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Properties of Expectation
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Properties of Expectation

o Recall the definition of the expected value of a random variable X:

o If X is a discrete random variable with probability mass function p(x),
it is defined by

EX] =) xp(x).

o If X is a continuous random variable with probability density function
f(x), it is defined by

E[X] = /00 xf(x)dx.

— 00

George Voutsadakis (LSSU)



Properties of Expectation

o E[X] is a weighted average of the possible values of X.

o Thus, if X must lie between a and b, then so must its expected value:
If P{a < X < b} =1, then a < E[X] < b.

o To verify this, suppose that X is a discrete random variable for which
Pla< X <b}=1.
This implies that p(x) = 0 for all x outside of the interval [a, b].

Therefore,
E[X] = Zx:p(x)>0 Xp(X) > Zx:p(x)>0 ap(X)
= 4 Zx:p(x)>0 p(X) = ¢k
In the same manner, it can be shown that E[X] < b.

o The proof in the continuous case is similar.
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Properties of Expectation

Subsection 2
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Properties of Expectation

Suppose that X and Y are random variables and g is a function of two
variables. If X and Y have a joint probability mass function p(x,y), then

Elg(X, =D el y)p(x,y).
y X

If X and Y have a joint probability density function f(x, y), then
Eex V= [ [ elen)fiy)oa.

o We give a proof under the hypotheses that:

o The random variables X and Y are jointly continuous with joint
density function f(x, y);
2 g(X,Y) is a nonnegative random variable.
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Properties of Expectation

o Because g(X,Y) > 0, we have, by a previous lemma, that
Ele(X. V)] = [ Ple(x,Y) > e
0

Write P{g(X,Y) > t} = ff(xy):g(x,y)x

Hamvnz/“// F(x. y)dydxdt.
0 (x,y):8(x,y)>t

Interchange the order of integration:

f(x,y)dydx :

ElgX. V)] = [ [, JE5”) f(x.y)dtdydx
= fxfyg(x7)’)f(xa)/)dydx.

The result is proven for g(X, Y) a nonnegative random variable.
The general case then follows as in the one-dimensional case.
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Properties of Expectation

o An accident occurs at a point X that is uniformly distributed on a
road of length L.

At the time of the accident, an ambulance is at a location Y that is
also uniformly distributed on the road.

Assuming that X and Y are independent, find the expected distance
between the ambulance and the point of the accident.

We need to compute E[|X — Y|].
The joint density function of X and Y is

f(x,y) = l

7 0<x<L0<y<L

Thus, we get

1 L L
EIX =Y =3 | [ Ix—yldya
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Properties of Expectation

o Now,

L
/ [x — yldy
0

1 Y= 1
2 =0 2
2 2 2
_ e x o X e
X 2+2 X 2+x
L2
= ?+X2—XL

Therefore,

2

L ;o 2
1 [t 1 /L
E[|X—Y|]=p/0 (5 4 x2 = xL)dx = — (—X+
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Properties of Expectation

o Suppose that E[X] and E[Y] are both finite.
o Let g(X,Y)=X+Y.

o Then, in the continuous case,

E[X + Y]

S0 [0 (x +y)F(x, y)dxdy

S22 xf(x,y)dydx + [Z5 % yf(x,y)dxdy
JZo xtx(x)dx + [ yfy(y)dy

E[X] + E[Y].

o The same result holds in general.
o Thus, whenever E[X] and E[Y] are finite,
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Properties of Expectation

o Suppose that, for random variables X and Y, X > Y.

That is, for any outcome of the probability experiment, the value of
the random variable X is greater than or equal to the value of the
random variable Y.

But x > y is equivalent to the inequality X — Y > 0.
Therefore, E[X — Y] >0, i.e., E[X] — E[Y] > 0.

Equivalently,
E[X] > E[Y].
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Properties of Expectation

o Using the equation for the expectation of the sum of two random
variables, we may show by a simple induction proof that if E[X]] is
finite for all i =1,..., n, then

E[Xp + -+ Xa] = E[Xd] + - + E[Xn].

o This is an extremely useful formula whose utility will now be
illustrated by a series of examples.
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Properties of Expectation

o Let Xi,...,X, be independent and identically distributed random
variables having distribution function F and expected value p.
Such a sequence of random variables is said to constitute a sample
from the distribution F.

The quantity X = >7_; % is called the sample mean.
Compute E[X].

