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Measurable Functions

o A measurable space is a set X and a o-ring S of subsets of X with
the property that |J S = X.

o Usually, we denote a measurable space by the same symbol as the
underlying set X.
On the occasions when attention is focused on the particular o-ring
under consideration, we write (X, S) for X.

o We call a subset E of X measurable if and only if it belongs to the
o-ring S.
This is not meant to indicate that S is the o-ring of all
(*-measurable sets with respect to some outer measure p*, nor even
that a non trivial measure is or may be defined on S.
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Measurable Functions

9 In the language of measurable sets, the condition in the definition of
measurable spaces may be expressed by saying that the union of all
measurable sets is the entire space.

Equivalently, every point is contained in some measurable set.

o The purpose of this restriction is to eliminate certain obvious and not
at all useful pathological considerations.
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Measurable Functions

o A measure space is a measurable space (X, S) and a measure p on
S.

o We also confuse a measure space whose underlying set is X with the
set X.

To focus on the particular o-ring and measure under consideration,
we write (X, S, u) for X.

o The measure space X is called [totally] finite, o-finite, or complete,
according as the measure p is [totally] finite, o-finite, or complete.

o For measure spaces we make use of the outer measure p* and (in the

o-finite case) the inner measure p,. induced by i on the hereditary
o-ring H(S).
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Measurable Functions

o A measurable subset Xy of a measure space (X, S, ;1) may itself be
considered as a measure space (Xp, So, it0), where Sy is the class of
all measurable subsets of Xy, and, for E in So, po(E) = p(E).

o Conversely, if a subset Xy of a set X is a measure space (Xp, So, 1),
then X may be made into a measure space (X, S, 1), where S is the
class of all those subsets of X whose intersection with Xy is in Sp,
and, for E in' S, p(E) = po(E N Xop).

o A modification of this construction is frequently useful even if X is
already a measure space:

If Xo is a measurable subset of X, a new measure g may be defined
on the class of all measurable subsets E of X by the equation

po(E) = p(E N Xo).

It is easy to verify that (X, S, uo) is indeed a measure space.
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Measurable Functions

o A subset Xy of a measure space (X, S, ) is thick if pu.(E — Xp) =0,
for every measurable set E.

o If X itself is measurable, then Xj is thick if and only if
(X — Xp) = 0.

o If p is totally finite, then Xj is thick if and only if u*(Xp) = u(X).
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Measurable Functions

If Xp is a thick subset of a measure space (X, S, ), if So = SN Xp, and
if, for E in' S, po(E N Xo) = w(E), then (Xo, So, to) is a measure space.

o If two sets, E; and Ep, in S are such that E; N Xg = E> N Xp, then
(E1 A E)N Xy =10, so u(Ex A Ex) =0 and, hence, p(E1) = p(E).
Thus, o is unambiguously defined on Sp.

Suppose next that {F,} is a disjoint sequence of sets in Sy, and let
E,beasetin§, suchthat F, = E,NXy, n=1,2,....

If E,=E,—U{E:1<i<n}, n=1,2,..., then
(EnAEg)ﬂon(Fn—U{F,-:1§i<n})AFn:FnAFn:(Z), SO
that w(E, A E;) =0, and, therefore, 07 po(Fn) = Y oo u(En) =

Soocy i En) = U2y Bn) = m(Up2y En) = po(Up2y Fn), e, pio is
indeed a measure.
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Measurable Functions

o Suppose that f is a real valued function on a set X and let M be any
subset of the real line.

We write

f I (M) = {x: f(x) € M}.
i.e., f~1(M) is the set of all those points of X which are mapped into
M by f.

o The set f~1(M) is called the inverse image (under f, or with respect
to f) of the set M.

Example: If f is the characteristic function of a set E in X, then
fY{1})=E and f'({0})=F"

More generally, f~1(M) = 0, E, E’ or X, according as M contains
neither 0 nor 1, 1 but not 0, 0 but not 1, or both 0 and 1.

