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Matrix Algebra Matrix Operations

Subsection 1

Matrix Operations
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Matrix Algebra Matrix Operations

Entries of a Matrix

o If Ais an m x n matrix, then the scalar entry in the ith row and jth
column of A is denoted by aj; and is called the (/, j)-entry of A.

@ For instance, the (3,2)-entry is the number as» in the third row,
second column.

@ Each column of A is a list of m real numbers, which identifies a
vector in R™.

@ Often, these columns are denoted by a1, as,...,a,, and the matrix A
iswrittenas A= [ a1 a --- a, |.

@ Observe that the number aj; is the ith entry (from the top) of the jth
column vector a;.
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Matrix Algebra Matrix Operations

Diagonal and Zero Matrices

o The diagonal entries in an m x n matrix A = [aj;] are
d11, 422,433, . - .-
@ They form the main diagonal of A.

@ A diagonal matrix is a square n X n matrix whose nondiagonal
entries are zero.

@ An example is the n X n identity matrix, /.

@ An m X n matrix whose entries are all zero is a zero matrix and is
written as 0.

@ The size of a zero matrix is usually clear from the context.

George Voutsadakis (LSSU) Linear Algebra August 2017 5/73



Matrix Algebra Matrix Operations

Addition of Matrices

@ We say that two matrices are equal if they have the same size (i.e.,
the same number of rows and the same number of columns) and if
their corresponding columns are equal, which amounts to saying that
their corresponding entries are equal.

o If A and B are m X n matrices, then the sum A + B is the m x n

matrix whose columns are the sums of the corresponding columns in
A and B.

@ Since vector addition of the columns is done entrywise, each entry in
A+ B is the sum of the corresponding entries in A and B.

@ The sum A+ B is defined only when A and B are the same size.

George Voutsadakis (LSSU) Linear Algebra August 2017 6 /73



Matrix Algebra Matrix Operations

Example

o Let

@ Then

o= [ 4333 22)-[208]

@ A+ C is not defined because A and C have different sizes.
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Matrix Algebra Matrix Operations

Scalar Multiplication

o If r is a scalar and A is a matrix, then the scalar multiple rA is the
matrix whose columns are r times the corresponding columns in A.

@ As with vectors, —A stands for (—1)A, and A — B is the same as

A+(-1)B
40 5 111
Example.h‘A—[1 3 2],8—[3 5 7],then
111 2 2 2
26 = 2[357]_[6 10 14]’
40 5
A-28 {—1 32] [6 10 14]
B 2
I 7 1
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Matrix Algebra =~ Matrix Operations

Properties of Addition and Scalar Multiplication

Theorem

Let A, B and C be matrices of the same size, and let r and s be scalars.

(a) A+B=B+A (d) r(A+B)=rA+rB;
()(A+B)+C A+(B+C) (o) (r+s)A=rA+sA
(C) A+0=A (f) r(SA)=(rs)A.

(b) If for a matrix A, we denote Aj;; = aj;, then

[(A+B)+C]ij = [A+B],-j+c,-j:(a,-j+b,-j)+c,-j

= a,-j—l—(b,-j—i—c,-j):a,-j—l—[B—i—C],-j
= [A+(B+ C)];-
(d) Similarly, we have

H(A+B)y = rlA+ By = r(aj+ by)
= rajj + rbjj = [rA]j + [rBl;j = [rA + rB]j.
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Matrix Algebra Matrix Operations

Associativity

@ Because of the associative property of addition, we can simply write
A+B+ C

for the sum, which can be computed either as (A + B) + C or as
A+ (B+ C).
@ The same applies to sums of four or more matrices.
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Matrix Algebra Matrix Operations

Composition of Transformations

@ When a matrix B multiplies a vector x, it transforms x into the
vector Bx.

@ If this vector is then multiplied in turn by a matrix A, the resulting
vector is A(Bx).

Multiplication Multiplication
b> B b) A
/ .A(BX)
Multiplication
by AB

@ Thus A(Bx) is produced from x by a composition of mappings.
@ Our goal is to represent this composite mapping as multiplication by
a single matrix, denoted by AB, so that

A(Bx) = (AB)x.
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Matrix Algebra Matrix Operations

The Matrix Corresponding to Composition

o If Ais mx n, Bis n x p, and x is in IRP, denote the columns of B by
by, ..., b, and the entries in x by xi,...,Xp.

@ Then Bx = x1b; + - - + xp,bp.
@ By the linearity of multiplication by A,

A(Bx) = A(xib1)+---+ A(xpbp)
= X1Ab1 + -+ XpAbp.

