdy.
1 Iy

Then change the order of integration and evaluate.
The domain as given is D = {(x,y) : 1 <y <9,/y < x < 3}

y=x2(orx=vy)

This can be rewritten as D = {(x,y) : 1 < x < 3,1 <y < x?}.
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Functions Double Integrals Over More General Regions

Reversing the Order Again (Cont'd)

@ Wegot D={(x,y):1<x<3,1<y<x?}

flg f\s/}_/ xe¥ dxdy

= f13 fIXZ xe¥ dy dx
= Ji (xe) |f" ox
= f13 (xe** — ex)dx
= 3"~ o0)
(e? —9e) — 0
(e° — 9e).

1
2
1
2
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Functions Double Integrals Over More General Regions

Properties of Double Integrals over Regions

° //[f(x,y)Jrg(Xay)]dA://f(xay)dAJr//g(xay)dA
D D D
° //cf(x,y)dA = c//f(x,y)dA

o If f(x,y) > g(x,y), for all ( in D, then

é/ XydA>// (x,)dA
o//ldA:A

° Ifm<f(xy)<M for all (x,y) in D, then

D)<// (x,y)dA < MA(D).
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Functions Double Integrals Over More General Regions

Estimating Double Integrals

o Estimate the double integral [, e"*®S¥dA, where D is disk with
center at the origin and radius 2.

We have

—1<sinx <1,
—1<cosy <1.

Since e* is an increasing function, we
get

e—l < esinxcosy < e,1.
Note, also, that A(D) = 722 = 4nx.

Therefore, by the inequality above,

4_7T < // esinxcosydA < 4dre.
€ D
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Functions Double Integrals Over More General Regions

Average Value

@ The average value or mean value of a
function f(x,y) on a domain D, de- z
noted f, is the quantity:

f = ﬁ//pf(x,y)cm

ffD f(x,y)dA
[[p1dA

Equivalently, f is the value satisfying

//D f(x,y)dA = - A(D).
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Functions Double Integrals Over More General Regions

Computing Average Value

@ An architect needs to know the average height H of the ceiling of a
pagoda whose base D is the square [—4, 4] x [—4,4] and roof is the
graph of H(x,y) = 32 — x?> — y?, where distances are in feet.
Calculate H.

Compute the integral of H(x,y) over D:

ffD (32— x2 — y2)dA
- fi} ff4 (32 —2X2 fiy?dylldx
= [0, (32y — X%y — 3¥°%) %, dx
N 7, (42 — 8x?)dx
= (Zx - 5x%) |2,
40 3

Il
o-x>

The area of D is 8 x 8 = 64. So the average height of the pagoda’s

ceiling is H = gz - 120 = 4 feet.
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Functions Double Integrals Over More General Regions

Decomposing the Domain Into Smaller Domains

@ If D is the union of domains D1, D5, ..., Dy, that do not overlap
except possibly on boundary curves, then

//Df(x,y)dA://D1 f(X,y)dA+-..+//DNf(X’y)dA‘

@ If f(x,y) is a continuous function on a small domain D, then

[lyreoniam £8) 40,

Function Value Area

where P is any sample point in D.

@ If the domain D is not small, we may partition it into N smaller
subdomains Dy, ..., Dy and choose sample points P; in D;.
Using both preceding properties, we get

N
// f(x,y)dA =Y f(P)A(D)).
D =i
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Functions Double Integrals Over More General Regions

Example of Decomposing the Domain and Approximating

o Estimate [, f(x,y)dA for the domain D of the figure, using the
areas and function values given.

j 1 2 3 4
ADj) 1 1 09 12
f(P) 1.8 22 21 24

ffD f(x,y)dA =

> i1 f(PDA(D))
18:1+22-1421.09+24-12
- 88

George Voutsadakis (LSSU) Calculus 111 January 2016 36 /83



Functions Double Integrals in Polar Coordinates

Subsection 3

Double Integrals in Polar Coordinates
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Functions Double Integrals in Polar Coordinates

Polar Rectangles

@ Recall the formulas relating Cartesian coordinate pairs (x, y) with
polar coordinate pairs (r,0) of the same point on the plane:

rP=x?>+y? x=rcosl, y=rsinf.
@ A polar rectangle is the set of points
R={(r,0):a<r<ba<l<pj}

s
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Functions Double Integrals in Polar Coordinates

