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© Roots and Radicals
@ Simplify Expressions with Roots
o Simplify Radical Expressions
@ Simplify Rational Exponents
o Add, Subtract, and Multiply Radical Expressions
@ Divide Radical Expressions
o Solve Radical Equations
@ Use Radicals in Functions
o Use the Complex Number System
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Roots and Radicals Simplify Expressions with Roots

Subsection 1

Simplify Expressions with Roots
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Roots and Radicals Simplify Expressions with Roots

We Shall Learn and Practice

@ Simplify expressions with roots.
o Estimate and approximate roots.

@ Simplify variable expressions with roots.
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Roots and Radicals Simplify Expressions with Roots

Simplify Expressions with Roots

o If n> = m, then m is the square of n.
o If n> = m, then n is a square root of m.
o Note that 32 = (—-3)?> = 0.
So both —3 and 3 are square roots of 9.
@ What if we only wanted the positive square root of a positive number?

@ We use a radical sign, and write,

ﬁ:

which denotes the positive square root of m.

@ The positive square root is also called the principal square root.

George Voutsadakis (LSSU) Intermediate Algebra August 2020 5 /131



Roots and Radicals Simplify Expressions with Roots

Example

o Simplify: (a) —v/64 (b) v/225.
(a) —v64 = — 8 (because 8% = 64)
(b) v/225 = 15 (because 152 = 225)
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Roots and Radicals Simplify Expressions with Roots

Example

o Simplify: (a) v/—169 (b) —/81.
(a) v/—169 is not a real number;
(b) —v8l = —09.
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Roots and Radicals Simplify Expressions with Roots

n-th Roots

@ If b" = a, then b is an n-th root of a.
o The principal n-th root of a is written /a.
@ n is called the index of the radical.

o Properties of y/a:
o When n is an even number and

9 a >0, then y/a is a real number;
9 a <0, then y/a is not a real number.

o When n is an odd number, v/a is a real number for all values of a.
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Roots and Radicals Simplify Expressions with Roots

Example

o Simplify: (a) v/27 (b) v/256 (c) v/243
(a) V21=3; (¥ =27)
(b) v/256 =4; (4% = 256)
(c) V243 =3. (3% =243)
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Roots and Radicals Simplify Expressions with Roots

Example

o Simplify: (a) v/—27 (b) v/—256 (c) v/—32.
(a) V=271= -3 ((-3°=-27)
(b) v/—256 is not a real number; (7% = —256)
(c) vV=-32=—-2. ((-2)*=-32)

George Voutsadakis (LSSU) Intermediate Algebra August 2020 10 / 131



Roots and Radicals Simplify Expressions with Roots

Estimate and Approximate Roots

@ |dea of Estimation:

Number ‘ Square Root Number ‘ Cube Root
4 2 8 2
9 3 27 3
16 4 64 4
25 5 125 5

@ Suppose we want to estimate v/11.

@ Locate 11: 9 < 11 < 16;
o So3< 11 < 4.

o Suppose we want to estimate v/91.

o Locate 91: 64 < 91 < 125;
o So 4 < /91 < 5.

George Voutsadakis (LSSU) Intermediate Algebra August 2020 11 /131



Roots and Radicals Simplify Expressions with Roots

Example

o Estimate each root between two consecutive whole numbers: (a) /38
(b) v/93
Here are the tables again

Number ‘ Square Root Number ‘ Cube Root
16 4 8 2
25 5 27 3
36 6 64 4
49 7 125 5

(a) For v/38:
o Locate 38: 36 < 38 < 49;
0 So6<+38<7.

(b) For v/93:
o Locate 93: 64 < 93 < 125;
o So4 <93 <5.
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Roots and Radicals Simplify Expressions with Roots

Simplify Variable Expressions with Roots

@ Simplifying Odd and Even Roots:
For any integer n > 2,

o when the index n is odd v/a" = a;
o when the index n is even v/a" = |a|.

We must use the absolute value signs when we take an even root of
an expression with a variable in the radical.

@ To understand why look at the following:
(-3)2=v9=3.

So writing
o 1/(—3)%2 = (—3) is wrong;
o /(=3)2=|— 3| is right!
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Roots and Radicals Simplify Expressions with Roots

Example

(a) Vb2 =b];
(b) Vw? =w;
(c) Vm* = |ml;
@) YF=4q
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Roots and Radicals

Example

Simplify Expressions with Roots

o Simplify: (a) \/y®® (b) Vz12.
() vy =+/(°)2 =1y
(b) V212 = /(2°)2 = |2°| = 2°
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Roots and Radicals

Example

Simplify Expressions with Roots
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Roots and Radicals Simplify Expressions with Roots

Example

o Simplify: (a) V64x? (b) —/100p2.
) V64x2 8| E
(b) —4/100p? = —10|p|.
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Roots and Radicals Simplify Expressions with Roots

Example

o Simplify: (a) v27x27 (b) +/81q28.
(a) \3/27)(27 = \3/27(X9)3 _ 3X9;
(b) ¥/81¢% = {/81(q7)* = 3|q|.
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Roots and Radicals Simplify Expressions with Roots

Example

o Simplify: (a) V100a2b2 (b) 1/144p12g20 (c) v/8x30y12.
(a) V100a2b? = 10|a||b|;

(b) V/144p12q%0 = \/144(p8)?(q™°)2 = 12|p°||g"°| = 12p°¢™;
(c) \/8x30 12 — \/8(x1°)3(y )3 = 2x10y4,
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Roots and Radicals Simplify Radical Expressions

Subsection 2

Simplify Radical Expressions
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Roots and Radicals Simplify Radical Expressions

We Shall Learn and Practice

@ Use the Product Property to simplify radical expressions.