George Voutsadakis (LSSU)



Measurable Functions

o It is easy to verify that, for every f:
o FH U M) = Un2, £ H (M)
o FAY(M = N)=fYM)-FLN),
i.e., the mapping f~1 from subsets of the line to subsets of X
preserves all set operations.

o It follows that if E is a class of subsets of the line (such as a ring or a
o-ring) with certain algebraic properties, then f~1(E) (= the class of
all those subsets of X which have the form f~1(M), for some M in
E) is a class with the same algebraic properties.

o Of particular interest for later applications is the case in which E is
the class of all Borel sets on the line.
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Measurable Functions

o Suppose that in addition to the set X we are given also a o-ring S of
subsets of X so that (X, S) is a measurable space.

o For every real valued (and also for every extended real valued)
function f on X, we shall write N(f) = {x : f(x) # 0}.

o If a real valued function f is such that, for every Borel subset M of
the real line the set N(f) N f~1(M) is measurable, then f is called a
measurable function.

o The special role played by the value 0 should be emphasized:

o The reason for singling out 0 lies in the fact that it is the identity
element of the additive group of real numbers.

o In the next chapter we shall introduce the concept of integral, defined
for certain measurable functions; the fact that integration (the most
important concept in measure theory) may be viewed as generalized
addition necessitates treating 0 differently from other real numbers.
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Measurable Functions

o If f is a measurable function on X, then N(f) is a measurable set.
Simply take for M the entire real line (which is a Borel set).
Then N(f) N f~Y(R) = N(f) is measurable.

o If E is a measurable subset of X and if M is a Borel subset of the real
line, then E N f~1(M) is measurable.
Note that

Enf Y (M)=[EnN)NFYM]U[E — N(f))nfL{M)],

where the second term in the union is either empty or else equal to
E — N(f)).

o Suppose we say that a real valued function f defined on a measurable
set E is to be called measurable on E whenever £ N f~1(M) is
measurable, for every Borel set M.

o Then we have proved that a measurable function is measurable on
every measurable set.
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Measurable Functions

o If, in particular, the entire space X happens to be measurable, then
the requirement of measurability on f is simply that f (M) be
measurable for every Borel subset M of the real line.

o l.e., in case X is measurable, a measurable function is one whose
inverse maps the sets of one prescribed o-ring (namely the Borel sets
on the line) into the sets of another prescribed o-ring (namely S).
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Measurable Functions

o The concept of measurability for a function depends on the o-ring S.

So we may say that a function is measurable with respect to S, or,
more concisely, that it is measurable (S).
o Suppose X is the real line, and S and S are the class of Borel sets
and the class of Lebesgue measurable sets, respectively.
o A Borel measurable function is a function measurable with respect
to S.
> A Lebesgue measurable function is a function measurable with
respect to S.
o It is important to emphasize also that the concept of measurability for
functions does not depend on the numerical values of a prescribed
measure p, but merely on the prescribed o-ring S.
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Measurable Functions

o We shall need the concept of measurability for extended real functions
also.

o We make the convention that the one-point sets {oco} and {—oo} of
the extended real line are to be regarded as Borel sets.
o Then the definition given before for real valued functions is repeated:

A possibly infinite valued function f is measurable, if, for every Borel
set M of real numbers, each of the three sets f~1({oc}), F~1({—o0})
and N(f) N f~1(M) is measurable.

o For the extended concept of Borel set, it is no longer true that the
class of Borel sets is the o-ring generated by semi-closed intervals.
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Measurable Functions

A real function f on a measurable space (X, S) is measurable if and only
if, for every real number ¢, the set N(f) N {x : f(x) < c} is measurable.

o If M= {t:t<c}, then M is Borel and f~1(M) = {x: f(x) < c}.
Therefore, the stated condition is necessary.
Suppose next that the condition is satisfied. If ¢; and ¢, are real
numbers, ¢c; < ¢, then {x: f(x) < o} —{x: f(x) <a}=
{x:a <f(x) <} le,if Mis any semiclosed interval, then
N(f) N f~1(M) is the difference of two measurable sets and is
therefore measurable. Let E be the class of all those subsets M of the
extended real line for which N(f) N f~1(M) is measurable. E is a
o-ring and it contains all semiclosed intervals. Therefore, it contains
also all Borel sets.

