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Q Higher Order Linear Equations
o General Theory of n-th Order Linear Equations
@ Homogeneous Equations with Constant Coefficients
o The Method of Undetermined Coefficients
o The Method of Variation of Parameters
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Higher Order Linear Equations General Theory of n-th Order Linear Equations

Subsection 1

General Theory of n-th Order Linear Equations
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Higher Order Linear Equations

o An n-th order linear differential equation is one of the form

d"y a7y dy
P, P v Po_1(t)= + Pu(t)y = G(t);
() e+ PUE Ty + -+ Paa ()5 + Pal(t)y = G(1)
@ Py,..., P, and G are continuous real-valued functions on some

interval | : @ < t < (8, and Py is nowhere zero in this interval;
o By dividing by Po(t ) we obtain
d
L[y] - dt” —i_ pl(t) dtn— 1 —i_ —i_ pn—l(t)d_); —i_ pn(t)y = g(t)'
o The mathematical theory associated with this equation is completely
analogous to that for the second order linear equation;

o Given n conditions y(to) = yo, y'(to) = ¥4, .-, y" I (to) = (" b,

If the functions p1, p2, ..., pn, and g are continuous on the open interval /,
then there exists exactly one solution y = ¢(t) of the differential equation
satisfying the given initial conditions; This solution exists throughout /.
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Higher Order Linear Equations

o Consider the homogeneous equation
Lly] =y + pr(e)y D + -+ po_1(2)y’ + pa(t)y =

o If y1,yo,...,yn are solutions, then
y = ayi(t) + cya(t) + - - - + cayn(t) is also a solution;
o Is every solution a linear combination of y1,...,y,?
o This happens if, regardless of initial conditions, we can choose
c1,...,Cy so that the linear combination satisfies those conditions;
o That is, for any ty in /, and for any yp, y§, . . - ,yé"_l), we can
determine ¢y, ..., ¢, so that
ayi(to) + -+ cayn(to) = o
ayi(to) + -+ caya(to) = ¥
ay" V(o) + -+ s Do) = "V

o The system can be solved uniquely provided that the determinant of
coefficients is not zero and conversely;
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Higher Order Linear Equations

@ Hence, a necessary and sufficient condition for the existence of a
solution for arbitrary values of yg, y{, ... ,y(g"_l) is that the Wronskian

Y1 Y2 Yn

/ / /

Wi, =| :
=l =l =l
Y1(n ) )’2(n ). yr(1n )

is not zero at t = til

If the functions p1, po, ..., pn, are continuous on the open /, if the
functions y1, y», ..., yn are solutions, and if W (y1,y»,...,yn)(t) # 0 for at
least one point t in /, then every solution can be expressed as a linear
combination of the solutions y1, v, ..., Vs.
o A set of solutions y1, ..., y, whose Wronskian is nonzero is called a
fundamental set of solutions; A linear combination of such a set is
called a general solution;
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Higher Order Linear Equations General Theory of n-th Order Linear Equations

Linear Dependence and Independence

@ There is a close relationship between a fundamental set of solutions
and the concept of linear independence studied in linear algebra;

o The functions fi, f,..., f, are said to be linearly dependent on an
interval | if there exists a set of constants kq, ko, ..., k,, not all zero,
such that

kifi(t) + kafa(t) + - - + knfa(t) = 0,

for all tin [;

o The functions f,...,f, are said to be linearly independent on / if
they are not linearly dependent there;
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Higher Order Linear Equations

o Are the functions fi(t) = 1, f(t) = t, and f(t) = t? linearly
independent or dependent on the interval | : —oo < t < c0?

Form the linear combination
kifi(t) + kafa(t) + kafa(t) = ki + kot + kt?;
Set it equal to zero to obtain ki + kot + k3t? = 0; If the equation is
to hold for all t in /, then it must certainly be true at any three
distinct points in /; Let us choose t =0, t =1, and t = —1; We
obtain the system of equations
kk = 0

ki+k+ks = 0

ki —ko+ks = 0
From the first, k1 = 0; From the other two equations it follows that
ko = k3 = 0 as well; Therefore there is no set of constants kq, ko, k3,
not all zero, for which the equation holds; Thus, the given functions
are not linearly dependent on /, so they must be linearly independent;
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Higher Order Linear Equations

o Are the functions i(t) = 1, f(t) =2 +t, f(t) =3 — t2, and
fa(t) = 4t + t2 linearly independent or dependent on any interval /?

