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Adjoints | Definition and Examples

Subsection 1

Definition and Examples
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o Consider a pair of functors in opposite directions, F : o — 98 and
G:B—dA.

o Roughly speaking, F is said to be left adjoint to G if, whenever A€ of
and B € %, maps F(A) — B are essentially the same thing as maps
A— G(B).

Definition

|

Let of = % be categories and functors. We say that F is left adjoint to
G
G, and G is right adjoint to F, and write F H G, if

B(F(A),B)= (A G(B))

naturally in A€ o/ and B € 28, “naturally” being defined below. An
adjunction between F and G is a choice of natural isomorphism as above.
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_________________Adiints ]

o Given objects A€ of and B e 98, the correspondence above between
maps F(A) — B and A— G(B) is denoted by a horizontal bar, in both
directions:

(F)£B) — (A£6(B))
(F(A)~B) — (A% G(B))
o So ?: fandg=g.
o We call f the transpose of f, and similarly for g.
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o “Naturally in A€ o and B € %" means that there is a specified
bijection
B(F(A),B)= (A G(B))
for each Ae o and B € 9B, and that it satisfies a naturality axiom.
o The naturality axiom has two parts:

o

(FA) £ B2 B)=(AZ 6(B) Y 6(B))

(that is, gog = G(q)og) for all g and g;

o

(a2 AL GB)) =(F(a) D F(a) L B)

(that is, fop=FfoF(p)) for all p and f.

|
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The naturality axiom might seem ad hoc, but we will see that it
simply says that two particular functors are naturally isomorphic.

For now, think of “naturality” as formalizing the idea of something
defined without making any arbitrary choices.

The naturality axiom implies that from each array of maps
Ag—-+—An F(Ay)—Bo, Bo—-—Bp,
it is possible to construct exactly one map
Ao — G(Bp).

Adjoint functors arise everywhere.

In addition, whenever you see a pair of functors of = 28, there is an
excellent chance that they are adjoint (one way round or the other).
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Adjoints | Definition and Examples

Remarks (Cont'd)

(<) A given functor G may or may not have a left adjoint, but if it does, it
is unique up to isomorphism.

So we may speak of “the left adjoint of G".

The same goes for right adjoints.
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o Let k be a field.

F
o There is an adjunction Set = Vecty, where U is the forgetful functor
U
and F is the free functor.

o Adjointness says that given a set S and a vector space V/, a linear map
F(S)— V is essentially the same thing as a function S — U(V).

o Fix a set S and a vector space V.

o Given a linear map g: F(S) — V, we may define a map of sets
g:S—U(V) by
g(s)=g(s), forallseS.

o This gives a function

Vect,(F(S),V) — Set(S,U(V))
g — g
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Adjoints | Definition and Examples

Example (Cont'd)

o In the other direction, given a map of sets f : S — U(V), we may
define a linear map f: F(S) — V by

f(ZeesAsS) = YeesAsf(s),  for all formal linear
combinations Y. Ass € F(S).

o This gives a function

Set(S,U(V)) — Vectx(F(S5),V)
f - f
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o These two functions “bar’ are mutually inverse:

o For any linear map g: F(S) — V, we have, for all ¥ Asse€ F(S),
B(2 Ass)= 3 AsB(s) = L Asg(s) = g(2 Ass).

seS sesS sesS sesS
Sog=g.
o Also, for any map of sets f:S — U(V), we have, for all se S,
F(s)=F(s) = £(s).

So 7 =f.
o We therefore have a canonical bijection between Vect,(F(S),V) and
Set(S,U(V)) for each S € Set and V € Vecty.
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o In the same way, there is an adjunction

F
Set = Grp,
G

where F and U are the free and forgetful functors.
o The free group functor is tricky to construct explicitly.

o Later we will prove a result (the general adjoint functor theorem)
guaranteeing that U and many functors like it all have left adjoints.
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F
o There is an adjunction Grp = Ab, where U is the inclusion functor.
U

o If G is a group then F(G) is the abelianization G, of G.
o This is an abelian quotient group of G, with the property that every
map from G to an abelian group factorizes uniquely through G,p:

¢6—"1 .6,
g
% \ v
VA

o Here 1 is the natural map from G to its quotient G,p, and A is any
abelian group.