George Voutsadakis (LSSU)



Measurable Functions

Subsection 3

George Voutsadakis (LSSU) Measure Theory



Measurable Functions

If f and g are extended real valued measurable functions on a measurable
space (X, S), and if ¢ is any real number, then each of the three sets

o A={x:f(x) < g(x)+c};
o B={x:f(x) <g(x)+c};
o C={x:f(x)=g(x)+c}

has a measurable intersection with every measurable set.

o Let M be the set of rational numbers on the line. Note that

A= J{x:F) <rin{x:r—c<g()}).
reM
It follows that A has the desired property. The conclusions for B and

C are consequences, respectively, of the relations
B=X—-{x:g(x)<f(x)—c} and C=B-A.
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Measurable Functions

If ¢ is an extended real valued Borel measurable function on the extended
real line such that ¢(0) =0, and if f is an extended real valued
measurable function on a measurable space X, then the function 1?,
defined by f(x) = ¢(f(x)), is a measurable function on X.

o It is convenient to use here the definition of measurability.
If M is any Borel set on the extended real line, then
N(E)NFHM) = {x:(f(x)) € M —{0}}
= {x:f(x) € o} (M—{0})}.
Since ¢(0) = 0, we have ¢~ (M — {0}) = ¢p~1(M — {0}) — {0}.
Since ¢ is Borel measurable, ¢~1(M — {0}) is a Borel set.
So the measurability of N(f) N f=Y(M) = N(f) N f~1(¢~1(M — {0}))
follows from the measurability of f.
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Measurable Functions

o For any fixed real number «,
t—[t|* and t— at

are Borel measurable.

o [t follows that

if f is measurable, then so are |f|* and af.
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Measurable Functions

(Theorem |

If f and g are extended real valued measurable functions on a measurable
space X, then so also are f + g and fg.

o We restrict our attention to finite valued functions.

Since, if f and g are finite and if ¢ is a real number, then

{x: F(x) +g(x) < ¢} = {x: F(x) < c — g(x)},

the measurability of f + g follows from the first theorem (with —g in
place of g).

The measurability of fg is a consequence of the identity.

[(F+8)° —(f-g)].

B

fg =
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Measurable Functions

o Since if f and g are finite we have

1 1
ngZE(f+g+|f—g|) and fﬂng(f+g*|f*g|)a

the second and third theorems show that the measurability of f and g
implies that of f U g and f N g.
o If for every extended real valued function f we write

ff=fU0 and f~=—(fN0),

then
f=ft—f" and |fl=f"+f".
o The functions f™ and f~ are called the positive part and the
negative part of f, respectively.
o The positive and negative parts of a measurable function are both
measurable and, conversely, a function with measurable positive and
negative parts is itself measurable.
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Measurable Functions

Theorem

If {f,} is a sequence of extended real valued, measurable functions on a
measurable space X, then each of the four functions h, g, f* and f,,
defined by

h(x) = sup{fa(x):n=1,2,...},
g(x) = inf{fh(x):n=1,2,...},
*(x) = limsup, fH(x),
f(x) = liminf, f,(x),

is measurable.

o We can reduce the general case to that of finite valued functions.

o The equation {x : g(x) < ¢} = ;o {x : fa(x) < c} implies the
measurability of g.

o For h, note that h(x) = —inf{—f(x) :n=1,2,...}.

o The measurability of f* and f, is a consequence of the relations
*(x) = infr>15Up,,>, fm(x) and £fi(x) = sup,>q infm>n fin(x).
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Measurable Functions

O The theorem implies that the set of points of convergence of a
sequence {f,} of measurable functions, i.e., the set

{x: Iimnsup fo(x) = Iimninf fn(x)},

has a measurable intersection with every measurable set.
Thus, the function f, defined by

f(x) = Ii,r1n fo(x)

at every x for which the limit exists, is a measurable function.
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Measurable Functions

o A function f, defined on a measurable space X, is called simple if
there is a finite, disjoint class {Ej, ..., E,} of measurable sets and a
finite set {aq,...,an} of real numbers such that

f()— aj, ifxek, i=12...
710, ifx¢gEU---UE,

o In other words a simple function takes on only a finite number of
values different from zero, each on a measurable set.