EXl = E[Ti, %] =16z, X
= 1S E[X]=1nu (since E[Xi] = p)

= [
That is, the expected value of the sample mean is i, the mean of the
distribution.
o When the distribution mean g is unknown, the sample mean is often

used in statistics to estimate it.
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Properties of Expectation

o Let Aq,..., A, denote events.

Define the indicator variables X;, i =1,...,n, by

X = 1, if A; oceurs
0, otherwise
Let X =37 1 X;.
So X denotes the number of the events A; that occur.
. 1, fX>1

Finally, let Y = { 0. otherwise °
So Y is equal to 1 if at least one of the A; occurs and is 0 otherwise.
It is immediate that X > Y. So E[X] > E[Y].

We have
E[X] = 27:1 E[Xl] = 27:1 P(Al)’
E[Y] = P{at least one of the A; occur} = P(J_; A;).

So we obtain P(J7_; Aj) < 37, P(A).
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Properties of Expectation

o Let X be a binomial random variable with parameters n and p.

Recall that such a random variable represents the number of
successes in n independent trials when each trial has probability p of
being a success.

Let

X — { 1, if the jth trial is a success
i =

0, if the ith trial is a failure
Then

X=Xi+Xo+ -+ Xp.
Xi is Bernoulli with expectation E[X;] = 1(p) + 0(1 — p).

Thus,
EIX] = EDX] + EDG] + -« + E[X,] = np.
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Properties of Expectation

o Suppose that N people throw their hats into the center of a room.
The hats are mixed up, and each person randomly selects one.
Find the expected number of people that select their own hat.

Let X denote the number of matches.
Then X = X1 + Xo + - - - + Xy, where

1, if the ith person selects his own hat
X = :
0, otherwise

Since, for each i, the ith person is equally likely to select any of the N

hats, )
E[Xi]|=P{Xi=1} = N

Thus, )
E[X]=E[Xi]+ -+ E[Xn] = N-N:L
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Properties of Expectation

o Suppose that there are N different types of coupons, and each time
one obtains a coupon, it is equally likely to be any one of the N types.
Find the expected number of coupons one need amass before
obtaining a complete set of at least one of each type.

Let X denote the number of coupons collected before a complete set
is attained.
Let Xj, i=0,1,..., N —1 be the number of additional coupons that
need be obtained after / distinct types have been collected in order to
obtain another distinct type.
Then

X:X0+X1—|----—|-XN,1.
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Properties of Expectation

o When i distinct types of coupons have already been coIIected a new
coupon obtained will be of a distinct type with probablllty
Therefore, for k > 1, P{X; = k} = (N)k L
Recall from infinite series that for |x| < 1:

/
1
142 24 .= 2y = (X)) = ]
+2x 4+ 3x° + (x+x+--) (1_X) e
So we have
N —i N—i 1 N

E[Xi] =

. )
i i

1+2—+3( —

+—N+<N>+

This implies that

EX] = l+gh+ast+71

N (1-42 N-i

= N1+ +gg+d
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Properties of Expectation

o Ten hunters are waiting for ducks to fly by.
When a flock of ducks flies by, the hunters fire at the same time, but
each chooses his target at random, independently of the others.
Suppose each hunter independently hits his target with probability p.
Compute the expected number of ducks that escape unhurt when a
flock of size 10 flies overhead.
Let X; equal 1 if the ith duck escapes unhurt and 0 otherwise.
The expected number of ducks to escape can be expressed as

E[Xy + -+ - 4 X10] = E[X1] + - - - + E[X10].
Each of the hunters will, independently, hit the ith duck with
probability 1—%. Thus E[Xj] = P{X; =1} = (1 — 1%)10-
Hence,

E[X] = 10 (1 - 1—"3)“’
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Properties of Expectation

o Suppose that a sequence of n 1's and m Q’s is randomly permuted so
that each of the ,m,) possible arrangements is equally likely.
Any consecutive string of 1's is said to constitute a run of 1's.
o E.g., suppose n =6, m =4, and the ordering is 1,1,1,0,1,1,0,0,1,0.
There are 3 runs of 1's.

We are interested in computing the mean number of such runs.