@ The vector A(Bx) is a linear combination of the vectors
Aby, ..., Ab,, using the entries in x as weights.

@ |n matrix notation, this linear combination is written as

A(BX): [Abl Ab2 Abp]x.
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Matrix Algebra =~ Matrix Operations

Multiplication of Matrices

If Aiisan m x n matrix, and if B is an n X p matrix with columns

by, ..., by, then the product AB is the m x p matrix whose columns are
Aby, ..., Ab,. Thatis,

AB=A[by by --- b, |=[Aby Ab, --- Ab,].
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Matrix Algebra Matrix Operations

Example

c)ComputeAB,whereA:[2 3]andB:[4 3 6].

1 -5 1 -2 3
oWriteB:[bl b, bg}and compute:
o= |1 S 1]= 4]
= 1 3] 5]=18)
wo= |12 5]-15)
AB = A[ b b bg]:[li 12 291)]
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Matrix Algebra Matrix Operations

Example

@ If Ais a 3 x5 matrix and B is a 5 x 2 matrix, what are the sizes of
AB and BA, if they are defined?

@ Since A has 5 columns and B has 5 rows, the product AB is defined
and is a 3 X 2 matrix.

A B AB
* ok ok ok sk * ok * ok
* koK ok sk * ok * ok
* ok
MM
3% 5 5x2 3x 2

Match

Size of AB

@ The product BA is not defined because the 2 columns of B do not
match the 3 rows of A.
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Matrix Algebra =~ Matrix Operations

The Row-Column Rule for Multiplication

Row-Column Rule for Computing AB

If the product AB is defined, then the entry in row / and column j of AB
is the sum of the products of corresponding entries from row /i of A and
column j of B.

If (AB);j denotes the (i, j)-entry in AB, and if Ais an m x n matrix, then

(AB)jj = ajibij + ajobaj + - - - + ainby;.

@ To verify this rule, let B = [ by --- b, ]

Column j of AB is Ab;. We can compute Ab; by the row-vector rule
for computing Ax. The ith entry in Ab; is the sum of the products of
corresponding entries from row i of A and the vector b;. This is
precisely the computation described in the rule for computing the
(i,7)-entry of AB.
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Matrix Algebra Matrix Operations

Example

o Calculate the (1, 3)-entry of the product
2 3 4 3 6
o=t 2] 23]

2 3 4 3 6
1 -5 1 -2 3
(AB)13 = ai1biz + ainbos

2:6+3-3
= 12+9=21.

o We compute
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Matrix Algebra Matrix Operations

Example

@ Find the entries in the second row of AB, where
2 -5 0

4 —6
Am| L 34 , B=|7 1
6 -8 —7 3 9
-3 0 9
o We compute
2 5 0
-1 3 -4 ‘; _?
6 -8 —7 3 9
-3 0 9
O O O O
| —4+21-12 6+3-8 | | 5 1
O O O O
O O O d
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Matrix Algebra ~ Matrix Operations

Properties of Matrix Multiplication

Theorem

Let A be an m X n matrix, and let B and C have sizes for which the
indicated sums and products are defined.

(a) A(BC) = (AB)C (associative law of multiplication);

(b) A(B+ C)=AB+ AC (left distributive law);

(c) (B+ C)A=BA+ CA (right distributive law);

(d) r(AB) = (rA)B = A(rB), for any scalar r;
(¢)
()

e) InA= A= Al, (identity for matrix multiplication).

a) Suppose C=[ ¢1 -+ ¢p |. By the definition of matrix
multiplication, we get BC = [ Be; --- Bgp ] and
A(BC) = [ A(Be1) -+ A(Bcp) |.
But the definition of AB makes A(Bx) = (AB)x, for all x. So we get

A(BC)= [ (AB)e1 -+ (AB)c, | = (AB)C.
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Matrix Algebra Matrix Operations

Remarks: Associativity and Commutativity

@ The associative and distributive laws say essentially that pairs of
parentheses in matrix expressions can be inserted and deleted in the
same way as in the algebra of real numbers.

@ In particular, we can write ABC for the product, which can be
computed either as A(BC) or as (AB)C.

@ Similarly, a product ABCD of four matrices can be computed as
A(BCD) or (ABC)D or A(BC)D, and so on.

@ It does not matter how we group the matrices when computing the
product, so long as the left-to-right order of the matrices is preserved.

@ The left-to-right order in products is critical because AB and BA are
usually not the same.

o If AB = BA, we say that A and B commute with one another.
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Matrix Algebra Matrix Operations

Example

oLetA:[5 1]andB:[20].