© The bijection Ab(Gab,A) = Grp(G, U(A)) is given in the left-to-right
direction by @ — won and in the right-to-left direction by ¢ — ¢.
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There are adjunctions
F
Mon «— (/— Grp
R

between the categories of groups and monoids.

The middle functor U is inclusion.

The left adjoint F is, again, tricky to describe explicitly.

Informally, F(M) is obtained from M by throwing in an inverse to
every element (e.g., if M is the additive monoid of natural numbers
then F(M) is the group of integers).

The general adjoint functor theorem guarantees the existence of F.
This example is unusual in that forgetful functors do not usually have
right adjoints.

Here, given a monoid M, the group R(M) is the submonoid of M
consisting of all the invertible elements.
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Let «f be a category and & a subcategory of <.
Denote by /: % — «f the inclusion functor.

% is a coreflective subcategory of < if | has a right adjoint.
We saw the following examples:
o The category Grp is both a reflective and a coreflective subcategory of

Mon.
o The category Ab is a reflective subcategory of Grp.

o
o
o % is a reflective subcategory of o if | has a left adjoint.
°
o
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o Let Field be the category of fields, with ring homomorphisms as the
maps.
o The forgetful functor Field — Set does not have a left adjoint.

o The theory of fields is unlike the theories of groups, rings, and so on,
because the operation x — x~1 is not defined for all x (only for x #0).
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o The theory of groups, the theory of rings, the theory of vector spaces
over R, the theory of vector spaces over C, the theory of monoids,
and (rather trivially) the theory of sets are all examples of algebraic
theories.

o We will not define “algebraic theory”, but only give the general idea.

o A group can be defined as a set X equipped with a function
-: X x X — X (multiplication), another function ( )™1: X — X
(inverse), and an element e € X (the identity), satisfying a familiar list
of equations.

o More systematically, the three pieces of structure on X can be seen as
maps of sets

X2 X, ()X e X e X0 X,

where X0 is the one-element set 1 and a map 1 — X of sets is
essentially the same thing as an element of X.
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o An algebraic theory consists of two things:

o A collection of operations, each with a specified arity (number of
inputs);
o A collection of equations.

o For example, the theory of groups has one operation of arity 2, one of
arity 1, and one of arity 0.

o An algebra or model for an algebraic theory consists of a set X
together with a specified map X" — X for each operation of arity n,
such that the equations hold everywhere.

o For example, an algebra for the theory of groups is exactly a group.
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A more subtle example is the theory of vector spaces over R.

This is an algebraic theory with, among other things, an infinite
number of operations of arity 1:

For each A € R, we have the operation A-—: X — X of scalar
multiplication by A (for any vector space X).

The theory of vector spaces over R is different from the theory of
vector spaces over C, because they have different operations of arity 1.
In a nutshell, the main property of algebras for an algebraic theory is
that the operations are defined everywhere on the set, and the
equations hold everywhere too.

For example, every element of a group has a specified inverse, and
every element x satisfies the equation x-x~1=1.

This is why the theories of groups, rings, and so on, are algebraic
theories, but the theory of fields is not.
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Adjoints | Definition and Examples

Example

o There are adjunctions
Top

|
DI—| U —ql
¥
Set

where:

o U sends a space to its set of points;
o D equips a set with the discrete topology;
o | equips a set with the indiscrete topology.
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o Given sets A and B, we can form their (cartesian) product A x B.
o We can also form the set BA of functions from A to B.

o This is the same as the set Set(A, B), but we tend to use the notation
BA when we want to emphasize that it is an object of the same
category as A and B.

o Now fix a set B.
o Taking the product with B defines a functor

-xB: Set — Set
A — AxB.

o There is also a functor

(-)B: Set — Set
c - C&
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o Moreover, there is a canonical bijection
Set(Ax B,C) =Set(A, CB)

for any sets A and C.
o Given a map g:Ax B— C, define g: A— CB by

(g(a))(b)=g(a,b), forall ac A beB.
o In the other direction, given f:A— CB, define f: Ax B— C by
f(a,b)=(f(a))(b), forall ac A, beB.

o Putting all this together, we obtain an adjunction
Set

4{(—)5

Set

_XB

for every set B.
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Definition

Let o/ be a category.
An object | € o is initial if for every A€ o/, there is exactly one map /| — A.
An object T € o/ is terminal if for every A€ of, there is exactly one map
A-T.