To compute this quantity, let

P 1, if a run of 1's starts at the ith position
"1 0, otherwise

Then, R(1), the number of runs of 1, is given by R(1) = 327" ;.
Thus, E[R(1)] = ™ E[li].
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Properties of Expectation

(n+m-1)!
o We have E[li] = P{"1" in position 1} = (8:,);;7' = it
nim!
Moreover, for 1 < i < n-+ m,
E[l;]] = P{"0" in position i — 1, “1" in position i}
— n-,i—nm n+rr717—1 :
Hence,
nm

E[R(l)]:n—i-Lm—i_(n—i_m_l)(n—l—m)(n—i-m—l)'

Similarly, E[R(0)], the expected number of runs of 0’s, is
m nm

EROI =+ o

The expected number of runs of either type is
2nm

E[R() + RO =1+ =
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Properties of Expectation

o Consider a particle initially located at a given point in the plane, and
suppose that it undergoes a sequence of steps of fixed length, but in a
completely random direction.

Specifically, suppose that the new position after each step is one unit
of distance from the previous position and at an angle of orientation
from the previous position that is uniformly distributed over (0, 27).

Compute the expected square of the distance from the origin after n

steps.
Let (X;, Yi) denote the change in position at the ith step,
i=1,...,n, in rectangular coordinates.
Then
Xi =cosb;, Y;=sinb;,
where 0;, i = 1,...,n, are, by assumption, independent uniform

(0,27) random variables.
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Properties of Expectation

o The position after n steps has coordinates (37, Xi, Y1, Yi).
Thus, D?, the square of the distance from the origin, is given by

D> = (ZLi X))+ (i, V)P
= YL+ YD)+ XXX+ YY)
i#j

= n+) > (cosbjcosb;+sinb;sinb;).

Note that 7
27E[cos 0] = f027r cos udu = sin 27 —sin0 = 0;
2nE[sinf;] = f027r sin udu = cos 0 — cos 2w = 0.

Thus, using the independence of 6; and 6; when i # j, we get

E[D?] = n.
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Properties of Expectation

o Let Aj,..., A, be events.
Define the indicator variables X;, i =1,...,n, by

X — 1, if A; occurs
! 0, otherwise

Note that

K [ 1, if YA occurs
1= ]-_[1(1 =) = { 0, otherwise
=
Hence, E[1 — [[/_,(1 — Xi)] = P(U_; A)).
Expanding the left side of the preceding formula yields

PUii A = ERSIL X+ 2 2XiX + 30 5 2 XiXi Xy
i<j i<j<k
— ... (_1)n+1X1 o X
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Properties of Expectation

o However,

Xy X;

iRy e

X — 1, if AjA,---Aj occurs
"1 0, otherwise

So E[Xil o ’k] - P(All : ’k)‘

Thus, the preceding equation is just a statement of the well-known
formula for the union of events:

PUA)) = > ;P(A) - Z<ZP(A,~AJ-) + Z.<Z<I(ZP(A"AJ'A’<)

— coodt (—1)"+1P(A1 - Ap).
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Properties of Expectation

o Consider an infinite collection of random variables X;, i > 1, each
having a finite expectation.
o It is not necessarily true that E[Y o, Xi] = > o2, E[Xi].
. o0 e n
o Note that 72, X; = nhj;oz"ﬂ X;.
o Thus,
ER-Zi X = E[lim 377, X

n—00
? . n .
= [Jim E[Y°, X
= lim 7, E[X] = T, EIX]

o Hence, the equation valid whenever we are justified in interchanging
the expectation and limit operations.
o In general, this interchange is not justified, but it is valid in two
important special cases:
The X; are all nonnegative random variables.
S22 ENIXH] < oo.
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Properties of Expectation

o Consider any nonnegative, integer-valued random variable X.

. : 1, ifX>i
For:Zl,wedeﬁneX;—{O, X <
Then X
Yo Xi = i Xt ik Xi

X [e'e)
Yimi 1+ XX 0=X.
Hence, since the X; are all nonnegative, we obtain

EX] =D E(X)=> P{X=>i}
i=1 i=1
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Properties of Expectation

o Suppose that n elements, call them 1,2,...,n, must be stored in a
computer in the form of an ordered list.

Each unit of time, a request will be made for one of these elements.
Each i is requested, independently of the past, with probability P(/),
i>1,>.P(i)=1.

Assuming that these probabilities are known, what ordering minimizes
the average position in the line of the element requested?

Suppose that the elements are numbered so that
P(1) > P(2) > --- > P(n).

To show that 1,2,...,n is the optimal ordering, let X denote the
position of the requested element.
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Properties of Expectation

o Consider any ordering, say,
O=i,b,...,In.