Form the linear combination

klfl(t) + k2f2(t) + k3f3(t) = k4ﬁ1(t)
= ki + ko(2 + t) + k3(3 — t2) + kq(4t + t2)
= (k1 + 2kp 4 3k3) + (ko + 4ka)t + (—k3 + ka)t?;

This expression is zero throughout an interval provided that

ki +2ky +3k3 =0, ko +4ks =0, —kz + kg = 0; These three
equations, with four unknowns, have many solutions; For instance, if
ks =1, then k3 =1, ko = —4 and k; = 5; Thus the given functions
are linearly dependent on every interval;
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Higher Order Linear Equations

@ Suppose that the functions yy, ..., y, are solutions of

vy 4 o1 ()y(™D 4o+ pp1(t)y’ + pa(t)y = 0 on an interval /;
o Consider the equation kyyi(t) + -+ + knya(t) = 0;
o By differentiating repeatedly, we obtain the equations

kiyp(t) +--- + knyé(t) =0

k" () + o ks 1)( t) = 0
o The determinant of coefficients for the resulting system is the
Wronskian W(y1,...,ya)(t) of y1,..., ¥
Theorem

If y1(t),...,yn(t) is a fundamental set of solutions of

Lyl =y + p1(t)y D + - + po_1(t)y’ + pa(t)y =0

on an mterval I, then y(t),... ,y,,(t) are linearly independent on /;
Conversely, if y1(t),...,yn(t) are linearly independent solutions, then they
form a fundamental set of solutions on /.
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Higher Order Linear Equations

o Consider Lly] = y(" + p1(t)y™™1) + - + ps(t)y = g(t);
@ The difference of any two solutions of the nonhomogeneous is a
solution of the homogeneous;

o So, if y1,...,V, is a fundamental set of solutions of the
homogeneous, then any solution of the nonhomogeneous can be
written as y = c1y1(t) + cya(t) + -+ + cpya(t) + Y(t), where Y is
some particular solution of the nonhomogeneous;

o This is called the general solution of the nonhomogeneous;

o Thus, the primary problem is to determine a fundamental set of
solutions y1, ..., y, of the homogeneous;

o If the coefficients are constants, this is fairly simple;

o If the coefficients are not constants, it is usually necessary to use
numerical methods;
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Higher Order Linear Equations Homogeneous Equations with Constant Coefficients

Subsection 2

Homogeneous Equations with Constant Coefficients
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Higher Order Linear Equations

o Consider L[y] = agy(" 4 a;y(™V + ... 4 a,_1y' + apy = 0, where
ap, a1, - - - , ap are real constants;

o We anticipate that y = e is a solution for all r, for which
Z(r)=aor" +ayr" '+ 4 a, 1r+a, =0;

o The polynomial Z(r) is called the characteristic polynomial and
Z(r) = 0 the characteristic equation of the differential equation;

o A polynomial of degree n has n zeros, say, rn, r, ..., , some of
which may be equal;

o Thus, it can be written as Z(r) = ap(r — rn)(r — r2)--- (r — r);

o If the roots of the characteristic equation are real and no two are
equal, then we have n distinct solutions et et ... et:

o If these functions are linearly independent, then the general solution is
y =ce"t + et 4o + cre™

o One way to establish the linear independence of e, e2t, ... e
to evaluate their Wronskian determinant;
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Higher Order Linear Equations

o Find the general solution of y(*) + y"” —7y" — ' + 6y = 0; Also find
the solution that satisfies the initial conditions y(0) =1, y/(0) = 0,
y"(0) = =2, y"(0) = -1,

Let y = e'; To determine r we solve 4B —7rP—r4+6=0;

rr+r3—-7r2—r+6=0

43 -7 —T7r+6r+6=0
r3(r+1)—=7r(r+1)+6(r+1)=0
(r+1)(r*=7r+6)=0
(r+1)(r*—r—6r+6)=0
(r+1[(r—=1)r(r+1)—6(r—1)]=0
(r+1)(r—1)(r?+r—-6)=0
(r+1)(r—1)(r—2)(r+3)=0.