o The empty set is initial in Set, the trivial group is initial in Grp, and
Z is initial in Ring.

o The one-element set is terminal in Set, the trivial group is terminal
(as well as initial) in Grp, and the trivial (one-element) ring is
terminal in Ring.

o The terminal object of CAT is the category 1 containing just one
object and one map (necessarily the identity on that object).
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Lemma

Let / and /' be initial objects of a category. Then there is a unique
isomorphism / — /. In particular, 1= /".

o Since / is initial, there is a unique map f:/— I'. Since I’ is initial,
there is a unique map ':I"— 1. Now f'of and 1; are both maps
I — 1. Since | is initial, f’of =1;. Similarly, fof'=1;. Hence f is an
isomorphism, as required.

o The concept of terminal object is dual to the concept of initial object.

o Since any two initial objects of a category are uniquely isomorphic, the
principle of duality implies that the same is true of terminal objects.
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Initial and terminal objects can be described as adjoints.
Let o be a category.

There is precisely one functor o« — 1.

¢ © ¢ ¢

Also, a functor 1 — o is essentially just an object of </ (namely, the
object to which the unique object of 1 is mapped).

o Viewing functors 1 — of as objects of ¢, a left adjoint to &/ — 1 is
exactly an initial object of .

o Similarly, a right adjoint to the unique functor o/ — 1 is exactly a
terminal object of .
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Adjoints | Definition and Examples

Composability of Adjunctions

o Adjunctions can be composed.

o Take adjunctions

F F'
g 2o
G G’
o Then we obtain an adjunction
F'oF
od = oA
GoG’

o To see this note that
" (F'(F(A),A") = ' (F(A), G'(A")) = (A G(G'(A"))),

naturally in A and A”.
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Adjoints | Adjunctions via Units and Counits

Subsection 2

Adjunctions via Units and Counits
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9

F
Take an adjunction of = 2.
G

Intuitively, naturality says that, as A varies in o/ and B varies in &,
the isomorphism between %(F(A),B) and </ (A, G(B)) varies in a way
that is compatible with all the structure already in place.
That is, the isomorphism is compatible with composition in the
categories of and % and the action of the functors F and G.
Suppose, for example, that we have maps F(A) £ BB in 2.
There are two things we can do with this data:
o Compose and then take the transpose, which produces a map
qog:A— G(B);
o Take the transpose of g and then compose it with G(g), which
produces a potentially different map G(q)cg:A— G(B').
Compatibility means that they are equal and that is the first naturality
equation.
The second is its dual, and can be explained in a similar way.
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o For each A€ o/, we have a map

(A% GF(A)) = (F(A) = F(A)).

o Dually, for each B € 8, we have a map

(FG(B)*2 B)=(G(B) = G(B)).
o These define natural transformations
N:1ly— GoF, e€:FoG—1g.

o They are called the unit and counit of the adjunction, respectively.
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F
o Consider the usual adjunction Set 2 Vect.
u

o lts unit n: 1get — Uo F has components

ns: S — UF(S) ={formal k-linear sums Y ¢c5Ass}
s - s,

S € Set.

o The component of the counit € at a vector space V is the linear map
ey:FU(V)—V

that sends a formal linear sum Y ,cy Ay v to its actual value in V.
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o The vector space FU(V) is enormous.
o E.g., if k=R and V is the vector space R?, then:

o U(V) is the set R?;
o FU(V) is a vector space with one basis element for every element of

R2.
Thus, FU(V) is uncountably infinite-dimensional.
Then ey : FU(V)— V is a map from this infinite-dimensional space to

the 2-dimensional space V.
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Lemma

Given an adjunction F -4 G with unit 17 and counit ¢, the following triangles
commute:

= G
F—LFrGF 6= GFG

o These are called the triangle identities.

o They are commutative diagrams in the functor categories [<f, 98] and
[98, ], respectively.
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Adjoints

o An equivalent statement is that the following triangles commute for all
A€ of and all Be 2,

F(A) 1A Fna) FGF(A) 6(B) 2B Grg(m)
% {EF(A) % lG(EB)
TR ’ “6(B)

Proof: Let Ae «/. By definition of the counit, 1gr(a) = €F(4). By
naturality, fop=foF(p). Hence,

F (77A EF(A)

(An—Ai GF(A) L GF(A))=(F(A) =" FGF(A) =" F(A)).

