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Determinants Introduction to Determinants

Subsection 1

Introduction to Determinants
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Determinants Introduction to Determinants

2 x 2 Determinants

@ For a 1 x 1 matrix A = [a11], we define

detA = a11.

. : a a .
@ Recall that the determinant of a 2 x 2 matrix, A = [ €12 ] is

dajz1 ax»
the number

detA = aj1a — aipani.

@ Recall also that a 2 x 2 matrix is invertible if and only if its
determinant is nonzero.
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Determinants Introduction to Determinants

3 x 3 Determinants

o Consider an invertible A = [a;;] with aj; # 0.

@ We have:
ail a1z d13
Rz(—a 1R2
AT ajjapl aiiaz ailaxs
R3<a11 R3
d11431 411432 411433
a1l ai12 ai13
R2<—R2—321R1
— 0 an1axp —aparxr aias — aizan

R3<R3—a31 R
STETE 0 arr1asp —arpasr a11a33 — a13as1

@ Since A is invertible, either the (2,2)-entry or the (3,2)-entry on the
right is nonzero.

@ Let us suppose that the (2,2)-entry is nonzero. (Otherwise, we can
make a row interchange before proceeding.)
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Determinants Introduction to Determinants

3 x 3 Determinants (Cont'd)

@ Continuing, we get

ail a1z ai3
R3<—(ar1a2 —a1za21)Rs
0 dii1ad22 — diza2l d11d23 — di13a21 —
0 di11d32 — di12asl d114d33 — d134a31
ail ai2 ai3
O di11d22 — di12d21 d11d23 — di13d21
0 (auax — awan)(ai1as — a12a31) (a11d2 — apaz )(a11a33 — a13as1)
ail ai2 ai3
R3<—R3—(ar1azp—a1z2a31) Rz
= 0 a11d22 — a12821 411823 — a13a21 9
0 0 ETRVAY
where
A = aj1axassz + aipazzazi + aizaiasp

— 411423432 — 412421433 — d134d22431.

@ Since A is invertible, A must be nonzero.
@ The converse is true, too, as we will see in the following section.
@ We call A the determinant of the 3 x 3 matrix A.
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Determinants Introduction to Determinants

Rewriting the 3 x 3 Determinant

@ To generalize the definition of the determinant to larger matrices, we
use 2 x 2 determinants to rewrite the 3 x 3 A described above.

@ The terms in A can be grouped as

(a11a20a33 —a11a23a32) — (212321333 — a12a23331) + (213321332 — 313322331)-

@ Thus, we get

a a a a a a
A = a11-det 22 923 —ay1p-det 21 <23 +ai3-det 21 92
az ass a1 ass az1  as2

@ For brevity, write
A = ajidetA1; — ajpdetAro + ajzdetAss,

where A11, A2 and A;z are obtained from A by deleting the first row
and one of the three columns.
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Determinants Introduction to Determinants

Submatrices of A

@ For any square matrix A, let A;; denote the submatrix formed by
deleting the ith row and jth column of A.

1 -2 5 0
2 0 4 -1
Example: Let A= 3 1 0 7

0 4 -2 0
Then A3y is obtained by crossing out row 3 and column 2,

1
1 5 0
R s = Ap=|2 4 -1
3 1 0 7 I

0 -2 0
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Determinants Introduction to Determinants

n x n Determinant

@ We can now give a recursive definition of a determinant.

@ When n = 3, detA is defined using determinants of the 2 x 2
submatrices Ay;.

@ When n = 4, detA uses determinants of the 3 X 3 submatrices Ay;.

@ In general, an n x n determinant is defined by determinants of
(n—1) x (n— 1) submatrices.

Definition
For n > 2, the determinant of an n x n matrix A = [aj] is the sum of n

terms of the form £aj;detay;, with plus and minus signs alternating, where
the entries aj1, a12, ..., a1, are from the first row of A. In symbols,

detA = ajidetA;; — appdetAp + -+ - + (—1)1+"31,,detA1,,
n

= Z(—1)1+jaljdetA1j.
j=1
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Determinants Introduction to Determinants

Example and Notation

1 5 0
@ Compute the determinantof A= | 2 4 -1
0 -2 0
@ We compute:
detA = aj;detA;; — ajpdetArr + ajzdetAss
4 -1 2 -1 2 4
= 1-det 9 0}—S-det 0 0]+O-det{0 2]
= 1.(0-2)—5-(0—-0)+0-(—4—-0)= —2.