Example: The characteristic function xg of a measurable set E,

|1, ifxeE
XE= 0, ifx¢gE "’

is a simple function.
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Measurable Functions

o A simple function

Fx) = aj, ifxeE, i=1,2,...
10, ifxgEU---UE,

is always measurable.

In fact we have

f(x) = Z a;XE (x).
i=1

o The product of two simple functions, and any finite linear
combination of simple functions, are again simple functions.
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Measurable Functions

Theorem

Every extended real valued measurable function f is the limit of a
sequence {f,} of simple functions. If f is non negative, then each f,, may
be taken non negative and the sequence {f,} may be assumed increasing.

o Suppose first that £ > 0. For every n=1,2,..., and for every x in X,
we write

i—1 i— i n
A L < f(x) < om i =1,...,2"n
f"(x)‘{ n, if f(x)>n

Clearly, f, is a non negative simple function and the sequence {f} is
increasing. If f(x) < 0o, then, for some n, 0 < f(x) — fo(x) < &. If

f(x) = oo, then f,(x) = n, for every n. This proves the second half of
the theorem.
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Measurable Functions

o For f arbitrary, recall that
P =T =i

where fT >0 and f~ > 0.

Apply the result for positive functions to obtain increasing sequences
of simple functions {f,"} and {f,"}, such that

limf,m =f*t and limf, =f".

n

n
n

Then, since the difference of two simple functions is a simple
function, {f," — "} is a sequence of simple functions, such that

f=lim(f;F —£).
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Measurable Functions

o We developed the theory of measurable functions as far as it is
convenient to do so without mentioning measure.

o We assume, next, that the space X is a measure space (X, S, i).

o We say that a proposition is true for almost every point, or that it
is true almost everywhere, in a measure space if it is true for every
point, with the exception of at most a set of points which form a
measurable set of measure zero.

o The abbreviation a.e. means “almost everywhere”.

Example: A function is constant a.e. means that there exists a real
number ¢, such that {x : f(x) # c} is a set of measure zero.

George Voutsadakis (LSSU)



Measurable Functions

o A function f is called essentially bounded if it is bounded a.e.,

i.e., if there exists a positive, finite constant ¢, such that
{x:f(x)] > c}

is a set of measure zero.

o The infimum of the values of ¢ for which this statement is true is
called the essential supremum of |f|, abbreviated to ess.sup|f|.
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Measurable Functions

o Let {f,} be a sequence of extended real valued functions which
converges a.e. on the measure space to a limit function f.
Thus, there exists a set Ey of measure zero (which may be empty),
such that, if x € Eg and € > 0, then an integer ny = ng(x, €) can be
found with the property that, for all n > ng,

fa(x) < —%, if f(x) = —o0,
Ifa(x) — f(x)| <€, if —oc0< f(x)< o0,
fo(x) > 1, if f(x) = oo.
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Measurable Functions

o We say that a sequence {f,} of real valued functions is fundamental
a.e. if there exists a set Ey of measure zero such that, if x € Ey and
€ > 0, then there exists an integer ng = ngp(x, €), such that

n > ng and m > ng imply |f,(x) — fm(x)] < e.

o In the theory of real sequences one also distinguishes between:

o a sequence {a,} of extended reals converging to an extended real a;
o a sequence {a,} of finite real numbers which is a fundamental
sequence.
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Measurable Functions

o It is clear that if a sequence converges to a finite valued limit function
a.e., then it is fundamental a.e..
Conversely, if a sequence is fundamental a.e., there always exists a
finite valued limit function to which it converges a.e..

o If, moreover, the sequence converges a.e. to f and also converges a.e.
to g, then f(x) = g(x) a.e., i.e. the limit function is uniquely
determined to within a set of measure zero.

o If we define a new kind of convergence of a sequence {f,} to a limit
f, by specifying the sense in which f, is to be near to f for large n,
then we shall use without any further explanation the notion of a
sequence which is fundamental in this sense of convergence.