L e

The roots of this equation are n =1, n = -1, 3 =2, and r, = —3;
Therefore the general solution of is y = cief + cpe™t + cze?t + cue3%;
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Higher Order Linear Equations Homogeneous Equations with Constant Coefficients

Example (Cont'd)

o The general solution of is y = cief + et + cze?t 4+ e3¢

o Recall the initial conditions y(0) =1, y’(0) = 0, y”(0) = -2,
y”’(O) _
o These give

at+otagt+ag =1 caq = 17?)1
ca—o+2c3—3cs = 0 negt Q = 13
ci+co+4c3+9%, = -2 G = —Z

ct—co+8c;—27Tc, = -1 Ccy = —%

Therefore the solution of the initial value problem is

y = Set—i-lze t §e2t ilae_3t;
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Higher Order Linear Equations Homogeneous Equations with Constant Coefficients

Example (Cont'd)

o To solve the preceding system for c1, ¢p, c3 and ¢; we reduce the
augmented matrix in echelon form:

1 11 1] 1 1 11 1] 1
1 -1 2 3| 0 . 0 21 —-4|-1
1 1 4 9| -2 0 03 8| -3
1 -1 8 -27|-1 0 -2 7 -28| -2
1 03 -1| 3 1 03 -1] %
R 0 -2 1 —-4|-1 R 0 -2 1 —4|-1
0 0 3 8| -3 0 0 3 8| -3
0 0 6 —24|-1 0 0 0 —40| 5
Now we solve bottom-up: ¢ = — %;
3c3=—-3-8a=-3-8(-3)= -2 Socz=-%;
20=—-1-cg+4g = —1+%—%—g; So o = 3;
a=}-fata=i-H-D-§-
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Higher Order Linear Equations

o To factor the characteristic polynomial by hand, the following result is
sometimes helpful:

o Suppose that the polynomial agr” + ayr" ' +---+a,_1r+a,=0
has integer coefficients; If r = 2 is a rational root, where p and g
have no common factors, then p must be a factor of a,, and g must
be a factor of ap;

o Example: In r* 4+ r3 —7r> — r +6 = 0 the factors of ag are &1 and the
factors of a, are £1,+2, 43 and £6; Thus the only possible rational
roots of this equation are £1,+2, +3 and +6; By testing these
possible roots, we find that 1, —1,2, and —3 are actual roots; In this
case there are no other roots, since the polynomial is of fourth degree;

o If some of the roots are irrational or complex, as is usually the case,
then this process will not find them, but at least the degree of the
polynomial can be reduced by dividing the polynomial by the factors
corresponding to the rational roots;
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Higher Order Linear Equations

o If the characteristic equation has complex roots, they must occur in
conjugate pairs, A &£ iy, since the coefficients ag, ..., a, are real
numbers;

@ Provided that none of the roots is repeated, the general solution of
L[y] = aoy™ + a1y(™ D 4 ... + a,_1y' + any = 0 is still of the form
y — C]_erlt + C2ef2t + e + Cnefnt;

@ However, just as for the second order equation, we can replace the
complex-valued solutions A7t and e(A=iW)t by the real-valued
solutions et cos ut, e sin put;

o Thus, even though some of the roots of the characteristic equation
are complex, it is still possible to express the general solution of the
differential equation as a linear combination of real-valued solutions;
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Higher Order Linear Equations

o Find the general solution of y(*) — y = 0; Also find the solution that
satisfies the initial conditions y(0) = £, y/(0) = —4, y"(0) = 3,
y"(0) = 2
Substituting e’ for y, we get r* —1 = (r> —1)(r* +1) =0;
Therefore the roots are r =1, —1,i, —i and the general solution is
y =cret + et +c3cost + ¢gsint;