@ Another common notation for the determinant of a matrix uses a pair
of vertical lines in place of brackets.

@ Thus the calculation can be written as

4 -1 2 -1

detA=1 5 0 0 0

-s
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Determinants Introduction to Determinants

Cofactors and Cofactor Expansion

o Given A = [ajj], the (i, )-cofactor of A is the number Cj; given by
Cij = (—1)"detA;.

@ Then detA = 211Gy + a12Cip + - - - + a1, Cip.
@ This formula is the cofactor expansion across the first row of A.

Theorem

The determinant of an n X n matrix A can be computed by a cofactor
expansion across any row or down any column. The expansion across the
ith row using the cofactors above is

detA = aj1Ci1 + ai2Cio + - - + ain Cin.
The cofactor expansion down the jth column is

detA = alelj == asz2j S ananj-
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Example

Determinants Introduction to Determinants

@ Use a cofactor expansion across the third row to compute detA,

1
where A= | 2
0
o Compute
detA =

George Voutsadakis (LSSU)

5 0
4 —1
—2 0

a31C31 + a32C30 + a33Ca3

(—1)3 1az1detAs; + (—1)3T2azdetAsy
aF (—1)3+3333detA33

1 0 15
Az 293 2]
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Determinants Introduction to Determinants

Example

3 -7 8 9 -6
0o 2 -5 7 3
@ Compute detA, where A= | 0 0 1 5 0
o 0 2 4 -1

0O 0 0 -2 0

@ The cofactor expansion down the first column of A has all terms
equal to zero except the first:

2 -5 7 3
0 1 5 0
detA =3| o y 1
0 0 -2 0
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Determinants Introduction to Determinants

Example (Cont'd)

@ Next, expand this 4 x 4 determinant down the first column, in order
to take advantage of the zeros there:

detA =3 =3-2-12 4 -1
0 4 -1 0 -2 o0
0 0 -2 0

This 3 x 3 determinant was computed in a previous example and
found to equal —2:

detA=3.2.(=2)= —12.
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Determinants Introduction to Determinants

Matrices with Many Zeroes

@ The matrix in the last example was nearly triangular.

@ The method in that example is easily adapted to prove the following
theorem.

Theorem
If Ais a triangular matrix, then detA is the product of the entries on the
main diagonal of A.
@ The strategy the last example of looking for zeros works extremely
well when an entire row or column consists of zeros.

In such a case, the cofactor expansion along such a row or column is
a sum of zeros and the determinant is zero.
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Determinants Properties of Determinants

Subsection 2

Properties of Determinants
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Determinants Properties of Determinants

Row Operations

Theorem (Row Operations)

Let A be a square matrix.

(a) If a multiple of one row of A is added to another row to produce a
matrix B, then detB = detA.

(b) If two rows of A are interchanged to produce B, then detB = —detA.
(c) If one row of A is multiplied by k to produce B, then detB = k - detA.
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Determinants Properties of Determinants

Row Operations (Part (b))

(b) We show only the special case in which the first and second rows are
interchanged. The general case is similar.

a1 -+ azp
a1 - din
431 - as3n = Z;’:l 31;(—1)2+idetA1,'
dnl ' ann

= Yli(-1ari(—1)* detAy;
= Z;’:l 31,'(—1)1+idetA1,'
= —detA.

@ Note that this implies that, if a matrix A has two identical rows then
its determinant is zero, because detA = —detA.
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Determinants Properties of Determinants

Row Operations (Part (a))

(a) We show only the special case in which the first row is first plus ¢
times the second row. The general case is similar.

ajl +cax -+ aip+ casp
ani e azn n .
_ 1
= 37 (a1j + cagi)(—1)''detAy;
dnl co dnn

= Y0 ani(—1) " detAy; + ¢ Y74 axi(—1) T detAy;

a - axnp
az1 - an

—=detA+ | 931 - d3n | = detA+ 0 = detA.
dnl ' dnn
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Determinants Properties of Determinants

Row Operations (Part (c))

(c) We show only the special case in which the first row has been
multiplied by c. The general case is similar.

cai1 -+ GCain
=5} - .

= Z,'-’:l(cal,')(—l)H’detAl,-
anl o ann

= CZ?:l ali(*l)l'i_idetAl,'

= cdetA.