Po{X > k} = Z P(i}) > Z P(j) = Pia..n{X > k}.

j=k
Sum over k, using the equatlon of the preceding example:

Eo[X] > E1a,.. n[X].

Therefore, ordering the elements in decreasing order of the probability
that they are requested minimizes the expected position of the
element requested.
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Properties of Expectation

Subsection 3
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Properties of Expectation

o In the previous section we studied several problems of the form:
For given events Ay, ..., A,, find E[X], where X is the number of these
events that occur.

o The solution involved defining an indicator variable /; for event A;

such that
[ { 1, if A; occurs
. =

0, otherwise

o We observed that, then, we get

X = i li.
i=1

o Thus, we obtained the result
E[X]=E [Z /;] = > El] =) P(A).
i=1 i=1 i=1
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Properties of Expectation

o Suppose we are interested in the number of pairs of events that occur.
o lil; equals 1 if both A; and A; occur, and 0 otherwise.
Thus, the number of pairs is equal to >, /l;.
o X is the number of events that occur.
So the number of pairs of events that occur is ()2<)
o Consequently, ()2<) = Zi<j lil;, where there are (g) terms in the
summation.

o Taking expectations yields

E K)Q()] = > E[lil] = ) P(AA).

i<j i<j

o Equivalently, E [W} = Z,-<j P(AA;)).
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Properties of Expectation

o The equality £ [ X5 = 57, P(AiA)) gives that

E[X?] - E[X] =2 P(AiA).
i<j
o We can then compute E[X?], and thus Var(X) = E[X?] — (E[X])>.

o Moreover, by considering the number of distinct subsets of k events
that all occur, we see that

X
i <ip<-- <

o Taking expectations gives the identity

E[(f)]: Z E[lihy - 1;,] = Z P(A,A;, -+ Ai).

i <ip<-<ik i1 <ip<--<lg
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Properties of Expectation

o Consider n independent trials, with each trial being a success with
probability p.

o Let A; be the event that trial j is a success.

o When i # j, P(AA;) = p%.

o Consequently, we obtain
E[(3)] = Zigp? = Q)2
E[X(X —1)] = n(n—1)p?;
E[X?] — E[X] = n(n —1)p?.

o Now, E[X] = Y7, P(Ai) = np.

o So, from the preceding equation
Var(X) = E[X?] - (E[X])? = n(n — 1)p* + np — (np)* = np(1 — p).
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Properties of Expectation

o Noting that P(A, A, --- A, ) = p¥, we obtain that

() x -0

i <ip <<l
o Equivalently,

EIX(X=1)---(X—k+1)]=n(n—1)---(n— k +1)p*.
o The successive values E[XX], k > 3, can be recursively obtained from
this identity.
o For instance, with k = 3, it yields
EIX(X — 1)(X — 2)] = n(n — 1)(n — 2)p*;
E[X3 —3X2+2X] = n(n—1)(n—2)p%;
E[X3] = 3E[X?] — 2E[X] + n(n — 1)(n — 2)p®
=3n(n—1)p? + np+ n(n —1)(n — 2)p>.
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Properties of Expectation

Suppose an urn contains N balls, of which m are white.

n balls are randomly selected.

Let A; be the event that the jth ball selected is white.

Then the number X of white balls selected is equal to the number of

the events Aq,..., A, that occur.

o Because the ith ball selected is equally likely to be any of the N balls,
of which m are white, P(A;) = .

o Consequently, we get E[X] = Y7 ; P(A;) =

o Moreover, P(AjA;) = P(A;)P(A; |A )= %'I’\}—%

o Hence, we obtain

E[(})] = Sie 7528 = O RER:
EIX(X - 1)] = n(n— )FF=3;

E[X?] = n(n - 1)55=3} + E[X].

¢ ¢ ¢ ¢
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Properties of Expectation

o This formula yields the variance of the hypergeometric, namely,
Var(X) =  E[X?] - (E[X])?

= n(n— =g + W -

- (n—1)(m—-1)
= N nN—n17 +1-§

2

o For higher moments of X, we have
mm—1)---(m—k+1)

P(AilAi2"'Aik)=N(N_l)...(N_k_|_]_)'
o So we get

X m(m—1)-- (m k+1) .