@ Use the Quotient Property to simplify radical expressions.
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Roots and Radicals Simplify Radical Expressions

Use the Product Property to Simplify Radicals

@ Follow the steps:
o Find the largest factor in the radicand that is a perfect power of the

index;
o Rewrite the radicand as a product of two factors, using that factor;

o Use the product rule
Vab = y/avb

to rewrite the radical as the product of two radicals;
o Simplify the root of the perfect power.
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Roots and Radicals Simplify Radical Expressions

Example

o Simplify: 1/48.

V48 = V16-3
V16v3
= 43
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Roots and Radicals Simplify Radical Expressions

Example

o Simplify: (a) v/288 (b) v/81 (c) v/64.

(a)

V288 = V144 -2 = V1442 = 12V/2;
(b)

V8l = V273 =V27V3=3V3;

V64 = V16 - 4 = V16v/4 = 2v/4.
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Roots and Radicals Simplify Radical Expressions

Example

o Simplify: (a) Vb5 (b) /Y5 (c) V/25.
(a)
Vb5 = Vb*b = /(b2)2Vb = |B?|Vb = b*Vb;

/58 = Uy = AP =

V25 = V2322 = V/23V22 = 2V 2.
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Roots and Radicals Simplify Radical Expressions

Example
o Simplify: (a) v/32y> (b) v/54p10 (c) v/64q0.
(a)

V/32y5 = \/16y4 - 2y = 1/16(y2)2\/2y = 4|y?|\/2y = 4y \/2y;

(b)

V/54p10 = ¥/27p° - 2p = {/27(p3)35/2p = 3p>/2p;

(c)
V/64q10 = /1668 - 492 = {/16(q?)*V/4q% = 2|¢°|/4q? = 2¢° /44>
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Roots and Radicals Simplify Radical Expressions

Example

o Simplify: (a) V/98a”b5 (b) +/56x5y# (c) +/32x5y8.
(a)

V98aTb5 = \/49abb* - 2ab = \/49(a3)2(b?)2\/2ab
7|a°||b%|V2ab = 7|a*|b?v/2ab;

(b)
/56x5y* = v/8x3y3 - Tx2y = ¥/8x3y3¥/7x2y = 2xy o/ Tx2y;
(c)
V/32x5y8 = {/16x%y8 - 2x = {/16x%(y2)4V/2x
= 2|x||y?|v2x = 2|x|y?V/2x.
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Roots and Radicals Simplify Radical Expressions

Example

o Simplify: (a) 5+ /75 (b) 1=

(a)
5+V75=5+125-3=5+ 1253 =5+5/3;

(b)
10 — /75 10-v25-3 _ 10— v25/3
° _ 10—55\/525(2—\/%
_ 20 >
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Roots and Radicals Simplify Radical Expressions

Use the Quotient Property to Simplify Radicals

o Follow the steps:
o Simplify the fraction in the radicand, if possible;

o Use the Quotient Property
-4
b b

to rewrite the radical as the quotient of two radicals;
o Simplify the radicals in the numerator and the denominator.
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Roots and Radicals Simplify Radical Expressions

Example

o Simplify: (a) %( ) @ 54 L (c) </3T

(a)
B_ [F5_ [B5_VB_s
48 V3-16 V16 16 4

(b)
E g 2
250  V2-125 V125~ ¥125 &'

(c)

32 _ .f2:16 .16 V16 2
162 V2.8 V8l 81 3
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Roots and Radicals Simplify Radical Expressions

Example

7
oz = Vot = I

X

17
ly
¢ 5= Vy2 =103 =yl
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Roots and Radicals Simplify Radical Expressions

Example

@ Simplify: %.