The meaning is that, for large n and m, the differences f, — f,, are to
be near to 0 in the specified sense of nearness.
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Measurable Functions

o The sequence {f,} converges to f uniformly a.e. if there exists a
set Eg of measure zero, such that, for every € > 0, there exists an
integer ny = ng(€), such that

n>ngand x € By imply |fo(x) — f(x)| <e.

o In other words, a sequence converges uniformly to f a.e. if it
converges uniformly to f (in the ordinary sense of that phrase) on the
set X — Ey.

o It is true that a sequence converges uniformly a.e to some limit
function if and only if it is uniformly fundamental a.e..
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Measurable Functions

If E is a measurable set of finite measure, and if {f,} is a sequence of a.e.
finite valued measurable functions which converges a.e. on E to a finite
valued measurable function f, then, for every € > 0, there exists a
measurable subset F of E such that p(F) < € and such that the sequence
{fs} converges to f uniformly on E — F.

o By omitting, if necessary, a set of measure zero from E, we may
assume that the sequence {f,} converges to f everywhere on E.

If E™ = N2, {x: [fi(x) — f(x)] < 2}, then EM C E" C ---.
Since {f,} converges to f on E, lim, E[” O E, for every m=1,2,....

Hence, lim, u(E — EJ) = 0. So, there exists a positive integer
no = no(m), such that u(E — Eg)’(m)) < o
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Measurable Functions

o Let -
F = U (E— Epimy)-
m=1

o F is a measurable set;

o FCE;

o u(F) = M(Uf:l(E - E,',g(m))) < Zle H(E - E,Z)’(m)) S G
We have £ — F = EN(7_, Ex iy
So and for x in E — F, we have x € E].
It follows that, for n > no(m), |fo(x) — f(x)| < L.
Therefore, {f,} converges to f uniformly on E — F.
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Measurable Functions

o Motivated by Egoroff’s theorem we introduce the concept of almost
uniform convergence.

o A sequence {f,} of a.e. finite valued measurable functions will be said
to converge to the measurable function f almost uniformly if, for
every € > 0, there exists a measurable set F, such that u(F) < € and
such that the sequence {f,} converges to f uniformly on F’.

o In this language Egoroff's theorem asserts that on a set of finite
measure convergence a.e. implies almost uniform convergence.
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Measurable Functions

If {f,} is a sequence of measurable functions which converges to f almost
uniformly, then {f,} converges to f a.e..

o Let F, be a measurable set such that u(F,) < L and such that the
sequence {f,} converges to f uniformly on F/, n=1,2,....

If F =52, Fn, then pu(F) < u(F,) < 1, so that pu(F) = 0.
Moreover, for x in F’, {f,(x)} converges to f(x).

@ Almost uniform convergence and almost everywhere uniform
convergence are different concepts.

Perhaps, “nearly uniform convergence” should have been used instead
of almost uniform convergence.
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Measurable Functions

Suppose that f and f,, n=1,2,..., are real valued measurable functions
on a set E of finite measure, and write, for every € > 0,

En(e) ={x:|fa(x) = f(x)| > €}, n=1,2,....
The sequence {f,} converges to f a.e. on E if and only if, for every
€e>0, lim, u(ENUn_, Em(e)) = 0.

o It follows from the definition of convergence that the sequence
{fa(x)} of real numbers fails to converge to the real number f(x) if
and only if, there is a positive number ¢, such that x belongs to E,(€)
for an infinite number of values of n. In other words, if D is the set of
those points x at which {f,(x)} does not converge to f(x), then

1
D= UllmnsupE U I|msupE < >

e>0
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Measurable Functions

o if D is the set of those points x at which {f,(x)} does not converge
to f(x), then