If we impose the given initial conditions, we find

at+o+ta=1 a+o+ta=1 aq = 0
c1—C+c=-4 N ci—C+c=—4 N o = 3
a+o—c=32 a+co=3 g = 1
C1—C—C=-2 c—c=-3 a = -1

Thus the solution of the given initial value problem is
y=3e"t+1cost—sint;
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Higher Order Linear Equations

o If the roots of the characteristic equation
aor" +air" 14+ ...+ a,_1r + a, = 0 are not distinct, then the
solution y = cret 4+ et + .- + c,e™!t is not general;

o Recall that if ry is a repeated root for agy” + a1y’ + ary = 0, then
two linearly independent solutions are et and te?;

o For an equation of order n, if a root of Z(r) =0, say r = ry, has
multiplicity s (where s < n), then en?, tett, t2ent .. .  ts~lent are
corresponding solutions;

o If a complex root A\ + iy is repeated s times, the complex conjugate
A — ip is also repeated s times; Corresponding to these 2s solutions,
we can find 2s real solutions by noting that the real and imaginary
parts of e Wt pe(Mtip)t - 4s—1a(A i)t are also linearly
independent solutions: e cos jut, e sin ut, te’ cos ut, te  sin ut,
... t57teM cos ut, t57teM sin ut; Hence the general solution can
always be expressed as a linear combination of n real-valued solutions;
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Higher Order Linear Equations Homogeneous Equations with Constant Coefficients

Repeated Roots: An Example

o Find the general solution of y(*) 42y 4y = 0;

The characteristic equation is r* +2r2 + 1= (r2 +1)(r* + 1) = 0;
The roots are r = i,i,—i,—i, and the general solution is

y=ccost+ cpsint 4 cztcost + catsint.
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Higher Order Linear Equations Homogeneous Equations with Constant Coefficients

Computing n-th Roots Using De Moivre's Formula

o Find the general solution of y(*) + y = 0;

The characteristic equation is r* + 1 = 0; To solve the equation, we

must compute the fourth roots of —1 = —1 + 0/ = cos 7 + isin;
Thus, according to De Moivre's formula, its four complex fourth roots
are

2 2
Wiy = cos(%+$)+isin(%+$), m=0,1,2,3;

So we have as roots 1\/-"'2’, ‘\1/'2_"", ‘\1/5’, \/‘_ The general solution of

the differential equation, therefore, is

t t
:et/‘fccos——i-c sin—)+ e~ t/‘[ccos—+c sin —

George Voutsadakis (LSSU) Differential Equations January 2014 22 /43



Higher Order Linear Equations The Method of Undetermined Coefficients

Subsection 3

The Method of Undetermined Coefficients
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Higher Order Linear Equations

@ A particular solution Y of
L[y] = aoy(n) + aly(nil) + 600 + anily/ + any = g(t)

can be obtained by the method of undetermined coefficients if
g(t) is of an appropriate form;

o When L is applied to a polynomial, an exponential, a sine or a cosine
function, the result is a polynomial, an exponential or a linear
combination of sine and cosine functions, respectively;

o Hence, if g(t) is a sum of such functions, we can find Y(t) by
choosing a suitable combination of such functions, multiplied by a
number of undetermined constants;

@ The constants are then determined by substituting the assumed
expression into the differential equation;

o Some terms may need to be multiplied by powers of t to make them
different from terms in the solution of the homogeneous;
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Higher Order Linear Equations

o Find the general solution of y”" —3y” + 3y’ — y = 4et;

The characteristic polynomial for the homogeneous is

r3 —3r> +3r — 1= (r —1)3, so the general solution of the
homogeneous equation is y.(t) = ciet + crtet + czt?e;

To find a particular solution Y(t) of the nonhomogeneous, we start
by Y (t) = Ae’; Since e, tef, t?e! are all solutions of the
homogeneous, we must multiply by t3; Assume Y (t) = At3ef, where
A is an undetermined coefficient; Differentiate Y(t) three times:

Y(t) = Atdel;

Y'(t) = 3At?e! + Atdel;
Y'(t) = 6Atet +3At%et + 3At%et + At3et
=  BAtet + 6At2et + At3et:
Y"(t) = 6Aef + 6Ate! + 12Ate! + 6At%et + 3At%et + Atdet

=  6Ae! + 18Atet + 9At%et + At3et.
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Higher Order Linear Equations The Method of Undetermined Coefficients

Undetermined Coefficients: An Example (Cont'd)

o Substitute for y and its derivatives in the original equation
y//l _ 3y/l L 3yl —y= 4et:

(6Ae® + 18Atet + 9At%e! + At3et)
— 3(6Atet + 6At%et + At3et)
+ 3(3At2et + Atdet) — At3et = 4et;
6Aet + (18 — 18)Atet + (9 — 18 + 9)At2et
+ (1 —3+3 - 1)At3et = 4et;

So 6Aet = 4et; Thus, A= % and the particular solution is

Y(t) = 33t

The general solution of the original equation is the sum of y.(t) and
Y(t), ie., y=cel + cptel + cst?et + %t3et;
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Higher Order Linear Equations

o Find a particular solution of the equation

y® +2y" 4y =3sint —5cost;

The characteristic equation of the homogeneous is

r*4+2r> +1=(r>+1)®> =0 and has roots r = i,i,—i,—i; The
general solution of the homogeneous equation is

ye(t) =crcost+ cpsint + cztcost + catsint;

The particular solution would be Y(t) = Asint + Bcost, but we
must multiply it by t? to make it different from the solutions of the
homogeneous; Thus, Y(t) = At?sin t + Bt?cos t; Differentiate Y(t)
four times and substitute into the equation.
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Higher Order Linear Equations

o We get
Y(t) = At?sint+ Bt?cost;
Y'(t) = 2Atsint+ At?cost+ 2Btcost — Bt?sint;
Y”(t) = 2Asint+2Atcost -+ 2Atcost — At?sint

2Bcost — 2Btsint — 2Bt sint — Bt? cos t

= 2Asint + 4Atcost — At’sint
+2Bcost — 4Btsint — Bt? cos t;

Y"”(t) = 2Acost+4Acost — 4Atsint — 2Atsint — At?cost

—2Bsint —4Bsint — 4Bt cos t — 2Bt cos t + Bt?sin t

= 6Acost — 6Atsint — At?cos t
—6Bsint — 6Bt cost + Bt?sin t;

Y®(t) = —6Asint —6Asint — 6Atcost — 2At cost + At?sin t

—6Bcost —6Bcost + 6Btsint + 2Btsint + Bt? cos t

= —12Asint — 8Atcost + At’sint
— 12Bcost + 8Btsint + Bt? cos t;
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Higher Order Linear Equations The Method of Undetermined Coefficients

Undetermined Coefficients: Example (Cont'd)

o Plugging into y®) +2y” + y = 3sint — 5cos t, we get

(—12Asint — 8Atcost + At?sint — 12B cos t + 8Bt sin t + Bt? cos t)
+2(2Asint + 4At cost — At?sint + 2B cost — 4Btsint — Bt?cos t)
+At?sint + Bt?cost = 3sint — 5cos t

Therefore,

(—12A+4A)sint + (—12B + 4B)cos t
(—8A+ 8A)tcost + (8B —8B)tsint
(A—2A+ A)t?sint + (B — 2B + B)t?cost = 3sint — 5cos t.