The left-hand side is a = 1F(a) = 1F(a), proving the first identity.
The second follows by duality.
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Adjoints | Adjunctions via Units and Counits

Transposes via Units and Counits

Lemma

F
Let of = 2B be an adjunction, with unit n and counit «.
G
o g=G(g)ona, forany g: F(A) — B;
o F=

egoF(f), for any f: A— G(B).

o For any map g: F(A) — B, we have

(F(A) % B)

(F(A) = F(A) £ B)

= (A% GF(A) @ g(B)).

~

This gives the first statement.

The second follows by duality.
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F
Take categories and functors «f = %8. There is a one-to-one
G

correspondence between:

Adjunctions between F and G (with F on the left and G on the
right), i.e., choices of isomorphisms %(F(A),B) = </ (A, G(B))
satisfying the naturality conditions, for all g,q,p and f,

G (q)

(FA)£BLB) = (ALG(B)™ G(B"),
a2alcmy = (FAa) P Fn)l sy

Pairs (1. 2 GF,FG 5 14) of natural transformations satisfying the
triangle identities.
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o We have shown that every adjunction between F and G gives rise to a
pair (n,¢€) satisfying the triangle identities.
We now have to show that this process is bijective.
So, take a pair (n,€) of natural transformations satisfying the triangle
identities.
We must show that there is a unique adjunction between F and G
with unit 7 and counit &.
Uniqueness follows from the preceding lemma.
For existence, take natural transformations n: 1, — GF and
€: FG — 14, satisfying the triangle identities.
For each A and B, define functions
B(F(A),B)= (A G(B))

both denoted by a bar, as follows:

o Given g e B(F(A),B), put g=G(g)onac<l(A G(B)).

o Given fe</(A G(B)), put f=egoF(f) e B(F(A),B).
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: For each A and B, the two functions g —Z and f — f are
mutually inverse.

Given a map g: F(A) — B in &, we have a commutative diagram

F(A) —IA Fna) FGF(A) —84 Fele) FG(B)
\ {5F(A) lEB
F(A) B

The composite map from F(A) to B by one route around the outside
of the diagram is ego FG(g)o F(na) =epoF(G(g)ona)=epoF(g) =
g and by the otheris gol=g. Sog=g.

Dually, F=f for any map f:A— G(B) in «.
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o It is straightforward to check the naturality equations:

F(A)-£ B-L B

qog=G(qog)ona=G(q)oG(g)ona=G(q)og.

The bar functions therefore define an adjunction.

Finally, its unit and counit are 17 and ¢, since the component of the
unit at A is

1ra)=G(lra))ona=1lona=na.
Dually for the counit.
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Corollary

Take categories and functors
F
o = AB.
G
Then F = G if and only if there exist natural transformations

12G6F and FGE1

satisfying the triangle identities:

= G
F—LFGF 6= GFG

X{EF xjc

F G
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o An adjunction between ordered sets consists of order-preserving maps

f
AZ B such that, for all a€ A and all be B,
g

fla)sb < as<g(h).

o This is because both sides of the isomorphism in the definition of
adjunction are sets with at most one element.

o So they are isomorphic if and only if they are both empty or both
nonempty.

o The naturality requirements hold automatically, since in an ordered
set, any two maps with the same domain and codomain are equal.
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o ~P :
o Recall that if C = D are order-preserving maps of ordered sets then
q

there is at most one natural transformation from p to g, and there is
one if and only if p(c) < q(c), for all ce C.

o The unit of the adjunction above is the statement that a < gf(a) for
all ae A.

o The counit is the statement that fg(b) < b for all be B.

o The triangle identities say nothing, since they assert the equality of
two maps in an ordered set with the same domain and codomain.

o In the case of ordered sets, the preceding corollary states that the
following two conditions are equivalent:
f(a)sb o a<g(b), forall ac A, beB;
a<gf(a) and fg(b) < b, for all a€ A, be B.
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o Let X be a topological space.

o Take the set €(X) of closed subsets of X and the set 22(X) of all
subsets of X, both ordered by <.

o There are order-preserving maps

Cl
2(X) = €(X)

where i is the inclusion map and Cl is closure.
o This is an adjunction, with Cl left adjoint to /, as witnessed by the
fact that, for all A< X and B e €(X),
Cl(A)sB < AcB.

o An equivalent statement is that A< CI(A) for all A< X and
Cl(B) € B, for all closed B < X.