Area of Elementary Polar Sub-rectangle

@ The polar subrectangle Rjj = {(r,0) : ric1 <r <r,0;—1 <0 <0}

ej.l
8j
(rj &)
ri 49;

Ar.

o Its center has polar coordinates r* = (ri_1 + r;), 0 =1(0-1+6)).
@ Since area of a sector of circle with radius r and central angle 0 is
%r29, we get for the elementary polar rectangular area:

1 1 1
AA,'J' = Er,-erj = 2 2 A9 2(/’,‘ + r,-_1)(r,- = r,~_1)A0j = r,f*Ar,-AHJ-.
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Functions Double Integrals in Polar Coordinates

Approximating Volumes by Sums in Polar Coordinates

@ Given a function f(x,y) defined over the polar rectangle R, we can
approximate the volume under f over R by a sum of volumes over
elementary polar rectangles

// (x,y)dA =~ ZZf x5,y A

i=1j=1

m n
= ZZf ricos 07, ri sin0F)ri Ar; A
i=1j=1

B b
~ / / f(rcos@,rsin@)rdrdf.
(0% a
Changing Double Integrals to Polar Coordinates

If f is continuous on polar rectangle R, with 0 < a<r < b,a <0 <0,

B b
//f(x,y)dA = //f(rcose,rsin 0)rdrd6.
R o a
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Functions Double Integrals in Polar Coordinates

Example |

o Evaluate [[,(3x + 4y?)dA, where R is the region in the upper
half-plane bounded by the circles x*> + y? =1 and x> + y? = 4.

The region of integration is

R = {(xy):y>01<x24+y2<4}
= {(r,0):1<r<20<6<7}.

Thus, we have

[[r(Bx+4y?)dA = [T f]i(3r cos @ + 4r? sin §) rdrdf

Jo JL (3r? cos 6 + 4r3sin® §)drd6

Jo (P cosf + rsin?0) |3 d6

Jo (7 cos 6 + 155sin 6)d6

Jo (7 cosf + (1 — cos 26))d

= (7Tsinf+ 20— Lsin20) 7 = 2.
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Functions Double Integrals in Polar Coordinates

Example | lllustrated

o The volume [T [Z(3rcosd + 4rsin? @) rdrdd = 7 units®.

:&vﬂ

!}l

v,
Y,
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Functions Double Integrals in Polar Coordinates

Example Il

@ Find the volume of the solid bounded by the plane z =0 and the
paraboloid z = 1 — x? — y2.

The region of integration is

R = {(xy):x*+y*<1}
= {(r,0):0<r<1,
0<6<2r}.
Thus, we have

ffR(21ﬂ—1X2 —y?)dA

= 02wf01(12_ rf):drd@
(§r = o ) |é db
- fo27T %d@

“ 0 -3
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Functions Double Integrals in Polar Coordinates

Example IlI

o Calculate [[, WdA, for the domain D shaded in the figure.

The region of integration is Y r=sech
==
S e
D = {(r,0):0<0<7, | JP=an S
sec < r <2cosb}.

Thus, we have

1 _gA— [# (2581 440
D (x2+y?)? 0 Jsech r
_ fo% f2c059 1d do

sec 6

— fO 2c059 do

2r2 secG
= fo —1sec?6 + 1 cos? 0)df

= tan0+4(6+2sm29)] \ﬂ/4

= +4(4+%) 16'
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Functions Double Integrals in Polar Coordinates

Example Il [llustrated

® The volume [, mdA, for the domain D shaded in the figure on
the left.

IS

s
r=2cos0
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Functions Double Integrals in Polar Coordinates

Double Integrals over Polar Regions Between Two Curves

Polar Integration Between Two Curves

If f is continuous on a polar region
D={(r,0):a<0<p8,h(0) <r<m)}

B h(6)
then // (x,y)dA = // (rcos@,rsinf)rdrdf.
a hy(6)
8- 8
r=is(8)
r=h(8) f-u
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Functions Double Integrals in Polar Coordinates

Double Integration Between Two Curves

@ Find the volume of the solid under the paraboloid z = x> + y? above
the xy-plane inside the cylinder x? + y? = 2x.
The region of integration is

D = {(xy):(x=1+y*<1}
= {(r,0): =5 <6< 5,0<r<2cosb}.