49

George Voutsadakis (LSSU) Intermediate Algebra August 2020 32 /131



Roots and Radicals

Example

Simplify Radical Expressions

80m3

o Simplify: (a)
(a)

80m3
o

3/108c10
db

4/ 80x10

George Voutsadakis (LSSU)

4/80x10

L () )

V80m® _ V16m2-5m

/o i
_ \16m2/Em _ 4m|VEm,
o \/(,,3)2 - e’

V108 _ V2704c

35 V7o
V21(EP VA _ 38 Yac.
/()3 - 42

VB0 _ Yo m? _ /16(x2)F V5x2
4/y4 - 4 y4 - 4 y4

2% V5x2 _ 2252

Iyl -yl
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Roots and Radicals Simplify Radical Expressions

Example

- . 50x5 16x5y 4/ 5380
o Simplify: (a) \/72x4}; (b) \/54x2 )\ g0

(a)
50x%y3 25xy2 _ 4/256xy?
72x%y - 36 ~ /36
V25y2V/x _ 5ly|VX.
/36 6

3/16x5y7 Q/ Bx3ys _ /83y3y?
— L =

54x2y2 327

V3R 2xy\/_
327

4/ 528 p0 _ af Bpt _ Vatbta
80a3p2 V 16 — 16
_ Va'b'Ya _ |allblVa
- vie 2
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Roots and Radicals Simplify Radical Expressions

Example

T 3/ 4
o Simplify: (a) ‘/3? (b) \/? (<) \/@_

(a)

5 5
982 = \/ % = /4974 = \/49(22)2
7122 = 722

¥=s00 _ \a/@zg/_250=\3/_125'2
V=125v2 = —5¥/2;

VaSomlt  _  ¢/#80m _ /16amP = /BIm* - 22

=  V8ImAV2m?2 = 3|m|V2m2.
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Roots and Radicals Simplify Rational Exponents

Subsection 3

Simplify Rational Exponents
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Roots and Radicals Simplify Rational Exponents

We Shall Learn and Practice

@ Simplify expressions with a%;

@ Simplify expressions with an;

@ Use the properties of exponents to simplify expressions with rational
exponents.
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Simplify Rational Exponents

Roots and Radicals

Simplify Expressions With an

o If y/ais a real number and n > 2, then
1
an = v/a.

o If /ais a non zero real number and n > 2, then
1

_1 1
a n—=—7F— = .
1

an  Va
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Roots and Radicals Simplify Rational Exponents

Example

()

(b)

George Voutsadakis (LSSU) Intermediate Algebra August 2020 39 /131



Roots and Radicals Simplify Rational Exponents

Example

@ Write with a rational exponent: (a) v/10m (b) v/3n (c) 3v/6y

@) 1
V10m = (10m)z2;

(b)

Q=

V/3n = (3n)

3¢/6y = 3(6y).
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Roots and Radicals Simplify Rational Exponents

Example

o Simplify: (a) 362 (b) 83 (c) 164
(a)

(b)
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Roots and Radicals Simplify Rational Exponents

Example

o Simplify: (a) (—64)72 (b) —642 (c) (64)2

(a)
T
(-64)72 = (—64): 64

Not a real number;

(b) 1
—642 = — 64 = —8;
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Roots and Radicals Simplify Rational Exponents

m
n

Simplify Expressions With a

@ For any positive integers m and n,

an =(v/a)™ and a

313

e,

@ The m-th power of the n-th root of a is equal to the n-th root of the
m-th power of a.
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Roots and Radicals Simplify Rational Exponents

Example

o Write with a rational exponent: (a) Vx5 (b) (¥/3y)3 (c) \/(32)5.
(a)

(b)

G -G
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Roots and Radicals Simplify Rational Exponents

Example

o Simplify: (a) 275 (b) 8172 (c) 16~
275 = (V212 =32 =9;

(a)
(b) 1 1 1 1
8l 2= —— = = ==
g12 (V813 9 729
© 1 1 1 1
16_4 = — = = —= = —,.
165 (V16)3 28 8
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Roots and Radicals Simplify Rational Exponents

Example

o Simplify: (a) =162 (b) —1672 (c) (—16)"2

162 = —(V16)’ = —4° = — 64,

o t _ 1 1
T (e # e

(c) ) .
(—16)_% = = Not a real number.

(-16)>  (V-16)
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Roots and Radicals Simplify Rational Exponents

Simplify Expressions With Rational Exponents

@ If a and b are real numbers and m and n are rational numbers, then:

m., gn — am—l—n

Product Property a
Power Property (@am" =
Product to a Power (ab)™ = amb™
Quotient Property a—': =a" " a#0
Zero Exponent Definition =1 a#£0
Quotient to a Power Property (7)™ = ;—:, b+#0
Negative Exponent Property a
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Roots and Radicals Simplify Rational Exponents

Example

o Simplify: (a) x¥ x5 (b) (#)? () =5
(a)

1 4 1,4 1,8 9 3
X6 X3 =x673 =x676=x6=x2;
(b) \ \
(x6)§ :x6§ =X8'
(c)
2
X3 2_5 _3 —1
—5 = X3 3 =X 3 =X
X3
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Roots and Radicals Simplify Rational Exponents

Example

(b) 3 32 12 1
:( z) (y2)3 = x4'3y23 —X2y§

~—
win

—
x

Slw
<

N
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Roots and Radicals Simplify Rational Exponents

Example

1
1 1\ 3
DM~ (25mi-in¥ ) = (25mEn¥)}
m3n 6
253(m3)2(n?)? = \/25m~ 22 n%3
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Subsection 4

Add, Subtract, and Multiply Radical Expressions
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

We Shall Learn and Practice

@ Add and subtract radical expressions.
o Multiply radical expressions.