3 -2 4 3
Show that these matrices do not commute, i.e., verify that AB # BA.
@ We have
5 1 2 0 14 3
e = [ o)[55]=[2 2]
20 5 1 10 2
BA = [4 3] [3 2]_ [29 2]'
So AB # BA.
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Matrix Algebra Matrix Operations

Warnings

1. In general, AB # BA.
2. The cancelation laws do not hold for matrix multiplication.

That is, if AB = AC, then it is not true in general that B = C.
AB=AC # B=C.

3. If a product AB is the zero matrix, you cannot conclude in general
that either A=0or B =0.

AB=0 # A=0orB=0.
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Matrix Algebra Matrix Operations

Powers of a Matrix

o If Ais an n x n matrix and if k is a positive integer, then A¥ denotes
the product of k copies of A:

AKk—A...A.
k

o If Ais nonzero and if x is in R”, then A¥x is the result of
left-multiplying x by A repeatedly k times.

o If k =0, then A% should be x itself.
Thus A° is interpreted as the identity matrix:

A0 =
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Matrix Algebra Matrix Operations

The Transpose of a Matrix

@ Given an m x n matrix A, the transpose of A is the n X m matrix,
denoted by AT, whose columns are formed from the corresponding

rows of A.
Example: Let
-5 2
a b 11 1 1
I P ] P
c d 0 4 -3 5 -2 7
Then
1 -3
T a C T -5 1 0 T 1 5
O A LR - L -
1 7
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Matrix Algebra =~ Matrix Operations

Properties of the Transpose

Theorem

Let A and B denote matrices whose sizes are appropriate for the following
sums and products.

(a) (AT)T
(A+B)T AT+BT

(b)
(c) For any scalar r, (rA) —rAT:
(d) (AB)T = BTAT.

@ The generalization of Part (d) to products of more than two factors
can be stated in words as follows:

The transpose of a product of matrices equals the product of their
transposes in the reverse order.
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Matrix Algebra Matrix Operations

Proof of Property (d)

@ Given a matrix A, we denote its (i, )-entry by Aj.
@ Let Abe mx nand B be n x p.
Then, we have
(AB)] = (AB);

= ApBij+ ApBoi+ -+ AjnBni
= A[BY+AlBL+---+ALBT
= BIA[+BLAJ +---+BJAL
= (BTAT);.

We conclude that (AB)T = BTAT.
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Matrix Algebra The Inverse of a Matrix

Subsection 2

The Inverse of a Matrix
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Matrix Algebra The Inverse of a Matrix

Invertible Matrices

@ An n X n matrix A is said to be invertible if there is an n X n matrix
C such that
CA=1 and AC =1,
where | = I,, the n X n identity matrix.
@ In this case, C is an inverse of A.

@ In fact, C is uniquely determined by A, because if B were another
inverse of A, then B = Bl = B(AC) = (BA)C = IC = C.

@ This unique inverse is denoted by A™1, so that
AA=1 and AATl=1].

@ A matrix that is not invertible is sometimes called a singular matrix,
and an invertible matrix is called a nonsingular matrix.
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Matrix Algebra The Inverse of a Matrix

Example

oConsiderA:[ 2 5]andC:[7 5].

-3 -7 3 2
@ We have
2 5 -7 =5 10
e - e
-7 =5 2 5 10
a - [T3]35 3]-10 0

@ Thus, C= A1,
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Matrix Algebra The Inverse of a Matrix

Formula for the Inverse of a 2 x 2 Matrix

Theorem

a b

Let A= [ c d ] If ad — bc # 0, then A is invertible and

1 d —b
Al=——— :
ad—bc[—c a]

If ad — bc = 0, then A is not invertible.
@ The quantity ad — bc is called the determinant of A, and we write
detA = ad — bc.

@ The theorem says that a 2 x 2 matrix A is invertible if and only if
detA # 0.
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Matrix Algebra The Inverse of a Matrix

Example

@ Find the inverse of A = [g g]
@ We have
detA=3-6—-4-5= —2+#0.

So A is invertible.
We have

o
i
|
=
N
| —
|
o1 O
\
w &
| I
Il
| —
\
NIoT
|
NIlw N
| I
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Matrix Algebra The Inverse of a Matrix

Invertibility and Solutions of Linear Systems

Theorem

If Ais an invertible n x n matrix, then for each b in R", the equation
Ax = b has the unique solution x = A~1b.

@ Take any b in R".

A solution exists because if A~1b is substituted for x, we get
Ax = A(A7'b) = (AA"Y)b=Ib = b.

So A~1b is a solution.

To prove that the solution is unique, show that if u is any solution,
then u must be A~lb.