ffD(X2 + y2)dA

— f:/jz 02 ©s0 .2 drdf
— fﬂ/§2 %IA gcose do
=4 f:{% cos* 0do

-8 j‘oﬂ'/2( 1+c2os 20 )2d9

=2 [772(1 + 2cos 20 + 3(1 + cos 46))df

2[20 + sin 20 + L sin 46]7/2

=3
= 3.
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Functions Double Integrals in Polar Coordinates

Double Integration Between Two Curves llustrated

@ The volume of the solid under the paraboloid z = x?> + y? above the
xy-plane inside the cylinder x> + y? = 2x.
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Functions Triple Integrals

Subsection 4

Triple Integrals
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Functions Triple Integrals

Triple Integrals

@ The triple integral of f(x,y, z) over a box B is defined by

/// floy,2)dV = Jim ZZZ“XWW 25)A Vi,

Ay _>0 i=1 j=1 k=1
Az,—0

et
fa,

X
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Functions Triple Integrals

Fubini’'s Theorem for Triple Integrals

Fubini's Theorem

If £ is continuous on the rectangular box B = [a, b] x [c, d] X [r,s], then
s d b

/B//f(x,y,z)dv = /c/a/f(x,y,z)dxdydz,

Example: Evaluate the integral
[[];s xyz>dV, where B is the
rectangular box given by

B = {(x,y,z):0<x<1,
-1<y<20<z<3}
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Functions Triple Integrals

Computing the Triple Integral

fffB xyz?dV = f03 f2 fol xyz? dxdydz
= fof12XyZ)|(1)dydz
= fo J? | 3yz2dydz
= fo3 4y2z2 2, dz
= fo3 a7%dz

= 128

27
L
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Functions Triple Integrals

Computing Another Triple Integral

o Compute the integral [[[;x?e’32dV/, where
B =14 x[0,3] x [26].

J[f[sx?er32dv = f14 fo3 f26 x*e’ 32 dzdydx
— f14 f03 26 x2e¥ 32 dzdydx
= [ Jg 3P (e%) I§ dyex
= f14 03 Ix%e(e® — e%)dydx
= I (e - e)(e) I3 dx
= [} 1x?(e'® — eb)(e® — 1)dx
= (e =€) - 1)) |
= $(e'®—€f)(e3—1) 63
= 7(e'® —e%)(e3 - 1).
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Functions Triple Integrals

Triple Integrals Over Type | Solid Regions

@ A solid region W is said to be of type | if it lies between the graphs
of two continuous functions of x and vy, i.e., if it is of the form

W= {(X,y,Z) : (Xay) € Da Ul(va) <z< U2(X,y)}-
@ For a type | region W,

uz (X7y

///f(x ,2)dV = // |ty 2)dzan

Ul(va)

<> ufx)
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Functions Triple Integrals

Two Special Cases of Type | Solid Regions

@ If the projection D of W on the xy-plane is a type | plane region
D={(x,y):a<x<bgix) <y < g(x)} then

W={(x,y,2) :a<x < b,gi(x) <y < g(x), u1(x,y) <z < w(x,y)}
and b g2 (x)u2(x,y)

/// (x,y,2)dV = // f(x,y,z)dzdydx.

a gi(x)ur(xy)
@ If the projection D of W on the xy-plane is a type |l plane region
D={(x,y):c<y<d,h(y) <x < hy)} then

W={(x,y,2):c <y <d, h(y) <x < h(y),uv(xy) <z<uwm(xy)}
and d ha(y)u2(x,y)
///f(x y,z)dV = // / (x,y,z)dzdxdy.
¢ h(y)u(x.y)
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Functions Triple Integrals

Calculating a Type | Triple Integral

o Evaluate [[[, zdV, where £ is the solid tetrahedron bounded by the
four planes x =0, y =0, z=0and x+y +z = 1.
The tetrahedral region may be expressed as

E={(x,y,z):0<x<10<y<1-x,0<z<1-x-y}

[[fezdV =[5 [ [17 yzdzdydx
= [ f X; 2 o7 dydx
= 2f0 *(1 — x — y)?dydx
= 3 /o3 —x—y)?) lg7 dx
= L1 —x)3dx
= 351X 5= 3
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Functions Triple Integrals

Triple Integrals Over Type |l Solid Regions

@ A solid region W is said to be of type Il if it lies between the graphs
of two continuous functions of y and z, i.e., if it is of the form

W= {(X,y,Z) : (y,Z) € Da U]_(y,Z) <x< U2(y,Z)}-
@ For a type Il region W,

w(y,z)
/// (x,y,z)dV = // / (x,y,z)dxdA.
D u(y,z)
=u(r.2)
D

x=t3(22)
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Functions Triple Integrals