@ Use polynomial multiplication to multiply radical expressions.
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Add and Subtract Radical Expressions

@ Adding radical expressions with the same index and the same
radicand is just like adding like terms.

@ We call radicals with the same index and the same radicand like
radicals.

George Voutsadakis (LSSU) Intermediate Algebra August 2020 53 /131



Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (a) 8v/2 — 9v/2 (b) 4¥/x + 7¥/x (c) 3¢/x — 5¢y.
(a)
8V2 —0V2 = — V2

(b)
4% + T¥/x = 119x;

(c)
3v/x —5¢y Not simplifiable; not like radicals.
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (a) V7x — 7V/7x + 4/7x (b) 4{/5xy + 2/5xy — 7/5xy.
(a)
Vix —TVTx 4+ 4VTx = —6VTx + 4/Tx = — 2V 7x;

(b)
4/5xy + 2+/5xy — Tv/5xy = 6y/5xy — 7y/5xy = — +/5xy.
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (a) V18 + 62 (b) 6v/16 — 2v/250 (c) 2v/81 — 1v/24.
(a)
VI8 +6v2=19-2+6v2 =92 + 62
=3v2+6v2=9v2;

(b)
6v/16 — 2v/250 = 6v/8 - 2 — 2v/125 - 2 = 6v/8v/2 — 2v/125V/2
=6-2v2—2-5v2=12v2 - 10v2 = 2v/2;
(c)
281 - 197 = 23U 3 LB 3= 1UTYA- 1A
AN S MR Y|
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (a) v32m” — v/50m7 (b) v/135x7 — v/40x".
(a)

V32m? — V/50m7 = V16mb - 2m — /25mb - 2m

— /TE(2m — /2SR 2
— 4m?|/2m — 5|m|V2m = — ||/

V135x7 — V40x7 = v/27x% - 5x — v/8x5 - bx

= 3/27(x2)3v/5x — 3/8(x2)3v/5x

= 3x2V/5x — 2x2/5x = x2/5x.
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Multiply Radical Expressions

o For any real numbers, \/a and v/b, and for any integer n > 2
Vab=</a-Vb and /a-vVb=Vab.

@ When we multiply two radicals they must have the same index.

@ Once we multiply the radicals, we then look for factors that are a
power of the index and simplify the radical whenever possible.

o Multiplying radicals with coefficients is much like multiplying variables
with coefficients.

To multiply 4x - 3y we multiply the coefficients together and then the
variables.

George Voutsadakis (LSSU) Intermediate Algebra August 2020 58 / 131



Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (a) (3v/2)(2v/30) (b) (2v/18)(—3/6).

(a)
(3v/2)(2v/30) = 3-2v/21/30 = 6+/2 - 30
= 6160 = 614 - 15 = 61/4\/15
=6-2/15 = 121/15;

(b)

(2v/18)(—=3v/6) =2 - (—3)v/18v6 = — 6v/18 -6
= —6v108 = —6v/27 -4 = — 6v27V/4
= —6-3vV4= —18V4
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (a) (6v/6x2)(8v/30x%) (b) (—4+v/12y3)(—+/8y3).

(a)
(6v6x2)(8V30x*) = 6 - 8V6x2v/30x* = 48v6x2 - 30x*
= 48V/180x6 = 481/36x0 - 5 = 48,/36(x3)2/5
= 48 - 6/x3|v/5 = 288|x3|/5;

(b)

(—43/12y3)(=/8y3) = 41/12y3 - 8y3 = 4{/96y°
= 43/16y* - 6y2 = 43/16y*/6y? = 4 - 2|y|/6y?
= 8y[v/6y2.
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Polynomial Multiplication for Radical Expressions

@ We use the Distributive Property to multiply expressions with
radicals:

o First distribute;
o Then simplify the radicals when possible.
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (a) V/6(1 + 3v/6) (b) V4(—2 — V/6).

(a)
V6(1 +3v6) = V6 + 3616 = V6 + 3V62
=v6+3-6=16+18;

(b)

VA(—2—V6)= —2V4—V4-6= —2V4— V24
= —2VA-VB8-3= —2VA—VBV3= —2V4-2V3;
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (a) (6 —3v/7)(3 +4v7) (b) (V/x — 2)(v/x - 3).
(a)

(6 —3V7)(3+ 4V7) = 18 4 24\/7 — 97 — 1277
=18+4+15/7 —12-7 =18 +15/7 — 84 = — 66 + 15\/7;

(Vx = 2)(V/x = 3) = ¥/xV/x = 3¥/x = 2¢/x + 6
= V/x2 — 5¥x + 6.
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (5v/3 — V7)(V/3 + 2V/7).

(5v3 = VT)(V3+2V7)

= 5v/3v/3 + 10v/3v7 — V3V7 - 2V7V7
=5.3+10v21 —v21 2.7

=15+ 9/21 — 14

=1+ 921
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (a) (10 +v/2)? (b) (9 — 2v/10)2.
(a)
(10 +v/2)2 =102 4+2-10 - V2 + (v2)?
=100 + 20v/2 + 2 = 102 + 20v/2;
(b)
(9 —2v/10)? = 92 — 2-9.2y/10 + (2/10)?
=81 — 36110 + 4 - 10 = 81 — 361/10 + 40
=121 — 36/10.
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Roots and Radicals Add, Subtract, and Multiply Radical Expressions

Example

o Simplify: (3 — 2v/5)(3 4 2V/5).