o The topological operation of closure arises as an adjoint functor.
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o The preceding theorem states that an adjunction may be regarded as a
quadruple (F, G,n,¢) of functors and natural transformations
satisfying the triangle identities.

o An equivalence (F, G,n,¢) of categories is not necessarily an
adjunction.

o It is true that F is left adjoint to G, but 1 and ¢ are not necessarily
the unit and counit (because there is no reason why they should
satisfy the triangle identities).
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Adjoints | Adjunctions via Initial Objects

Subsection 3

Adjunctions via Initial Objects
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F
o Consider once more the adjunction Set = Vecty.
U
o Let S be a set.
o The universal property of F(S), the vector space whose basis is S, is
most commonly stated like this:
Given a vector space V/, any function f: S — V extends uniquely to a
linear map f: F(S)— V.
o In this statement, “f : S — V" should strictly speaking be

"FiS—U(V)

o Also, the word “extends” refers implicitly to the embedding

ns: S — UF(S)

SER So
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o So in precise language, the statement reads:
For any V € Vecty and f € Set(S, U(V)), there is a unique
f e Vect,(F(S), V), such that the diagram

s —2 U(F(s))
> lU(?)
u(v)

commutes.

o We show that this statement is equivalent to the statement that F is
left adjoint to U with unit 7.
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Given categories and functors < L €, B g %, the comma category
(P= Q) (often written as (P | Q)) is the category defined as follows:
o Objects are triples (A, h,B) with Ac o/, B€ % and h: P(A) — Q(B)
in 6;

o Maps (A h,B)— (A',h',B’) are pairs (f : A— A',g: B— B’) of maps
such that the square

peay 2O pary

h) |

Q(B) Q& Q(B)

commutes.
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Adjoints | Adjunctions via Initial Objects

Functors Involving the Comma Category

o Given P:of — € and Q: B — €, there are canonical functors and a
canonical natural transformation as shown:

(P=Q)——
| 2 e
o €

o In a suitable 2-categorical sense, (P = Q) is universal with this
property.
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o Let of be a category and A€ of.

o The slice category of <f over A, denoted by </ /A, is the category
whose objects are maps into A and whose maps are commutative
triangles.

o More precisely:
o An object is a pair (X, h) with X € o/ and h: X — A in of;
o Amap (X,h)— (X',h) in «//Ais amap f: X — X" in o/ making the
following triangle commute:
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o Slice categories are a special case of comma categories.

Recall that functors 1 — o/ are just objects of .

o Given an object A of o, consider the comma category (1., = A), as in
the diagram

©

1
|A
o — o
1y
o An object of (1, = A) is in principle a triple (X, h, B) with X € o,
Beland h:X—Ain o.
o But 1 has only one object, so it is essentially just a pair (X, h).
o Hence the comma category (1, = A) has the same objects as the
slice category </ /A.
o One can check that it has the same maps too, so that
A |AZ (1y = A).
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o Dually (reversing all the arrows), there is a coslice category
A/et =(A= 1), whose objects are the maps out of A.

o An object is a pair (X, h), with
h
A— X

o A map f:(X,h)— (X',h') is a morphism f: X — X' in o, that makes
the following triangle commute
A

X
XI

f'

X

George Voutsadakis (LSSU) Category Theory



o Let G:%B — of be a functor and let A€ /.
o We can form the comma category (A= G), as in the diagram

B
|G
1 — o
A
o lts objects are pairs (Be %, : A— G(B)).

o Amap (B,f)—(B',f")in (A= G) is a map q: B— B’ in 2 making
the triangle commute:

A—". 6B
X\ lG(q)
G(B)
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9

Notice how this diagram resembles the diagram
S — U(F(S))
> U
u(v)
in the vector space example.
We will use comma categories (A= G) to capture the kind of
universal property discussed there.
Speaking casually, we say that f: A— G(B) is an object of (A= G),
when what we should really say is that the pair (B, f) is an object of
(A= G).
There is potential for confusion here, since there may be different
objects B, B’ of 2 with G(B)=G(B').
But we will often use this convention.
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Lemma

F

Take an adjunction «f = % and an object A€ «/. Then the unit map
G

na:A— GF(A) is an initial object of (A= G).