Triple Integrals Over Type Il Solid Regions

@ A solid region W is said to be of type Il if it lies between the graphs
of two continuous functions of x and z, i.e., if it is of the form

W= {(X,y,Z) : (X,Z) S Da U]_(X,Z) < y < u2(X7Z)}'
@ For a type Ill region W,

up(x,2)

/V{ / f(x,y,z)dV = 4 / / f(x,y,z)dydA.

ui(x,z)

George Voutsadakis (LSSU) Calculus Il January 2016 58 / 83



Functions Triple Integrals

Calculating a Type Il Triple Integral

o Evaluate [[f,,,vx? + z2dV, where W is the region bounded by the
paraboloid y = x? 4 z2 and the plane y = 4.
Let D = {(x,2) : x> + 2> < 4}.
The paraboloid region may be expressed as

W={(x,y,2):(x,2) ED,X2-|—Z2 <y <4}

JIhwvoE + 22dV

= [y o VRTF A
= ffp(4 —x* = zwxz +22dA
fo 2\ rrdrdf )

" df fo (4r® — r*)dr
_ z7r<§r3 1) R

__ 1287
- 15 -
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Functions Triple Integrals

Region Between Intersecting Surfaces

@ Integrate f(x,y,z) = x over the region VW bounded above by
z=4— x> — y? and below by z = x> + 3y? in the octant x > 0,
y>0,z>0.

We have [[f,,, xdV = [ [575 2" xdzdA.

z=x2+3y?

Curve where surfaces
intersect lies above
boundary of D.

z=4-x-y?| |

For the boundary of D set x> +3y?> =4 — x> — y? = x% +2y%2 =2,
We conclude that D = {(x,y) : 0 <y < 1,0 < x < 4/2—2y?}.
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Functions Triple Integrals

Region Between Intersecting Surfaces (Cont'd)

@ Now we have:

[[fpxdv = [ s V2-2y2 f2+32 * xdzdxdy

= fo Jo = 2y X2+3yy dxdy

= fol fo\/m (4x — 2x3 — 4y2x)dxdy

= fol (2x% — %x“ —2x%y?) B/m dy

= Jo (22— 2y2) = §(2 - 2y2)% - 2(2 - 2y2)y?)dy
= Jy(a—ayt—2+44y2—2y* —ay2 4 ayt)dy

= Jy@-42+ 2y4)dy

2 16
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Functions Triple Integrals

Volumes

o If f(x,y,z) =1 throughout a solid region W, then the triple integral
of f over W is equal to the volume of W: V(W) = ///ldV.

Example: Compute the volume of the tetrahedron 7 bounded by the
planes x +2y +z=2,x =2y,x =0 and z = 0.

V(T)= [[[dV
= o Jep g7 dzdyex
= fxl/—zx/2(2 — x — 2y)dydx

1 2
= Jo(@=x)y —y?) 15" dx
:fo(x —2x + 1)dx s . .
_1 '
=3 A
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Functions  Triple Integrals in Cylindric Coordinates

Subsection 5

Triple Integrals in Cylindric Coordinates
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Functions Triple Integrals in Cylindric Coordinates

Cylindrical Coordinate System

@ In cylindrical Coordinates a point P is represented by a triple
(r,0,z), where .

@ r and 6 are polar coordinates
of the projection of P onto

the xy-plane;
y-P ! . Fr.6.2)
o z is the directed distance Il
from the xy-plane to P. // |
T ~,
¥cosid)

@ Conversion from Cylindrical to Rectangular:

x=rcosf, y=rsinf, z=z
@ Conversion from Rectangular to Cylindrical:
r’ =x2+y?, tan@:x, z=2z.
X
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Functions Triple Integrals in Cylindric Coordinates

Surface with Cylindrical Coordinates z = r

@ In rectangular z = r translates to z? = x? + y?, which represents a
cone with axis the z-axis.
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Functions Triple Integrals in Cylindric Coordinates

Triple Integrals in Cylindrical Coordinates

@ Assume f is continuous on
W={(xy,2) : (x,y) € D,u(x,y) < z < wa(x, y)}-
Assume also that
D={(r,0):a<0<5,h(0) <r<hy0)}.