(3 —2v5)(3 4 2V/5)
—0+6v5— 65— 45

—=0-4.5
=920
= —11.
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Roots and Radicals Divide Radical Expressions

Subsection 5

Divide Radical Expressions
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Roots and Radicals Divide Radical Expressions

We Shall Learn and Practice

@ Divide radical expressions.
@ Rationalize a one term denominator.

@ Rationalize a two term denominator.
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Roots and Radicals Divide Radical Expressions

Divide Radical Expressions

o Quotient Property If {/a and /b are real numbers, b # 0, where
n > 2 is any integer, then

@ We will use the Quotient Property when the fraction we start with is
the quotient of two radicals, and neither radicand is a perfect power
of the index.

@ When we write the fraction in a single radical, we may find common
factors in the numerator and denominator.
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Roots and Radicals Divide Radical Expressions

Example

o Simplify: (a) Wik (b) et

(a)
v/50s3 /5053 /2552
1285 1285 64
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Roots and Radicals Divide Radical Expressions

Example

3 —
o Simplify: (a) me“’y (b) L1222y

26y6 {/2)(71},2
(a)
1/162x10y2 162x10y2 81x* 9Lx2| 9x?
/2x5y6 2x6y6 A

3/128:2y 1 \/128x2 vyl L l64x3  4x

3 V/2x—1y2? 2x7ty2 3
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Roots and Radicals Divide Radical Expressions

Example

@ Simplify ”\Zi;};s.
Xy

/64x%\5 Axh5
64x*y _ 64x"y _ /732X3y2
V/2xy3 2xy3

= 1/16x2y2 - 2x = /16x2y2\/2x
= 4|x||y|V2x.
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Roots and Radicals Divide Radical Expressions

Rationalize a One Term Denominator

@ A radical expression is considered simplified if there are:
o no factors in the radicand that have perfect powers of the index;
o no fractions in the radicand;
@ no radicals in the denominator of a fraction.
@ Rationalizing the denominator is the process of converting a
fraction with a radical in the denominator to an equivalent fraction
whose denominator is radical-free.
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Roots and Radicals Divide Radical Expressions

Example

o Simplify: ( \/7 (c) 2X

(a)
5 5V/3 5/3

V3T (Vap 3

3_V3A_ V3 _VA_ VA3 _ V6 _ B
RTVR VIe2 a2 4R 42 8

2 2 2/
V2x (V22X 2x x
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Roots and Radicals Divide Radical Expressions

Example

o Simplify: (a) 4 (b) \f(c ) -

. 1 _ (V49
Vi 1

(b)

J5 B 5 BV Y Y

12 V2 Vav3 Vav2v3ve VBVl 6

5 _ 5¢/3y2 :5\3/3y2:5\3/3y2
VI Y3y Ry 3y
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Roots and Radicals Divide Radical Expressions

Example

o Simplify: (a) % (b) /& () \4/%
(a)

1 _ (B3P _ Vet

V3o (W3 3

3 V3 W34 Vi2 V12
64 V64 Veava 256 4

3  3v5x3  3v5x3  3V5x3
V125x  ¢125xv5x3  v625x4  Blx|
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Roots and Radicals Divide Radical Expressions

Rationalize a Two Term Denominator

@ When the denominator of a fraction is a sum or difference with square
roots, we use the Product of Conjugates Pattern to rationalize the
denominator.

(a—b)(a+b)=2a>—b°

9 In this way, e.g.,

B-V2)3+V2)=3F - (vV2)?=9-2=T.
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Roots and Radicals Divide Radical Expressions

Example

3 3(1 +V/5) 3(1 +/5)

1-v5  (1-v5)(1+v5) 12— (VB)
3(1+v5) _ _3(1—1—\/5)'

1-5 4
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Example

o Simplify: v/

George Voutsadakis (LSSU)

Roots and Radicals Divide Radical Expressions

VXHV2'

V5 VB(vx — V2)

VEHV2 (V2R -
_ VB(Vx = V2) \/5( x —

Vv2)

(VX)? - (V2)2 =2

Intermediate Algebra

v2)

August 2020
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Roots and Radicals Divide Radical Expressions

Example

VP+V2
VP2
VPHV2 (VP +V2)(/P+V2)
VB—V2  (yp - V2)(/B+2)
(VP+v2? _ (JP+ V2R

vP-vZ P2

o Simplify:
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Roots and Radicals Solve Radical Equations

Subsection 6

Solve Radical Equations
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Roots and Radicals Solve Radical Equations

We Shall Learn and Practice

@ Solve radical equations.
@ Solve radical equations with two radicals.