George Voutsadakis (LSSU) Linear Algebra August 2017 20 / 45



Determinants Properties of Determinants

Example

@ Compute detA, where A= | -2 8 -9
-1 7 0
@ The strategy is to reduce A to echelon form and then to use the fact
that the determinant of a triangular matrix is the product of the
diagonal entries.
The first two row replacements in column 1 do not change the value:

1 -4 2 1 -4 2 1 -4 2
detA=| -2 8 -9 |= 0 0 -5|=(0 0 -5
-1 7 0 -1 7 0 0 3 2
An interchange of rows 2 and 3 reverses the sign of the determinant:
1 -4 2
detA=—-|0 3 2|=-1-3-(-5)=15.
0 0 -5
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Determinants Properties of Determinants

Example
2 -8 6 8
3 -9 5 10
o Compute detA, where A = 3 0 1 -2
1 -4 0 6

@ To simplify the arithmetic, we want a 1 in the upper left corner.
We could interchange rows 1 and 4.

Instead, we factor out 2 from the top row, and then proceed with row
replacements in the first column:

1 -4 3 4 1 -4 3 4
3 -9 5 10 0 3 —4 -2
detA=21 5 o1 5|20 12 10 10
1 40 6 0 0 -3 2
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Determinants Properties of Determinants

Example (Cont'd)

@ Next, we could factor out another 2 from row 3 or use the 3 in the

second column as a pivot.
We choose the latter operation, adding 4 times row 2 to row 3:

1 -4 3 4 1 -4 3 4
0 3 -4 —2 0 3 —4 -2
detA=210 15 10 10/=%0 0 -6 2
0 0 -3 2 0 0 -3 2

Finally, adding —% times row 3 to row 4, and computing the
“triangular determinant, we find that

1 -4 3 4

0 3 -4 -2
detA=2| = o o o [=2-1-3:(-6)-1= —36.
0o 0 0 1
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Determinants Properties of Determinants

Determinant and Echelon Form

@ Suppose a square matrix A has been reduced to an echelon form U by
row replacements and row interchanges.
@ If there are r interchanges, then the preceding theorem shows that

detA = (—1)"detU.

@ Since U is in echelon form, it is triangular, and so detU is the product
of the diagonal entries w11, ..., Unp.

o If Ais invertible, the entries uj; are all pivots (because A ~ [, and the
uji have not been scaled to 1's).

@ Otherwise, at least u,, is zero, and the product w1 - - - upy, is zero.

@ Thus

(—=1)" - (product of pivots in U), if Ais invertible;

detA = { 0, if Ais not invertible.
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Determinants Properties of Determinants

Invertibility and Determinants

A square matrix A is invertible if and only if detA # 0.

@ This theorem adds the statement “detA # 0" to the Invertible Matrix
Theorem.

@ A useful corollary is that detA = 0 when the columns of A are linearly
dependent.

@ Also, detA = 0 when the rows of A are linearly dependent.

@ In practice, linear dependence is obvious when two columns or two
rows are the same or a column or a row is zero.
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Determinants Properties of Determinants

Example

3 -1 2 -5
0 5 -3 -6
@ Compute detA, where A = 6 7 -7 a
-5 -8 0 9
@ Add 2 times row 1 to row 3 to obtain
3 -1 2 -5
0 5 -3 —6
detA = det 0 5 -3 _¢ |~ 0,
-5 -8 0 9

because the second and third rows of the second matrix are equal.

George Voutsadakis (LSSU) Linear Algebra August 2017 26 / 45



Determinants Properties of Determinants

Example

o 1 2 -1
@ Compute detA, where A = 0 3 6 5
-2 -5 4 2
@ A good way to begin is to use the 2 in column 1 as a pivot,
eliminating the —2 below it.
Then use a cofactor expansion to reduce the size of the determinant,
followed by another row replacement operation.

@ We have
0 ; _? _é 1 2 -1 1 2 -1
detA = =-2|3 6 2|=-2/0 0 5
03 06 2 0 -3 1 0 -3 1
0 0 -3 1
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Determinants Properties of Determinants

Example (Cont'd)

@ An interchange of rows 2 and 3 in

1 2 -1
-2({0 0 5
0 -3 1

would produce a “triangular determinant”.

Another approach is to make a cofactor expansion down the first
column:

detA:(—2)-1-‘ .
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Determinants Properties of Determinants

Determinant of the Transpose

If Ais an n x n matrix, then detAT = detA.