Indeed, if Au= b, we can multiply both sides by A~! and obtain
A~'Au = A7'b, implying lu = A~1b, which gives u = A~'b.
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Matrix Algebra The Inverse of a Matrix

Example

@ Use the inverse matrix method to solve the system

3x1 +4x = 3
5X1+6X2 = 7

) ConsiderA:[g g]

Compute its inverse A-l= [ _g 7; ]
P 2
Then calculate x:
-3 2 3 5
— Alp — =
== 3 ][] =]
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Matrix Algebra The Inverse of a Matrix

Properties of Invertible Matrices

(a) If A'is an invertible matrix, then A~! is invertible and (A~1)~! = A.

(b) If A and B are n x n invertible matrices, then so is AB, and
(AB)"l =B~ 1AL
(c) If Ais an invertible matrix, then sois A”, and (AT)™! = (A71)7.

(a) Notice that the equation A~1C = I and CA~! =/ are satisfied with
A in place of C. Hence A™1 is invertible and A it its inverse.
(b) We compute

(AB)(BT1A™Y) = ABB HAI=AIAT1=AAT =
(B*AH)AB) = B YA 'AB=BlIB=B'B=I.
(c) Similarly, we get
(Afl)TAT — (AAfl)T:IT:I;
AT(A—I)T — (A—IA)T:/T:
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Matrix Algebra The Inverse of a Matrix

Elementary Matrices

@ An elementary matrix is one that is obtained by performing a single
elementary row operation on an identity matrix.

1 0O 010
Example: Let E; = 01 0|,E=1]1 0 0|,
—4 0 1 0 01

Compute E1A, E;A and E3A, and describe how these products can be
obtained by elementary row operations on A.
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Matrix Algebra The Inverse of a Matrix

Example (Cont'd)

@ We obtain
l 1 0 0 ] [ a b c ] [ a b c
EA= 01 0 d e f | = d e f
-4 0 1 g h i g—4a h—4b i—4c
Here we operated R3 < R3 — 4R;.
We obtain
010 a b c d e f
EA=|1 0 0 d e f | = a b
0 01 g h i g h i
The operation was R; < Ry.
Finally,
1 00 a b c a b c
EsA= [0 1 0 d e f | = d e f
0 05 g h i 5¢ 5h b5i

So we get R3 < 5Rj3.
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Matrix Algebra The Inverse of a Matrix

Properties of Elementary Matrices

@ If an elementary row operation is performed on an m X n matrix A,
the resulting matrix can be written as EA, where the m X m matrix E
is created by performing the same row operation on /p,.

@ Each elementary matrix E is invertible.

The inverse of E is the elementary matrix F of the same type that

transforms E back into /.
In fact, since row operations are reversible, elementary matrices are
invertible, for if E is produced by a row operation on /, then there is
another row operation of the same type that changes E back into /.
Hence there is an elementary matrix F such that FE = /.
Since E and F correspond to reverse operations, EF = I, too.
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Matrix Algebra The Inverse of a Matrix

Example

1
@ Find the inverse of £ = 0

@ To transform E;j into /, we must perform R3 < R3 + 4R;.

The elementary matrix that does this is
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Matrix Algebra The Inverse of a Matrix

Finding A~!

Theorem

An n X n matrix A is invertible if and only if A is row equivalent to /,. In
this case, any sequence of elementary row operations that reduces A to /,
also transforms 1, into A=1.

@ Suppose that A is invertible. Then, since the equation Ax = b has a
solution for each b, A has a pivot position in every row. Because A is
square, the n pivot positions must be on the diagonal. This implies
that the reduced echelon form of Ais /,. Thatis, A ~ .
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Matrix Algebra The Inverse of a Matrix

Finding A~ (Converse)

@ Suppose, conversely, that A ~ [,. But each step of the row reduction
of A corresponds to left-multiplication by an elementary matrix. So
there exist elementary matrices Eq,..., E, such that

A~ E1A ~ Ey(E1A) ~ Ep(Ep_y -+ E1A) = I,.

That is, E,--- EfA = I,. Since the product E,--- E; of invertible
matrices is invertible, we get

(o E1) MEp-—B1)A = (Ep---E1) My
A = (E,---E)L.

Thus A is invertible, as it is the inverse of an invertible matrix. Also,
A= (Ep--- E) Yt = Ep---Eq. Then A= Ey- - Eilp. So A
results from applying Ei, ..., E, successively to /,. This is the same
sequence that reduced A to /,,.
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Matrix Algebra The Inverse of a Matrix

An Algorithm for Finding A~!

o Row reduce the augmented matrix [ A [ |.

o If Ais row equivalent to /, then [ A | | is row equivalent to
[1 AL

@ Otherwise, A does not have an inverse.