> 1
D= U Iimnsup En(e) = U |imnSUP E, (I)
k=1

e>0

Consequently, a necessary and sufficient condition that u(E N D) = 0,
i.e., that the sequence {f,} converge to f a.e. on E, is that

w(E Nlimsup, E,(€)) = 0, for every € > 0. The desired conclusion
follows from the relations

p(E Nlimsup, Ex(€)) = p(ENMoZy Umen Em(e))
= lim,u(ENUn_, Em(€)).
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Measurable Functions

o A sequence {f,} of a.e. finite valued, measurable functions
converges in measure to the measurable function f if

lim p({x : |fa(x) — f(x)| > €}) =0, for every € > 0.

o We say that a sequence {f,} of a.e. finite valued, measurable
functions is fundamental in measure if, for every € > 0,

p({x = [fa(x) = fm(x)| = €})

o It follows trivially from the preceding theorem that if a sequence of
finite valued measurable functions converges a.e. to a finite limit [or
is fundamental a.e.] on a set E of finite measure, then it converges in
measure [or is fundamental in measure] on E.

n,m—oo
—

0.

o The following theorem is a slight strengthening of this assertion in
that it makes no assumptions of finiteness.
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Measurable Functions

Almost uniform convergence implies convergence in measure.

o Suppose {f,} converges to f almost uniformly. Then, for any two
positive numbers € and ¢, there exists a measurable set F, such that:

o u(F) < 0;

o |f(x) — f(x)| < €, whenever x belongs to F’ and n is sufficiently large.
Therefore, lim, pu({x : |fa(x) — f(x)| > €}) =0, for all ¢ > 0, and,
hence, {f,} converges to f in measure.
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Measurable Functions

If {f,} converges in measure to f, then {f,} is fundamental in measure. If
also {f,} converges in measure to g, then f = g a.e..

o The first assertion follows from

{x: |fa(x) = fm(x)| = €}
C {x:[fa(x) = ()] = 3} U{x: |[fm(x) = F(X)[ = 3}

For the second assertion, we observe that, similarly,
{x:1f(x) —g(x)| = €}
C {x [falx) = FO)I 2 53U fx [fulx) — 8] 2 ).

Since, by proper choice of n, the measure of both sets on the right
can be made arbitrarily small, we have p({x : |[f(x) — g(x)| > €}) =0,
for every € > 0. This implies that f = g a.e..

George Voutsadakis (LSSU) Measure Theory



Measurable Functions

If {f,} is a sequence of measurable functions which is fundamental in
measure, then some subsequence {f,, } is almost uniformly fundamental.

o For any positive integer k, we may find an integer n(k), such that, if
n > (k) and m > na(k), then u({x : |fo(x) — fm(x)| > 2i,(}) < 2%
Write n; =7n(1), no = (n1 +1)Un(2), n3 = (n2+1)Un(3), ....
Then n; < ny < n3 < ---. Thus, the sequence {f,, } is indeed an
infinite subsequence of {f,}. If Ex = {x : |fy,(x) — f5,,(x)| = 2%}
then, for all k </ <j and all x € E, U Exi1 UE2U---,

> 1
| () = foy ()] < Z [Fin (%) = fomis ()] < 571

Hence, {f,} is uniformly fundamental on X — (Ex U Ej41 U -+ ).
Finally, note that p(Ex U Ex1 U---) < >0 u(Em) < 2k—1,1

George Voutsadakis (LSSU)



Measurable Functions

If {f,} is a sequence of measurable functions which is fundamental in
measure, then there exists a measurable function f, such that {f,}
converges in measure to f.

o By the preceding theorem, we can find a subsequence {f,, } which is
almost uniformly fundamental and, therefore, fundamental a.e.. We
write f(x) = limy f,, (x), for every x for which the limit exists. We
observe that, for every € > 0,

{x: fa(x) = F(x)| = €}
C {x: [fa(x) = fo (X)| = 5} U{x : [fo (x) = F(x)| = 5}
o The measure of the first term on the right is by hypothesis arbitrarily

small if n and ny are sufficiently large.
o The measure of the second term also approaches 0 (as k — o0), since
almost uniform convergence implies convergence in measure.

George Voutsadakis (LSSU)
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