@ The theorem is obvious for n = 1.
Suppose the theorem is true for k x k determinants and let
n=k+ 1. Then we have: detAT

411 d21 - anl
_ a?z a?z a:,z -y ain(—1)1idet(AT)y;
dln d2pn " dapn
= Y1 an(=1)" det(An)" ' Sy ain(—1)"detAn
= detA.

By the principle of induction, the theorem is true for all n > 1.
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Determinants Properties of Determinants

Multiplicative Property

Theorem (Multiplicative Property)
If A and B are n x n matrices, then detAB = (detA)(detB).

3 2 12
6 1][4 3 25 20
AB‘[s 2“1 2]_[14 13]'

Now we compute

Example: Verify the theorem for A = [ 6 1 ] B — [ 4 3 ]

@ We have

detAB = 25.13 —20-14 =325 — 280 = 45;
(detA)(detB) 9.5 =45 = detAB.
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Determinants Properties of Determinants

Linearity Property

@ For an n x n matrix A, we can consider detA as a function of the n
column vectors in A.

@ Suppose that the jth column of A is allowed to vary, and write
A= [ a - di—1 X ajy1 -+ dp ] .

@ Define a transformation T from R” to R by

T(x)=det[ a -+ a1 x a1 - an].
@ Then,
T(cx) = cT(x), for allscalars c and all x in R”,
T(u+v) = T(u)+ T(v), forall u,vinR".

George Voutsadakis (LSSU) Linear Algebra August 2017 31 /45



Determinants Cramer’s Rule, Volume & Linear Transformations

Subsection 3

Cramer's Rule, Volume & Linear Transformations
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Determinants Cramer’s Rule, Volume & Linear Transformations

Cramer's Rule

@ For any n x n matrix A and any b in R”, let A;(b) be the matrix
obtained from A by replacing column j by the vector b:

Ab)—[ @ \IL A

Theorem (Cramer’s Rule)

Let A be an invertible n x n matrix. For any b in R", the unique solution
x of Ax = b has entries given by

detA,-(b) .
X,—W7 I—].,...,n.
@ Denote the columns of A by ay,...,a, and the columns of the n x n

identity matrix / by ey, ..., e,.
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Determinants Cramer’s Rule, Volume & Linear Transformations

Cramer’s Rule (Cont'd)

o If Ax = b, the definition of matrix multiplication shows that

A-li(x) = A[el cee X e e,,]
= [Ael - Axoo--- Ae,,]
= [31 R an]
= Ai(b).

By the multiplicative property of determinants,
(detA)(detl;(x)) = detA;(b).

The second determinant on the left is simply x; (make a cofactor
expansion along the ith row). Hence (detA) - x; = detA;(b). This

proves the required equation because A is invertible and detA = 0.
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Determinants Cramer’s Rule, Volume & Linear Transformations

Example

3x1 —2x = 6
—5x1 +4x, = 8 °

@ View the system as Ax = b. Using the notation introduced above,

[ 23] ao-[§ 2w [ 28]

Since detA = 2, the system has a unique solution. By Cramer’s rule,

@ Use Cramer’s rule to solve the system {

detAl(b) . 24 + 16 .

>4 detA 2 '
detAx(b) 24+ 30
- = 27.
2 detA 2
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Determinants Cramer’s Rule, Volume & Linear Transformations

Example

3SX1 — 2X2 =

Cbxi e = 1 in which s is an

@ Consider the system {

unspecified parameter.
Determine the values of s for which the system has a unique solution,
and use Cramer’s rule to describe the solution.

@ View the system as Ax = b. Then

S wwe s 2] - [31]

Since detA = 3s% — 12 = 3(s + 2)(s — 2), the system has a unique
solution precisely when s # £2. For such an s, we have

X . detAl(b) . 4s + 2
T T detA  3(5+2)(s—2)

N detAx(b) 35 424 s+38
2 = = =

detA 3(s+2)(s—2) (s+2)(s—2)
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Determinants Cramer’s Rule, Volume & Linear Transformations

A Formula for A~!