No we have —8Asint — 8B cost = 3sint — 5cos t; Thus,

A= — %, B = g, and the particular solution is
3.5 . 5
Y(t)= — gtz sint + gtz cos t;

George Voutsadakis (LSSU) Differential Equations January 2014 29 / 43



Higher Order Linear Equations

o Find a particular solution of
y" — 4y’ = t+3cost+ e ?;

The characteristic equation of the homogeneous is

r3 —4r =r(r+2)(r —2) =0, and the roots are r = 0,42; So

ve(t) = c1 + ce®t + cze2t; The particular solution is the sum of the
particular solutions of

y/// - 4}// =t y/// - 4}// = 3cost, y/// o 4y/ _ ef2t;

o For Yi(t) we would have Apt + Aj, but a constant is a solution of the
homogeneous, so we multiply by t: Yi(t) = t(Aot + A1);
o For the second equation we choose Y>(t) = Bcost + Csint, and there
is no need to modify this;
o For the third equation, since e=2t is a solution of the homogeneous
equation, we assume that Y3(t) = Ete~?¢;
The constants are determined by substituting into the individual

differential equations;
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Higher Order Linear Equations The Method of Undetermined Coefficients

Undetermined Coefficients (First Equation)

o We look at y" — 4y" = t, with Y;(t) = Aot? + Art;

We have
Yl(t) = A0t2 + At
Y{(t) = 2Aopt+ As;
Y{(t) = 2Ap;
Y{"(t) = 0

Therefore, we get
0— 4(2A0t aF Al) =t
—8Apt —4A; =t

Ao=-%, A =0.
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Higher Order Linear Equations The Method of Undetermined Coefficients

Undetermined Coefficients (Second Equation)

o We look at y"" — 4y’ = 3cos t, with Y(t) = Bcost + Csint;

We have
Y>(t) = Becost+ Csint;
Y;(t) = —Bsint+ Ccost;
Y)(t) = —Bcost— Csint;
Y, (t) Bsint — Ccos t;

Therefore, we get

(Bsint — Ccost) —4(—Bsint + Ccost) = 3cos t;
5Bsint —5Ccost = 3cos t;
B=0, C=-%
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Higher Order Linear Equations The Method of Undetermined Coefficients

Undetermined Coefficients (Third Equation)

o We look at y" — 4y’ = et with Y3(t) = Ete~%;

We have
Y3(t) = Ete™?;
Yi(t) = Ee 2t —2Fte™?t;
Yi(t) = —2Ee % —2Fe % 4 4Fte™2
= —4FEe %t 4 4Fte2t;
Y{'(t) = 8Ee 2t +4Ee %t —8Ete 2t

= 12Ee~?t — 8Ete™?t;
Therefore, we get

(12Ee~2t — 8Ete™2t) — 4(Ee~2t — 2Ete™2t) = e~ 2¢;
8Ee 2t = 72,

_ 1
E=3
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Higher Order Linear Equations The Method of Undetermined Coefficients

Undetermined Coefficients (Conclusion)

o We had
Yi(t) = Aot® + Art, Yo(t) = Bcost+ Csint, Ys(t)= Ee **

and we found

1 3
Ag=—3. A=0, B=0, C=-7, E=

| =

We conclude that A particular solution of

y" — 4y’ =t+3cost+e %

1 3 1
Y(t) = —gtz =c sint + gte_zt;
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Higher Order Linear Equations The Method of Variation of Parameters

Subsection 4

The Method of Variation of Parameters
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Higher Order Linear Equations

@ The method of variation of parameters for determining a particular
solution of the nonhomogeneous n-th order linear differential equation

Lly] = y™ + pi(t)y ™D + - 4 po_1(t)y + pa(t)y = g(t)

is a direct extension of the method for the second order case;

@ Suppose then that we know a fundamental set of solutions y1, y», ...,
yn of the homogeneous;

@ Then, the general solution of the homogeneous equation is
ye(t) = ayi(t) + coya(t) + -+ + cnyn(t);

o The method of variation of parameters for determining a particular
solution of the nonhomogeneous rests on the possibility of
determining n functions uy, Uy, ..., u, such that Y(t) is of the form

Y(t) = un(t)ya(t) + va(t)ya(t) + - - + un(t)yn(t);

George Voutsadakis (LSSU)