George Voutsadakis (LSSU) Linear Algebra August 2017 41 /73



Matrix Algebra The Inverse of a Matrix

Example

0
@ Find the inverse of the matrix A = { 1
4

-3
[0 1 2|1 0 0 1 0 3|0 10
1 03/01 0" lo 1 2(1 0 0] FPEk
4 -3 8|0 0 1 4 -3 8|0 0 1
1 0 3|0 1 0 1 03[0 10 )
0 1 2|1 o of|RBER |01 2/1 o0 o *R®
0 -3 4|0 -4 1 00 23 -4 1
(1 0 3]0 1 0 1 00[-2 7 -3
0121 o0o0fRE*™lo 102 4 -1
00 1|2 21 001 3 -2 3
-3 7 -3
Since A ~ I, A is invertible, and A1 = —2 4 -1
3 _o 1
2 2
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Matrix Algebra The Inverse of a Matrix

Another View of Matrix Inversion

@ Denote the columns of [, by e1,...,e,.

@ Then row reduction of [ A | } to [ | A1 ] can be viewed as the
simultaneous solution of the n systems

Ax=e;, Ax=ep, ..., Ax=ep,

where the “augmented columns” of these systems have all been
placed next to A to form [ A e e --- e, }

@ The equation AA™! =/ and the definition of matrix multiplication
show that the columns of A~! are precisely the solutions of these
systems.
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Matrix Algebra ~ Characterization of Invertible Matrices

Subsection 3

Characterization of Invertible Matrices
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Matrix Algebra Characterization of Invertible Matrices

The Invertible Matrix Theorem

Theorem (The Invertible Matrix Theorem)

Let A be a square n x n matrix. Then the following statements are equivalent

(a
(b

) Ais an invertible matrix.
) A is row equivalent to the n x n identity matrix.
(c) A has n pivot positions.
(d) The equation Ax = 0 has only the trivial solution.
(e) The columns of A form a linearly independent set.
(f) The linear transformation x — Ax is one-to-one.
(g) The equation Ax = b has at least one solution for each b in R".
(h) The columns of A span R".
) The linear transformation x — Ax maps R” onto R".
) There is an n x n matrix C such that CA = |/.
) There is an n x n matrix D such that AD = /.

)

AT is an invertible matrix.
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Matrix Algebra ~ Characterization of Invertible Matrices

Example

@ Use the Invertible Matrix Theorem to decide if

1 0 -2
A=| 3 1 —2 | isinvertible.
5 -1 9
@ We have
1 0 -2 10 -2
AR g g | ReZRge gy
ReRetShy | g 1 1 00 3

So A has three pivot positions. Hence is invertible, by the Invertible
Matrix Theorem.
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Matrix Algebra ~ Characterization of Invertible Matrices

Invertible Linear Transformations

@ A linear transformation T : R" — IR" is said to be invertible if there
exists a function S : R” — R" such that

S(T(x)) =x, forall xinR"
T(S5(x)) =x, forall x in R".

@ The next theorem shows that if such an S exists, it is unique and
must be a linear transformation.

@ We call S the inverse of T and write it as T—1.
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Matrix Algebra ~ Characterization of Invertible Matrices

Invertible Transformations and Matrices

Theorem

Let T:R" — R" be a linear transformation and let A be the standard
matrix for 7. Then T is invertible if and only if A is an invertible matrix.
In that case, the linear transformation S given by S(x) = A=!x is the
unique function satisfying S(T(x)) = x, for all x in R", and

T(S(x)) = x, for all x in R".

@ Suppose that T is invertible. Then the second equation shows that T
is onto R": Let b be in R". Set x = S(b). Then
T(x) = T(S5(b)) = b. So each b is in the range of T. Thus A is
invertible, by the Invertible Matrix Theorem.
Conversely, suppose that A is invertible, and let S(x) = A=1x. Then,
S is a linear transformation, and S obviously satisfies both equations.
For instance, S(T(x)) = S(Ax) = A~(Ax) = x. Thus T is
invertible.
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Matrix Algebra ~ Characterization of Invertible Matrices

Invertible Transformations and Matrices (Cont'd)

@ Now we show that S, with S(x) = A~1x, is the unique
transformation satisfying

S(T(x)) = x, forall xin R",
T(S(x)) = x, forall x in R".

Suppose that S’ : R" — R" is another transformation satisfying

S'(T(x)) = x, forall xinR",
T(S'(x)) = x, forall x in R".