o Let (B,f: A— G(B)) be an object of (A= G).
We show that there is exactly one map from (F(A),na) to (B,f).
A map (F(A),na)—(B,f) in (A= G)isamap q: F(A)— B in &
such that the triangle commuteS'

A4 GF(A)
x 16(a)
G(B)

But G(g)ona=7q by a previous lemma. 3
So the triangle commutes if and only if f =7, if and only if g=f.
Hence f is the unique map (F(A),na) — (B,f) in (A= G).
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F
Take categories and functors «f = %8. There is a one-to-one
G

correspondence between:
Adjunctions between F and G (with F on the left and G on the right);

Natural transformations n: 1,y — GF such that n4: A— GF(A) is
initial in (A= G) for every Ae o/ .

o We have just shown that every adjunction between F and G gives rise
to a natural transformation n with the property stated in (b).

To prove the theorem, we have to show that every i with the property
in (b) is the unit of exactly one adjunction between F and G.

By a previous theorem, an adjunction between F and G amounts to a
pair (n,€) of natural transformations satisfying the triangle identities.
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o So it is enough to prove that for every n with the property in (b),
there exists a unique natural transformation €: FG — 14 such that the
pair (1,€) satisfies the triangle identities.

o Let n:1,4 — GF be a natural transformation with the property in (b).

: Suppose that ¢;¢': FG — 14 are natural transformations
such that both (n,¢) and (n,¢’) satisfy the triangle identities.

One of the triangle identities states that for all B € 28, the following
triangle commutes

6(8) 128 G(F6(B))

Ty 6t
G(B)
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Adjoints | Adjunctions via Initial Objects

Adjunctions and Comma Categories (Cont'd)

o Thus, €g is a map
(FG(B),G6(B) " G(FG(B))) — (B,G(B) > G(B))

in (G(B)= G).

The same is true of €.

But ng(p) is initial.

So there is only one such map and &g = €.
This holds for all B. So e=¢'.
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o : For B € %, define eg: FG(B) — B to be the unique map

(FG(B)neg(B)) — (B 1g(8))

in (G(B)= G).
So by definition of eg, the following triangle commutes.
6(8) ~% 6(F(8))
Ty 6t
G(B)

We show that (¢g)peg is a natural transformation FG — 1 such that
n and € satisfy the triangle identities.
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Adjoints

o To prove naturality, take B B’ in .
We have commutative diagrams

NGB NGBy

G(B) "~ GFG(B) GB) Y~ GFG(B)

\ LG(«SB)

G(q) lGFG(q)

NGB

6@ G(B) G(B) —— GFG(B)
LG«{) \ lG(sm
G(B) G(B).

G(g)

goep and egro FG(q) are maps (GFG(B),n¢g(B)) — (G(B'), G(q)) in
(G(B)= G). Since ng(p, is initial, they must be equal. This shows
naturality of & with respect to gq.

Hence € is a natural transformation.
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o We have already observed that one of the triangle identities holds.
The other states that for A€ o/, the following triangle commutes.

F(A) Fna) FGF(A)

k )
RO
There are commutative diagrams

A—2 o GFA) A—" L GF@A)

7 l/ GF(a)

NGF)

GF(A) X GFGF(A)

\ lG(8r¢4>)

GF(A),

na G(rw)

GF(A)

A

So by initiality of na, we have er(a)0 F(na) = 1F(a).
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Corollary

Let G:% — of be a functor. Then G has a left adjoint if and only if for
each A€ o/, the category (A= G) has an initial object.

o The preceding lemma proves “only if".
To prove “if", let us choose for each A€ of an initial object of (A= G)
and call it (F(A),na:A— GF(A)).
For each map f: A— A’ in o, let F(f): F(A)— F(A’) be the unique
map such that the following commutes

nA

T

A

G(F(A))
A G(F(f))

7 G(F(AY)
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o It is easily checked that F is a functor o/ — %:

nA

A G(F(A)) A G(F(A))
2%0 lG(F(gf)) flo2 G(F(f))
G(F(A") A o G(F(A))

2 'G(F(g))
G(F(A"))

Since n4 is initial in (A= G), F(gf)=F(g)F(f).
The previous diagram tells us that 7 is a natural transformation
1— GF.

So by the theorem, F is left adjoint to G.

George Voutsadakis (LSSU) Category Theory



	Adjoints
	Definition and Examples
	Adjunctions via Units and Counits
	Adjunctions via Initial Objects