Higher Order Linear Equations

o We specify n conditions;
@ One is that Y satisfy
Lyl =y + p1(t)y"=D + - + pp1(t)y’ + pa(t)y = g(1);
@ The other n — 1 conditions are chosen so as to make the calculations
as simple as possible;
o From Y(t) = ui(t)yi(t) + u2(t)y2(t) + - - - + un(t)yn(t) we get
Y' = (u1yg + uy; + -+ unyp) + (Uhyr + upy2 + - F Upyn);
o We impose
iy + tpys + -+ + Upyn = 0;
o Therefore, Y' = u1y] + woyh + -+ + upy);
o Now we get
V" = (uyy + ways + o+ unyy) + Uy + upys o Ui
o We impose
uiys + Uy + -+ Upy, = 0;
o Therefore, Y” = w1y + woyd + -+ + unyy;
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Higher Order Linear Equations The Method of Variation of Parameters

The Method of Variation of Parameters |1l

o Similarly, going through n — 1 derivatives of Y, we impose the
conditions

dyi™ 4 ubyS™ oy =0, m=1,...,n—2
o And we obtain
Y™ — iy ny™ 4 b uy ™ m=0,1,...,0-1;
o The n-th derivative of Y is

YO = (A 4+ i) (" ™)
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The Method of Variation of Parameters |V

o On substituting for the derivatives of Y, we get

(™ 4t ugy$™) + (D 4y
o1 (D 4y TY)

+Pn—1(uryy + - -+ + tnyy)

+Pn(U1}/1 TP eoe aF Un}’n) = g(t).

o Rearranging and collecting terms, we get

ulyl(" Dyt uf,y,(," b
o1 (A + pryl™™ - paiyl + povi)
_|_ oo
a4 ™™ -+ Pty + Payn) = &(2).
o Since L[y;] =0, i =1,2,...,n, all parentheses vanish:
D iy 4y — g
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The Method of Variation of Parameters V

@ Thus, we obtain the following system for v}, u}, ..., u):

yiup +yauy 4+ ypu, = 0
yiuy +ysuh+---+yu, = 0

~1 1 ~1
yl(" )ui+y2(n )u§+~‘+y,(,n )uf, = g

o By solving this system and integrating the resulting expressions, we
can obtain the coefficients vy, ..., uy;

o The determinant of coefficients is W(y1,y2,...,yn) # 0, so it is
possible to determine uf, ..., u,

n
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o By Cramers rule,

i (0) — EOWn(?)

w(t) -
were W(t) = W(y1,y2,...,yn)(t), and W, is the determinant
obtained from W by replacing the m-th column by the column
(0,0,...,0,1);

o So, a particular solution is given by

Y(t) = Zn:ym(t)/%vé/:)(s)ds, where ty is arbitrary;

m=12,...,n,

m=1 to
o Determining Y(t) may involve very difficult algebraic computations as

n increases;

@ In some cases the calculations may be simplified to some extent by
using Abels identity W(t) = W(y1,...,yn)(t) = ce= [ (D)t
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Example

The Method of Variation of Parameters

o If y1(t) = €', yo(t) = tet, y3(t) = e~ " are solutions of the
homogeneous corresponding to y” — y” — y' + y = g(t), determine a
particular solution of the nonhomogeneous in terms of an integral;

W(t) = W(et tet,e ) (t) = | e' (t+1)et

1 t 1
ef|1 t+1 -1
1 t+2 1
0 tet
Wi(t)=10 (t+1)et
1 (t+2)et

George Voutsadakis (LSSU)
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e te e
_e_t —
et (t+2)et et
1 &t 1
=ef| 0 1 —2 |=4et;
0 2 O
e—t
el tet et | .
<= e S| =2t
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Example (Cont'd)

et 0 et ot ot
Wo(t)=| e 0 —ef|=~| ", ~_,|=2
et 1 et € €
et tet 0 ot et
Ws(t)= | et (t+1)et 0 e’t;
3(1) ot Et+2g £ et (t+1)et
1%
Substituting these results in Y(t) = Zym(t)/ L:)()ds, we get
m=1
g(s)(=1 - 2s) /tg( s)(2) /tg(S)ezs
Y(t) = e =="——"ds+ tet ds =l
() = o[ EE 2 e (BN o e B
1 t
= = [e=5[-1 4+ 2(t — 5)] + e~ (t=9)]g(s)ds
to
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