E|()] = O Ry

E[X(X ) (X =k +1)]

m(m—1)---(m—k+1
n(n—1)---(n— k+ 1) Ep=e=y.
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Properties of Expectation

o Fori=1,...,N, let A; be the event that person i selects his or her
own hat in the match problem.
o Then
1 1

P(AiA)) = P(A)P(AIA) = ST

This follows, since, conditional on person i selecting her own hat, the

hat selected by person j is equally likely to be any of the other N — 1
hats, of which one is his own.

o Let X be the number of people who select their own hat.
o Then
E[3)] = Zie = = @ agiry
EX(X-1)]=1;
E[X?] = 1+ E[X].
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Properties of Expectation

o Note that E[X] = vazl P(Aj) = ZN: % =1
o So we get

Var(X) = E[X?] — (E[X])* = 1+ E[X] - (E[X])* =

o Hence, both the mean and variance of the number of matches is 1.
o For higher moments, we observe that

1
NN—1)---(N—k+1)

EKD] - (AkI>N(N—1)---1(N—k+1)'

o Equivalently

P(AilAiz U Aik) =

o So

E[X(X —1)--- (X —k+1)] =1.
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Properties of Expectation

o Suppose that there are N distinct types of coupons.
Independently of past types collected, each new one obtained is of
type j with probability p;, where ZJNZI pj = 1.
Find the expected value and variance of the number of different types
of coupons that appear among the first n collected.

We will work with the number of uncollected types.

o Let Y equal the number of different types of coupons collected.
o Let X = N — Y denote the number of uncollected types.

Let A; be the event that there are no type i coupons in the collection.

Then X is equal to the number of the events A;,..., Ay that occur.
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Properties of Expectation

o The types of the successive coupons collected are independent.

Moreover, each new coupon is not type i/ with probability 1 — p;.

Thus, we get
P(A) = (1= p)".
Hence,
N
EX]= > (1-pi)"
i=1
Therefore,

N
ElY]=N-EX]=N-> (1-p)"
i=1
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Properties of Expectation

o Each of the n coupons collected is neither a type i nor a type j
coupon with probability 1 — p; — p;.
Thus, we have

P(AiA)) =1 —pi—p)", i#]j.

We now get

EX(X =1)] =23 P(AiA) =232, ,(1 = pi — pj)";
EIX?]1 =23, (1 —pi—p)" + E[X].
Hence, we obtain
Var(Y) = Var(X)
= E[X?] - (E[X])?
= 2% -pi—p)" + (- p)"
- (Z,N:1(1 - Pi)")2-
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Properties of Expectation

Subsection 4
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Properties of Expectation

If X and Y are independent, then, for any functions h and g,

Elg(X)h(Y)] = Elg(X)IE[A(Y)].

o Assume X and Y are jointly continuous with joint density 7(x, y).
Then

E[g(X)h(Y)] J7% [0 8()h(y)f (x, y)dxdy
= foooofoooog )h(y)fx (x)fy (y)dxdy
S5 by (y)dy [75, g(x)fx (x)dx
= E[(Y)E [g(X )l
The proof in the discrete case is similar.
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Properties of Expectation

Defintion |

The covariance between X and Y, denoted by Cov(X, Y), is defined by

Cov(X, Y) = E[(X — E[X])(Y — E[Y])].

o Upon expanding the right side of the preceding definition, we see that

Cov(X,Y) = E[XY — E[X]Y — XE[Y] + E[Y]E[X]]
E[XY] — E[X]E[Y] — E[X]E[Y] + E[X]E[Y]
= E[XY] - E[X]E[Y].
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Properties of Expectation

o If X and Y are independent, then, by the preceding proposition,
Cov(X,Y)=0.

o The converse is not true.
Example: Let X be a random variable such that

1

PX=0}=P{X=1}=P{X=-1} =3

Define
Yy — 0, ifX#0
11, ifX=0

We have XY = 0. So E[XY] = 0. Also, E[X] = 0.
Thus, Cov(X,Y) = E[XY] — E[X]E[Y] =0.
However, X and Y are clearly not independent.
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Properties of Expectation

Cov(X, Y) = Cov(Y, X);
Cov(X, X) = Var(X);
Cov(aX, Y) = aCov(X,Y);
Cov(Do7y Xi, 2700 Y5) = 2211 20504 Cov(X;, V7).
o Note that
Cov(X, Y) = E[XY] — E[X]E[Y]
= E[YX] — E[Y]E[X] = Cov(Y, X);
Cov(X, X) = E[X?] — E[X]E[X] = Var(X);