But then we have, for all x in R”,
S'(x) = S'(T(5(x))) = S(x).
So S’ = S and S is unique.
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Matrix Algebra ~ Characterization of Invertible Matrices

Example

@ What can you say about a one-to-one linear transformation T from
R" into R"?

@ The columns of the standard matrix A of T are linearly independent.
So A is invertible, by the Invertible Matrix Theorem.
Thus, T maps R” onto R".
Also, T is invertible, by the preceding theorem.
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Matrix Algebra  Partitioned Matrices

Subsection 4

Partitioned Matrices
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Matrix Algebra  Partitioned Matrices

Partitioned (or Block) Matrices

3 0 —-1|5 9]|-
® The matrix A=| =5 2 4 ‘ 0 -3 ‘
-8 -6 3|1 7]|-
the 2 x 3 partitioned (or block) matrix

2
1 | can be written as
4

A [ A A Az ]
Axi Axn Ax

whose entries are the blocks (or submatrices)

30 -1 5 9 2
/‘\11—[52 4],/412—[0 3],/413—[ 1]

An=[-8 —6 3], Ap=[1 7], Ax=[-4].
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Matrix Algebra  Partitioned Matrices

Addition and Scalar Multiplication

@ If matrices A and B are the same size and are partitioned in exactly
the same way, then it is natural to make the same partition of the
ordinary matrix sum A + B.

Example:
1 2|3 3 5|7 4 7]10
4 5/6|+[9 8[4]|=|13 13]10
7 8|9 6 2|1 13 1010

@ In this case, each block of A+ B is the (matrix) sum of the
corresponding blocks of A and B.
@ Multiplication of a partitioned matrix by a scalar is also computed
block by block.
Example:
3 [ A A A ] _ [ 3A11 3A12 3As3 ]
A A Aoz 3A1 3Axn 3Ax |’
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Matrix Algebra

Partitioned Matrices

Multiplication of Partitioned Matrices

@ Partitioned matrices can be multiplied by the usual row-column rule
as if the block entries were scalars, provided that for a product AB,
the column partition of A matches the row partition of B.

Example: Let

(2 -3 1|0 -4

A= |1 5 —2|3 -1 :H” ;‘12],
0 —4 2|7 1 2l e
T 6 4
21

B = 3 7| = gl]
~1 3 2
| 5 2

The 5 columns of A are partitioned into a set of 3 columns and then

a set of 2 columns.
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Matrix Algebra  Partitioned Matrices

Example (Cont'd)

@ The 5 rows of B are partitioned in the same way - into a set of 3 rows
and then a set of 2 rows.
@ We say that the partitions of A and B are conformable for block

multiplication.
@ We then have

AB  — [ A A Bi | _ | AubBi+ AnbB;
A Ax B, A Bi + A B;
[23 1] B +[04H1 3]
) 15 =2 || 5 3 1| 5 2
= 6 —4
[0 -4 —2]| -2 1 +[71]{_;J g]
-3 7
15 12 —-20 -8 -5 4
_ > 5|t 8 7] |=] -6 2
14 18 |+ [ -12 19 2 1
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Example

-3 1 2

oLetA:[ 1 _4 5

a b
] and B=| ¢ d
e f
Verify that
AB = coli(A)row;(B) + cola(A)rows(B) + colz(A)rows(B).

@ We have

coly(A)rows(B) + cola(A)rowy(B) + colz(A)rows(B)

3 1][cd]+[§][ef]

= | 3]s 01|
| —3a —-3b n c d n 2e 2f
o a b —4c —4d 5e 5f
| —Ba+c+2e —-3b+d+2f B

o a—4c+5e b—4d+5F | ’
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Column-Row Expansion of AB

If Ais m x nand B is n X p, then

row;(B)
AB = [ coli(A) colp(A) -+ coln(A) ] rowf(B)
row,(B)
= coly(A)rowi(B) + - - - + col,(A)row,(B).

@ For each row index i and column index j, the (i, j)-entry in
colg(A)row,(B) is the product of aj, from coli(A) and by; from
rowk(B). Hence the (i,j)-entry in the sum shown in the equation is
a,-lblj 4F a,'2b2j + -+ a,-,,b,,j. This sum is also the (i,j)—entry in AB,
by the row-column rule.

George Voutsadakis (LSSU) Linear Algebra August 2017 57 /73
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Inverses of Partitioned Matrices

Al A

@ A matrix of the form A = [ 0 Ao

] is said to be block upper

triangular.
Assume that Aj1 is p X p, A is g X g, and A is invertible.
Find a formula for A=L.