@ Use radicals in applications.
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Roots and Radicals Solve Radical Equations

Solve Radical Equations

@ Follow the steps:
o Isolate the radical on one side of the equation;
o Raise both sides of the equation to the power of the index;
o Solve the new equation;
o Check the answer in the original equation.
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Roots and Radicals Solve Radical Equations

Example

o Solve: v/3m+2—-5=0.

vV3m+2—-5=0
vV3m+2=5
(v3m+2)? =52

3m+2 =25
3m =23
m=2.
Check: /3-24+2-5=/23+2-5=v/25-5=5-5=0.

So x = % is an admissible solution.
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Roots and Radicals Solve Radical Equations

Example

o Solve: v/2r —3+5=0.

vV2r—34+5=0
V2r—3=-5

Since a square root is equal, by definition, to a positive number, this
equation has no solutions.
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Roots and Radicals Solve Radical Equations

Example

@ Solve: Vx —2+2=x.

VX—242=x

VX—2=x-—2
(Vx =2 = (x = 2)?
x—2=x>—4x+4

x> —bx+6=0
(x—=3)(x—2)=0
x=3 or x=2.

Check!

Both x = 2 and x = 3 are admissible solutions.
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Roots and Radicals Solve Radical Equations

Example

@ Solve: /4x —3+8 =5.

4x — 3 =-27
4x = —24
x=—6

Check!
x = —6 is an admissible solution.
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Roots and Radicals Solve Radical Equations

Example

=2=1.

Alm

o Solve: (9x +9)

Check!

x = 8 is an admissible solution.
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Roots and Radicals Solve Radical Equations

Example

@ Solve: vVm-+9—-—m+3=0.

Vm+9-m+3=0

Jmi9=m—3
(Vm+9)? =(m—3)?
m+9=m’>—6m+9

m?>—7m=0

m(m—7)=0

m=0 or m=T.
Check!

Only m = 7 is an admissible solution.
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Roots and Radicals Solve Radical Equations

Example

@ Solve: 2v/4a+4 — 16 = 16.

2v4a+4—-16 =16
2\/4a+4 =32
Via+4=16
(V4a + 4)? = 162

4a+ 4 =256
43 = 252
a=63.

Check!

a = 63 is an admissible solution.
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Roots and Radicals Solve Radical Equations

Solve Radical Equations with Two Radicals

@ Follow the steps:

o Isolate one of the radicals on one side of the equation;

o Raise both sides of the equation to the power of the index;
o If there are more radicals repeat the preceding steps;

o If there are no more radicals solve the new equation;

o Check the answer in the original equation.
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Roots and Radicals Solve Radical Equations

Example

o Solve: /5x — 4 = /2x + 5.

VBx —4 = 2x+5
(V/5x — 4)3 = (V/2x +5)3

5x —4=2x-+5
3x=9
x = 3.

Check!

x = 3 is an admissible solution.
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Roots and Radicals Solve Radical Equations

Example

o Solve: 3 —/x=+/x—3.

3—Vx=+vx-3
(3 vx)? = (Vx —3)
9-2-3-x+(Vx)?=x-3
9—6yx+x=x-3
12 = 6+/x
2=+/x
22 = (Vx)?
4 =x
Check!

x = 4 is an admissible solution.
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Roots and Radicals Solve Radical Equations

Example

@ Solve: vVx—1+4+2=+/2x+ 6.

VX —14+2=+/2x+6
(Vx —1+42)? = (v2x + 6)?
(Vx—124+2-v/x—1-2+4+22=2x+6
x—1+4yx—1+4=2x+6
4y/x —1=x+3
(4v/x —1)? = (x + 3)?
16(x — 1) = x*> +6x +9
16x — 16 = x> + 6x +9
x?> —10x +25 =0
(x—5)2=0
x = 5.
Check!
x = 5 is an admissible solution.
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Roots and Radicals Solve Radical Equations

Use Radicals in Applications

o Follow the steps:

o Read the problem carefully.
When appropriate, draw a figure with the given information.

o |dentify what we are looking for.

» Name what we are looking for by choosing a variable to represent it.

o Translate into an equation by writing the appropriate formula or model
for the situation.
Substitute in the given information.

o Solve the equation using good algebra techniques.

o Check the answer in the problem and make sure it makes sense.

@ Answer the question with a complete sentence.
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Roots and Radicals Solve Radical Equations

Example

@ On Earth, if an object is dropped from a height of h feet, the time in
seconds it will take to reach the ground is found by using the formula
f— VA

= vh

@ A helicopter dropped a rescue package from a height of 1,296 feet.
Use the formula t = % to find how many seconds it took for the
package to reach the ground.

We are looking for the time t it took for the package to reach the

ground.

We have t = % and h = 1296 feet.
V1296 36 9
- =

Thus, the package reached the ground in t = 9 seconds.
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Roots and Radicals Solve Radical Equations

Example

o If the length of the skid marks is d feet, then the speed, s, of the car
before the brakes were applied can be found by using the formula
s =/24d.

@ An accident investigator measured the skid marks of the car. The
length of the skid marks was 76 feet. Use the formula s = v/24d to
find the speed of the car before the brakes were applied. Round your
answer to the nearest tenth.