@ The jth column of A~1 is a vector x that satisfies Ax = e, where e;
is the jth column of the identity matrix, and the ith entry of x is the
(i,j)-entry of AL,

@ By Cramer's rule,

L. _ detA,-(e,-)
-entry of A7t = x; = — "2
(i,j)-entry o X TetA

@ Recall that Aj; denotes the submatrix of A formed by deleting row j
and column J.
@ A cofactor expansion down column i of A;(e;) shows that

detA,-(eJ-) = (*1)i+jdetAj,' = (ji,

where Cj; is a cofactor of A.
@ Thus, we get that the (i,j)-entry of A=! is the cofactor C;; divided by
detA. [Note that the subscripts on Cj; are the reverse of (i,;).]
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Determinants Cramer’s Rule, Volume & Linear Transformations

The Adjoint of a Matrix

@ We conclude that

i1 Cx

0 1 G2
= = - :

C.ln C.2n

@ The matrix of cofactors on the right side is called the adjugate (or

classical adjoint) of A, denoted by adjA.

Theorem (An Inverse Formula)

Let A be an invertible n x n matrix. Then

1
Al = 5 tAadJA
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Determinants Cramer’s Rule, Volume & Linear Transformations

Example
2 1 3
@ Find the inverse of the matrix A= | 1 -1 1
1 4 -2
@ The nine cofactors are
—1 1 1 1 1 -1
Ci= + 4 0 |= 72 Co= — 1 o |=3 Cs = + 1 4‘:5,
1 3 2 3 2 1
G = — 4 o |= 14, Con = + 1 o |= 7, Cxn=— 1 4 ’ =17,
1 3 2 3 2 1
Gi=+| ] {|=4% Co=—|, ;|=L Gs=+| 71’——3

The adjugate matrix is the transpose of the matrix of cofactors:

2 14 4
adiA=| 3 -7 1
5 -7 -3
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Determinants Cramer’s Rule, Volume & Linear Transformations

Example (Cont'd)

@ We could compute detA directly, but the following computation
provides a check on the calculations above and produces detA:

2 14 472 1 3
(adjd)-A= | 3 —7 1||1 -1 1|=14/
5 -7 3|1 4 -2

Since (adjA)A = 14/, the theorem shows that detA = 14.

Hence
-2 14 4 o 2
ST IS S I AR T
14 5 7 3 154 % 1??
- o 14 ~— 2 14
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Determinants Cramer’s Rule, Volume & Linear Transformations

Determinants as Area or Volume

Theorem

If Ais a2 x 2 matrix, the area of the parallelogram determined by the
columns of A is |detA|. If Ais a 3 x 3 matrix, the volume of the
parallelepiped determined by the columns of A is |detA|.

Example: Calculate the area of the parallelogram determined by the
points (—2,2), (0,3), (4,—1), (6,4).
@ First translate the parallelogram to one having the origin as a vertex.

X, X,

For example, subtract the vertex (—2,—2) from each vertex.
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Determinants Cramer’s Rule, Volume & Linear Transformations

Determinants as Area or Volume

The new parallelogram has the same area, and its vertices are (0, 0),
(2,5), (6,1) and (8,6). This parallelogram is determined by the
columns of A = [ g ? ] . We have |detAj| = | — 28|. So the area of

the parallelogram is 28.
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Determinants Cramer’s Rule, Volume & Linear Transformations

Linear Transformations

@ If T is a linear transformation and S is a set in the domain of T, let
T(S) denote the set of images of points in S.

@ When S is a region bounded by a parallelogram, we also refer to S as
a parallelogram.

Theorem

Let T : R? — RR? be the linear transformation determined by a 2 x 2
matrix A. If S is a parallelogram in R?, then

{area of T(S)} = |detA| - {area of S}.
If T is determined by a 3 x 3 matrix A, and if S is a parallelepiped in R3,
then {volume of T(S)} = |detA| - {volume of S}.

@ The conclusions also hold whenever S is a region in R? with finite
area or a region in R3 with finite volume.
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Determinants Cramer’s Rule, Volume & Linear Transformations

Example

@ Let a and b be positive numbers. Find the area of the region E
bounded by the ellipse whose equation is

2 2
o I S
a2 = p?

@ We claim that E is the image of the unit disk D under the linear

transformation T determined by the matrix A = [ g 2 ]

N EON
< "
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Determinants Cramer’s Rule, Volume & Linear Transformations

Example (Cont'd)

) Ifu:[ul],x: [Xl],andx:Au,then
uo X2

X1 o a 0 uj
X2 - 0 b u» ’
i.e, up =2t and up = 3.
It follows that u is in the unit disk, with u? + u3 < 1, if and only if x
2 2
is in E, with % 4+ 32 < 1.
Thus, we get

{area of ellipse} = {area of T(D)}
= |detA| - {area of D}
= ab-7m-1%2 = rmab.
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