@ Denote A~! by B and partition B so that

A A Buu B | _| b 0
0 Ax Bo1 By 0 /g |-
This matrix equation provides four equations that will lead to the
unknown blocks Biyq, ..., By:

A11Bi1 +ApBy = I
A11Bi2 +A12B, = 0
AxpBy = 0
ApnBy = I
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Inverses of Partitioned Matrices (Cont'd)

o By itself, A» By = I; does not show that A is invertible.

However, since Ay is square, the Invertible Matrix Theorem and the
last equation together show that Ay is invertible and By, = A2_21.

Next, left-multiply both sides of Ax>B»1 = 0 by Agzl and obtain
By = A0 = 0.
So A11B11 + A12Bo1 = I, simplifies to A11B11 +0 = /.
Since A11 is square, this shows that Aq; is invertible and By; = Al_ll.
Finally, use these results with A;1B1s + A12B22 = 0 to find that
A11B1a = — ApaBo = — ApAsy and By = — A ApAs
Thus

Al [ Al A ]_1 _ [ Al —AARAS

0 Ao 0 A521
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Block Diagonal Matrices

@ A block diagonal matrix is a partitioned matrix with zero blocks off
the main diagonal (of blocks).

@ Such a matrix is invertible if and only if each block on the diagonal is
invertible.

George Voutsadakis (LSSU) Linear Algebra August 2017 60 / 73



Matrix Algebra  Partitioned Matrices

Example

@ Suppose A = [ g 2_ ] is a square block diagonal matrix.

Show that A is invertible if and only if B, C are invertible.
@ Suppose that A is invertible. Assume A~! is partitioned as

Al = E ¢ |s° that the two partitions are conformal with block
multiplication. Then we have:
B 0][D E I, 0
-1 _ _ |
AT =1 = [0 C]_F G]_[O /q]
BD = |, (D = B!
N BE = 0 N E =0
CF = 0 F =0
cc = I | G = C1
So we get that B, C are invertible matrices, with inverses D, G,
=il
respectively. Moreover, we see that A~ = [ BO Co_l }
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Matrix Algebra  Partitioned Matrices

Example (Cont'd)

@ Assume, conversely, that A = [ I(E); 2. ] with B, C invertible. To
- . . [B1 0
show that A is invertible, form the matrix 0 c-t | Note that

its partition and that of A are conformable with block multiplication
and compute:

B 0 Bt o ] _[BB! 0 [ o0 i
0 C [o Cl]_[ 0 Ccl]_[o /q] !
[B‘l oHB 0]_[8—18 0 ]_[lpo]_l
o ct 0 C| 0 C1IC| [0 fy] 7

—il
Thus A is invertible and A~1 = [ BO CO_1 ]
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Subsection 5

Matrix Factorizations
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Matrix Algebra Matrix Factorizations

LU Factorization

@ Assume that A is an m X n matrix that can be row reduced to
echelon form, without row interchanges.

@ Then A can be written in the form A = LU, where L is an m x m
lower triangular matrix with 1's on the diagonal and U is an m X n
echelon form of A.

1 0 00 O x % x %
A_*lOO 0 O % x* =«
* x 1 0 0O 0 0 O =
* * x 1 0O 0 0 0O

@ Such a factorization is called an LU factorization of A.

@ The matrix L is invertible and is called a unit lower triangular
matrix.
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Solving Equations Using the LU Factorization

@ When A = LU, the equation Ax = b can be written as L(Ux) = b.
@ Writing y for Ux, we can find x by solving the pair of equations

Ly = b
Ux =y
Multiplication

x-////T\-b
e, A

Multiplication Multiplication
by U

@ First solve Ly = b for y;
@ Then solve Ux = y for x.
@ Each equation is easy to solve because L and U are triangular.
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Matrix Algebra Matrix Factorizations

Example

@ Using the LU factorization

3 -7 =2 2 1 0 0 O 3 -7 =2 2
A_| -3 5 1 0|_|-1 100][[0 -2 -1 2
- 6 —4 0 -5 | 2 -5 10 0 0 -1 1
-9 5 -5 12 -3 8 3 1 0 0 0 -1
-9
5
= LU, solve Ax = b, where b = 7
11
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Example (Cont'd)

o First solve Ly = b:

[L b]
1 00 0|-9 1 00 0| -9
| -1 1 00 5 Re—Rost Ry 0 1 0 0| —4
o 2 -5 1 0 7 | RemRs—2rR, | 0O =5 1 0 25
—3 8 3 1| 11 | ReRi3R | g 3 1|-16
1 00 0]-9 1 00 0]-9
R3<R3+5R> 01 0 0| —4 Ry Rs—3R; 01 0 0| —4
RicRitem | 0 0 1 0| 5 - 00 10| 5
0 0 3 1|16 000 1] 1
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Matrix Algebra Matrix Factorizations