We are looking for the speed s of the car before the brakes were
applied.
We have s = v/24d and d = 76 feet.

s=+24-76 =/1824 ~ 42.7.

The speed of the car before the brakes were applied was s = 42.7
mph.
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Roots and Radicals Use Radicals in Functions

Subsection 7

Use Radicals in Functions
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Roots and Radicals Use Radicals in Functions

We Shall Learn and Practice

@ Evaluate a radical function.
@ Find the domain of a radical function.

o Graph radical functions.
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Roots and Radicals Use Radicals in Functions

Evaluate a Radical Function

@ A radical function is a function that is defined by a radical
expression.

o To evaluate a radical function, we find the value of f(x) for a given
value of x just as we did in our previous work with functions.
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Roots and Radicals Use Radicals in Functions

Example

o For the function f(x) = v/3x — 2, find (a) f(6) (b) (0).
(a)

f6)=v3-6—2=+18—2=116 =4

(b)
f(0)=+v3-0—2=+-2 Not a real number.
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Roots and Radicals Use Radicals in Functions

Example

@ For the function g(x) = v/3x — 4, find (a) g(4) (b) g(1).
(a)

gd) =3 4—4=VY12—4=v8=2

(b)
g1)=v3-1-4=v-1= -1
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Roots and Radicals Use Radicals in Functions

Example

@ For the function f(x) = v/3x + 4, find (a) f(4) (b) f(—1).
(a)

f4)=v3-4+4=v12+4=v16=2;

(b)

f(-1)=v/3-(-1)+4=V-3+4=V1=1
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Roots and Radicals Use Radicals in Functions

Find the Domain of a Radical Function

@ When the index of the radical is even, the radicand must be greater
than or equal to zero.

@ When the index of the radical is odd, the radicand can be any real
number.
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Roots and Radicals Use Radicals in Functions

Example

o Find the domain of the function, f(x) = v/6x — 5. Write the domain
in interval notation.

Since the index is even, we must have

6x—5>0
6x > 5
XZ%.

Hence the domain of f is the interval [2, +00).
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Roots and Radicals Use Radicals in Functions

Example

o Find the domain of the function, f(x) = ,/XLH. Write the domain in
interval notation.
Since the index is even, we must have

4
> 0.
xX+3 =

Since the numerator is positive, for the fraction to be positive, the
denominator must also be positive. (But, notice, it is not allowed to
be zerol!)

x+3>0.
Thus, x > —3.
Hence the domain of f is the interval (—3,4+00).
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Roots and Radicals Use Radicals in Functions

Example

o Find the domain of the function, f(x) = v/3x2 — 1. Write the domain
in interval notation.
Since the index is odd, no restrictions are necessary.
Thus x can be any real number.
In interval notation the domain is (—oo, +00).
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Roots and Radicals Use Radicals in Functions

Graph Radical Functions

o Before we graph any radical function, we first find the domain of the
function.

@ We choose x-values in the domain, substitute them in and create a
chart.

@ Then plot the points.

o The range of the function is the set of the y-values that the function
assumes.
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Roots and Radicals Use Radicals in Functions

Example

@ For the function f(x) = v/x + 2, (a) find the domain (b) graph the
function (c) use the graph to determine the range.
(a) Since the index is even, we must have

x+22>0
x > —2.
Thus the domain is the interval [—2, +00).

(b) N

A

Yy o
—2|0
-1|1 ) PP
2|2
7|3 -
» X

31135709
(c) The range of f is the interval [0, +00).

George Voutsadakis (LSSU) Intermediate Algebra August 2020 109 / 131



Roots and Radicals Use Radicals in Functions

Example

@ For the function f(x) = —¥/x, (a) find the domain (b) graph the
function (c) use the graph to determine the range.

(a) Since the index is odd no restrictions are necessary.
Thus the domain is the interval (—o0, +00).

(b) Y
X y A
8| 2 =
—1 1 N
0 0 o il » X
1| —1 L
8| —2 Y =

-9-7-5-3-113579

(c) The range of f is the interval (—oo, +00).
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Roots and Radicals Use the Complex Number System

Subsection 8

Use the Complex Number System
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Roots and Radicals Use the Complex Number System

Shall Learn and Practice

Evaluate the square root of a negative number.
Add and subtract complex numbers.
Multiply complex numbers.

Divide complex numbers.

¢ © ¢ ¢ ¢

Simplify powers of i.
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Roots and Radicals Use the Complex Number System

Evaluate the Square Root of a Negative Number

@ The imaginary unit / is the number whose square is —1.

2

“=-1 or i=+v-—1.

o If b is a positive real number, then

V—b=Vby=1=Vbi.
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Roots and Radicals Use the Complex Number System

Example

o Write each expression in terms of i and simplify if possible: (a) v/—81
(b) v—5 (c) v/—18.