Then, the triple integral of f over W is given by

[y, av
w

B rh2(0) pux(rcosf,rsinf)
= / / / f(rcos@,rsinf,z)rdzdrdd.
a Jh u

1(6) 1(r cos@,rsinf)
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Functions Triple Integrals in Cylindric Coordinates

Example |

@ Integrate f(x,y,z) = z1/x2 + y2 over the cylinder x> + y? < 4, for
1<z <5b.
We have

W= {(r,0,z): 0 <0 <2r,
0<r<21<z<5}

Therefore, we obtain

Iy zv/x% + y2dV

= 27 |2 [3(2r)rdzdrd0 o
= 27 [21r2(22 [3)drd6

= 27 [212r%drdg = [Z74(r%) 3 df
= [2732d6 = 32(0) 3" = 64r.
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Functions Triple Integrals in Cylindric Coordinates

Example Il

@ Compute the integral of f(x,y,z) = z over the region WV within the
cylinder x2 4+ y?> < 4 where 0 < z < y.

We have
W={(r,0,z) :0<60<m,
0<r<20<z<rsinf}.

Therefore, we obtain

[y zdV

= I fo "0 2rdzdrdd

= [T [21r(22 55")drdo
= i 21r3sm 0drdd = [ sin?0(r*) |3 d6 = [ 2sin®0d6
= fo 1—cos29)d¢9:(9—§sm2¢9) g =m.
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Functions Triple Integrals in Cylindric Coordinates

Computing a Mass

@ Compute the mass of a solid VWV that lies within the cylinder
x?> 4 y? =1, below z = 4 and above z = 1 — x?> — y?, with density
proportional to the distance from the axis of the cylinder.

The region W can be expressed as
W={(r,0,z): 0 <6 <2m,
0<r<1,1-r’<z<4}

Density is p(x, y, z) = K\/x? + y2 = Kr.
m = I KTV
= 27 [ [ a(Kr)rdzdrdf = [37 [T Kr?(4 — (1 — r?))drdd
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Functions Triple Integrals in Cylindric Coordinates

Another Example

@ Evaluate

| = / / /m(xz + y?)dzdydsx;

The region W can be expressed as
W={(r,0,z):0 <6 <2r,
0<r<2,r<z<2}
Io= J[fp0 +y?)av
= 027r f02 fr2 r’rdzdrd6
= 027r do f02 r3z|? dr
= 027r do f02 r3(2 — r)dr
— (-4 R

16m
-
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Functions Triple Integrals in Spherical Coordinates

Subsection 6

Triple Integrals in Spherical Coordinates
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Functions  Triple Integrals in Spherical Coordinates

Spherical Coordinate System

@ The spherical coordinates (p, 0, ¢) of a point P consist of

o the distance p = OP of P from the origin O;
@ the same angle 6 as in cylindrical coordinates;
o the angle ¢ between the positive z-axis and the line segment OP.

zZ

Rt
pcos ¢ WP
é |
i
ro
I
OX: T Y
; i
[
Q
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Functions  Triple Integrals in Spherical Coordinates

Why " Spherical” ?

@ The sphere centered at origin with radius ¢ has equation p = c.
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Functions  Triple Integrals in Spherical Coordinates

From Spherical to Rectangular

@ Recall again that z = pcos ¢ and r = psin ¢.
Thus, the equations to convert from Spherical to Rectangular are:

x = psingcosf, y=psingsinf, z= pcosep

@ Recall, also, that p? = x? + y? + z2.

R,
\\\psintﬁ
P
é |
b
I
I
0% Y
N i
psin¢cosd ] |
i
I
s/ %
psin ¢sin f Q
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Functions  Triple Integrals in Spherical Coordinates

Triple Integrals Using Spherical Coordinates
@ A spherical wedge is a set of the form
W={(p,6,8):a<p<ba<6<py<d<b}.
@ The elementary volume AV of a small wedge, whose center radius
is p; and whose spherical “dimensions” are Ap;, Af; and A¢y is given
5 AV = (Bpi)(pidor)(pisin ¢k Ab;)
= p% sin ¢kApiA‘9jA¢k-

r: A8 = p;sin ¢, AG
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Functions  Triple Integrals in Spherical Coordinates

lllustrating an Elementary Spherical Volume

o Recall AV ~ p? sin ¢ Api A0 Adpy.
@ Volume differential: dV = dp(pde)(psin ¢df) = p? sin pdpdfdé.