Example (Cont'd)

@ Now solve Ux = y:
(U y]

3 -7 -2 2]-97 3 -7 —2 2| -9
_ |0 =2 -1 2| -4 | Repr | 0 2 -1 2| 4
0 0 -1 1| 5 0 0 -1 1| 5
0 0 0 -1]| 1 0 0 0 1|-1_
(3 -7 -2 0] -7 3 -7 -2 0]-7
R1<—R*1;2R4 0O -2 -1 0] -2 R3<—:>1)R3 0 -2 -1 0] -2
Ry« Rp—2R, 0 0 -1 0 6 0 0 1 0| -6
feh=R 1o 0 o0 1]|-1 0 0 0 1]|-1
"3 -7 0 0] -19 3 -7 0 0]-19
RiRi42Rs 0 2 0 0| -8 RzF(_*)%)Rz 0 1 0 0 4
ReeRRs | O 0 1 0| —6 0 0 1 0| -6
0 0 0 1| -1 0 0 0 1| -1
T3 0 0 0] 9 100 0] 3
Ri+Ri+7R> 0 1 0 O 4 Ri+1iR 01 0 O 4
- 0010|6| — |oo1ole]|=lx
00 0 1|-1 0 0 0 1|-1
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Obtaining an LU Factorization

@ Suppose A can be reduced to an echelon form U using only row
replacements that add a multiple of one row to another row below it.

@ In this case, there exist unit lower triangular elementary matrices
Eq,...,Ep such that E,--- EfA = U.

o Then A= (E,-- E1)71U = LU, where L= (E,--- E)7L.

@ It can be shown that products and inverses of unit lower triangular
matrices are also unit lower triangular.

@ Thus L is unit lower triangular.

@ Note that the row operations which reduce A to U, also reduce the
matrix L to /, because E,--- E1L = (Ep -+ E1)(Ep - E1) L = 1.
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The LU Factorization Algorithm

Algorithm for an LU Factorization

1. Reduce A to an echelon form U by a sequence of row replacement
operations, if possible.

2. Place entries in L such that the same sequence of row operations
reduces L to /.

@ Step 1 is not always possible, but when it is, the argument in the
preceding slide shows that an LU factorization exists.

@ By construction, L will satisfy (E, - -- E;)L = | using the same
Eq,..., Ep as the one reducing A to U.

@ Thus L will be invertible, by the Invertible Matrix Theorem, with
(Ep-- E)=L"1.

o Since E, - EfA= U, L"'A=U, and A= LU.
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Example

2 4 -1 5 -2
4 -5 3 -8

: . 1
@ Find an LU factorization of A = 5 5 _4 1 8
1

—6 0o 7 -3
o

2 4 -1 5 -2 2 4 -1 5 -2
| -4 -5 3 -8 1| ReRrRy2r | 0 3 1 2 -3
A= 2 5 4 1 8| rRcmir |0 -9 -3 —4 10
-6 0 7 -3 1| ReRBSR 19 12 4 12 —5

2 4 -1 5 -2 2 4 -1 5 -2

R3<—E>r3R2 0 3 1 2 -3 R4<_R_4;2R3 0 3 1 2 -3

Ri<Ri—4R, 0 0 0 2 1 0 0 0 2 1

0 0 0 4 7 0 0 0 0 5

=U.
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Example (Cont'd): Pivot Columns

@ To transform A to U, we looked at the following pivot columns:

2 4 -1 5 -2 2 4 -1 5 -2
| 4 -5 3 -8 1 |Rerpm |0 3 1 2 -3
A=l 2 5 -4 1 8| ririm |0 -9 -3 -4 10
6 0 7 -3 1 |ReRBRI g 12 4 12 -5
2 4 -1 5 -2 2 4 -1 5 -2
R+ R5+3R, 0 3 1 2 -3 | RerR—2rR| 0 3 1 2 -3
i | @ @ © 2 1 - 00 02 1
00 0 4 7 00 00 5

=U.
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Example (Cont'd)

@ Since A has four rows, L should be 4 x 4.
@ We look at the colored entries of the preceding slide that were used to
determine the sequence of row operations that transformed A to U.

3
—4 2
|| 2] Le]ted
—6 |
@ Divide each by the pivot and use the result to form L:
[ 1 0 00
-2 1 00
L= 1 -3 10
-3 4 21

@ This is because the same row operations we used to transform A to U
transform L to /.
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