(a)
V=81 = v/81i = 9i;

(b)
V=5 = /5i;

(c)
V=18 = V18i = V9 - 2i = VOV2i = 3V/2i.
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Roots and Radicals Use the Complex Number System

Add and Subtract Complex Numbers

@ A complex number is of the form a + bi, where a and b are real
numbers.

o If b=0, then a + bi becomes a+0-/ = a, and is a real number;
o If a=0, then a+ bi becomes 0 + bi = bi, and is called an imaginary
number.

@ Adding and subtracting complex numbers is much like adding or
subtracting like terms.

o We add or subtract the real parts;
o We add or subtract the imaginary parts.

Our final result should be in standard form a + bi.
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Roots and Radicals Use the Complex Number System

Example

o Add: -8+ v/—32.

V=84 /=32 =/8i+32i = 4-2i +/16 - 2i
= VAV2i + V16V2i = 2/2i + 4\/2i = 6\/2i.
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Roots and Radicals Use the Complex Number System

Example

o Simplify: (a) (2+ 7i) + (4 — 2i) (b) (8 — 4i) — (2 — i).

(a)
(Q+7)+(4—-2))=2+T7i+4—2i=6+5i

(b)
(8—4i)—(2—i)=8—4i—2+i=6—3i.
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Roots and Radicals Use the Complex Number System

Multiply Complex Numbers

o Multiplying complex numbers is also much like multiplying expressions
with coefficients and variables.

o Always keep in mind that
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Roots and Radicals Use the Complex Number System

Example

o Multiply: 4i(5 — 3i).

4i(5 — 3i) = 20i — 12 = 20i — 12(—1) = 12 + 20i.
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Roots and Radicals Use the Complex Number System

Example

o Multiply: (5 —3i)(—1 — 2i).

(5—3i)(-1—2i) = —5—10i + 3i + 6i°
= —5-10/+3i—6= —11-7i.
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Roots and Radicals Use the Complex Number System

Example

o Multiply using the Binomial Squares pattern: (—2 — 5/)2.
(=2 — 5i)? = (=2)2 — 2. (=2) - (5/) + (5i)?

=44 20i+25/2=4+20i—25
= — 21+ 20i.
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Roots and Radicals Use the Complex Number System

Example

o Multiply: +/—49 - /—4.
V=49 - /=4 = \A9i - 4i = Ti - 2i = 14i° = — 14.
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Roots and Radicals Use the Complex Number System

Example

o Multiply: (4 —v/—12)(3 — /—48).

(4 — V-12)(3 — v—48) = (4 — V12i)(3 — V/48i)

= (4 — 2/30)(3 — 4/3i) = 12 — 16+/3i — 6+/3i + 8(1/3)%2
=12 —-22V/3i+8-3-(—1) =12 — 22/3i — 24

= — 12— 22+/3i.
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Roots and Radicals Use the Complex Number System

Complex Conjugate Pairs

@ A complex conjugate pair is of the form
a+ bi, a— bi.
o Multiply: (4 —3i)- (4 + 3i).

(4—3i)- (443i) =16+ 12/ — 12i — 91> = 16 + 9 = 25.

o If a and b are real numbers, then

(a — bi)(a+ bi) = a°® + b>.
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Roots and Radicals Use the Complex Number System

Example

@ Multiply using the Product of Complex Conjugates Pattern:
(3 —10/)(3 + 10i).

(3 —10/)(3 + 10/) = 3> + 10> = 9 + 100 = 109.
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Roots and Radicals Use the Complex Number System

Divide Complex Numbers

@ Follow the steps:

o Write both the numerator and denominator in standard form;

o Multiply the numerator and the denominator by the complex conjugate
of the denominator;

o Simplify and write the result in standard form.
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Roots and Radicals Use the Complex Number System

Example

sidar 2450
o Divide: £

2+5i _ (2+5i)(5+2i) _ 10+4i+251—10 29 .
5—2i (5-2))(5+2i) 52 4 22 29
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Roots and Radicals Use the Complex Number System

Example

@ Divide, writing the answer in standard form: ﬁ.

4 A1+4)  4+16i 4+16i 4 16,

-4 (1—4)1+4) T+®2 17 1w ru"
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Roots and Radicals Use the Complex Number System

Example

o Divide: %

3+3i  —2i(3+3i) —6i—6i° 6—6i
2i  2i-(=2i)

) 22 4
x3—y)_3—3p_§_§i
4 T2 T2 27
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Roots and Radicals Use the Complex Number System

Simplify Powers of i

@ Notice the pattern:

=i 2=-1 B¥=—-j *=1
P=i = -1 "= —-j #=1

o To compute i103;

o Divide 103 by 4: Quotient is 25 and Remainder is 3.
o Write

I = — 1

-103 _ I'4-25+3 _ I'4-25,'3 _ (I'4)25,'3 — 125(_,)

@ Thus " = i", where r is the remainder upon dividing n by 4.
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Roots and Radicals Use the Complex Number System

Example

o Simplify: (a) i (b) i%.
(a)

= — I

I'75 — I'4-18+3 — I'4-18I'3 — (I'4)18I'3 —1. (—I)

(b)

I-90 _ I-4-22+2 _ (i4)22i2 -1. (_1) - _1.
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