\
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Functions  Triple Integrals in Spherical Coordinates

Triple Integrals in Spherical Coordinates

@ Recall x = psin¢cosf, y = psingsinf and z = pcos ¢.
o Recall, also, AVjj = p?sin ¢ Api A0 Agpy.
@ So, we get that

¢ m n
/ / /Wf(x, y,z)dV ~ ZZZf(x,j.k, Vi Zh) A Vi

i=1j=1k=1

£ m n
= ZZZf(ﬁ, sin &k cos éj, ﬁ,‘ sin q;k sin gj, ﬁ,‘ cos (gk)ﬁlz sin quAp,-AHJ-Aqﬁk.

i=1j=1k=1

@ We, therefore get the formula /// f(x,y,z)dV =

f m n w
= lim ZZZf(ﬁ; sin dy cos 5j, pi sin ¢y sin 5j, pi cos &k)ﬁ? sin oy
Api—0 i—1 j—1k=1

NG;—0 '
Apr—0 Ap,-AHJ-Agﬁk

5 rB b
:/ / / f(psin ¢ cosb, psin@sinb, pcos ¢)p? sin pdpdhda.
v Ja Ja
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Functions  Triple Integrals in Spherical Coordinates

Example |

o Evaluate [[f,,16zdV, where W is the upper half of the sphere
B={(x,y,z) : x>+ y> + 22> < 1}.
In spherical coordinates

W= {(p,0,9) : 0<p<10<0<27r0<¢<2

Taking into account that z = pcosgb we get

[[fy162dV =[5/ fo (16p cos ¢)(p? sin ¢)dpdfd¢

_ e fo 83 s.n2¢dpd0d¢
- f0“/2 ™ 20 sin 26| ; dOd

= [5? [27 2sin 2¢d9d¢

= W/z 26? sin 26|37

= f /2 47rsm2¢d¢

= -2z cos2<b]7r/2 4.
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Functions  Triple Integrals in Spherical Coordinates

Example Il

o Evaluate [[[, e +y*+2%*2 4y \where B is the unit ball
B={(x,y,z) : x>+ y?> + 2z < 1}.

In spherical coordinates

B={(p,0,0) :0<p<1,0<0<2r,0<¢ <7}

Taking into account that x? + y? + z? = p?, we get

[[[ig et 42 2qy = T2 e(0?)2 2 5in gd pdfd
T . 2w 1 3
= [y singde [;7 dO [y p?e’ dp
3
—cos¢ [§ -2 - (3¢”) g
3m(e—1).
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Functions  Triple Integrals in Spherical Coordinates

Example IlI

—y2 —x2_ 2
@ Compute the integral f03 f0\/9 Y f\\//% Y (x® + y? + z%)dzdxdy.
x>ty

The equation of the sphere in spherical
coordinates is p? = 18 or p = 3v/2.

The equation of the cone is

Z = pCcosp =
V/p?sin? ¢ cos? 0 + p2 sin ¢sin® 0 =
psing. So ¢ = 7.

Finally, the solid W in spherical coordinates is given by

W={(p.8,6):0<0<2,0<¢<7,0<p<3v2).
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Functions  Triple Integrals in Spherical Coordinates

Example Il (Cont'd)

[T p?dv
= (il s 0 2(p2sin¢)d,od¢d9
_ 07r/2 07r/4 lp sm¢| d¢d9

R S === e
/2
_ fo/ _9725fcos¢‘0

= Jg (SRR -~ 1)do
7/2 972(\/2—1
= J3/? D

_9r2(v2-U)rm
- 10 :
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Functions  Triple Integrals in Spherical Coordinates

Example IV

@ Compute the volume of the solid lying

above the cone z = \/x2 + y2 and below
the sphere x% + y? 4+ 22 = z.

The equation of the sphere in spherical
coordinates is p?> = pcos ¢ or p = cos ¢.

The equation of the cone is

pCOS P = \/p2sin2¢cos29+p2sin2¢sin2¢9 = psin¢. So ¢ = %

Finally, the solid VW in spherical coordinates is given by

W={(p,6,6):0< 9 <2m,0< ¢ < 7,0<p<cosg).
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Functions  Triple Integrals in Spherical Coordinates

Example IV (Cont'd)

viw) = [[fydv
o S e p2sin¢d,od¢d9
20 7/ sin 6(35°) €9 d
27r 7T/45|n¢cos pdo

= %’r( 1 cos* 9) | m/d= z
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