Cov(aX, Y) = E[aXY] — E[aX]E[Y] = aE[XY] — aE[X]E[Y]
= a(E[XY] — E[X]E[Y]) = aCov(X, Y).
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Properties of Expectation

o To prove Cov(3 o7, Xi, 227, Y)) = D01y Do, Cov(X;, Y)), let
i = E[X,] and Vi = E[YJ]

Then

[ x| = > om €[>y -
i=1 j

Now we get

Cov(374 Xi, Z “1Y))
= E[(C Xi — X7 M:)(eril Yj — Zj:l vj)]
= E[> 27 (Xi — i) Zj (Y5 =)l
=EDL, J{nl(X'*#:)(YJ vj)]
= i1 2 EIOXG = wai) (Y = 1)),

where the last equality follows because the expected value of a sum of

random variables is equal to the sum of the expected values.
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Properties of Expectation

o From parts (ii) and (iv) of the proposition, upon taking Yj = Xj,
j=1,.......,n, we get

Var(3oi, Xi) = Cov(3o7; Xi, Zle X;)
= Z?:l J':’:l COV(X,', )<J)

= X Var(Xj) + 32 >-Cov(Xi, X).
i#i

o Since each pair of indices /,j, i # j, appears twice in the double
summation, the preceding formula is equivalent to

n n
Var(d " Xi) = > Var(X;) +2) ) Cov(X;, X)).
i=1 i=1 i<j
o If Xq,...,X, are pairwise independent,

Var(z Xi) = Z Var(X;).
i=1 i=1

George Voutsadakis (LSSU)



Properties of Expectation

o Let Xi,...,X, be independent and identically distributed random

variables having expected value ; and variance o2.

o Let X = 3°7_; %i be the sample mean.
o The differences between the individual data and the sample mean
Xi—X,i=1,...,n, are called deviations.

o The random variable

is called the sample variance.
o We are interested in computing:

Var(X));
E[S?].
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Properties of Expectation

x|

Var(

= Var(X7; 7)) = (3)?Var(X; X))
= (1)23°7, Var(X;) (by independence)

_ 1.2 o2

We start with the following algebraic identity:

(n—1)S%? =

George Voutsadakis (LSSU)

S (Xi =+ p— X)?

imp(Xi — my + 2751(7 — p)?
= 2(X = p) 22 (Xi — )

2
ST a(Xi = p)? + n(X — p)? = 2(X — p)n(X — p)
2



Properties of Expectation

o We showed (n —1)S? =37 (Xi — u)? — n(X — p)2.
Taking expectations yields

(n=1E[S?] = XL E[(X—p)?] = nE[(X — p)?]
7, Var(X;) — nVar(X)

_ 2 o?
= no nn
2

= (n—l)a,

where:
o The final equality made use of Part (a);
o The one preceding used E[X] = pu, seen previously.

Dividing through by n — 1 shows that the expected value of the

sample variance is the distribution variance o2.
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Properties of Expectation

o Compute the variance of a binomial random variable X with
parameters n and p.

Such a random variable represents the number of successes in n
independent trials when each trial has probability p of success.

Thus, X = X1 + --- + X,,, where the X; are independent Bernoulli
random variables such that

1, if the jth trial is a success
Xi = .
0, otherwise

Hence, we obtain Var(X) = Var(Xy) + - - - + Var(X,).

st Var(X;) = E[X?] — (E[X])?
= E[X] - (E[X])? (since X? = X))
p—p°

Thus, Var(X) = np(1 — p).
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Properties of Expectation

o The correlation of two random variables X and Y/, denoted by
p(X,Y), is defined, as long as Var(X)Var(Y) is positive, by

Cov(X,Y)
Var(X)Var(Y)

p(X,Y) =

o We show that —1 < p(X,Y) < 1.
Let 02 and 0}2, be the variances of X and Y, respectively.

Then
0

IN

Var(i Ly)

Var(X) + Var(Y) + 2Cov(X,Y)
x0Ty

y

= 21 +,o(x, ).
This implies that —1 < p(X, Y).
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Properties of Expectation

o Moreover
0 < Var(% - G—’;)
_ Var(X) + Var(Y)  2Cov(X,Y)
= & tCor T oo
= 2[1-p(X,Y)].

This implies that p(X,Y) < 1.

George Voutsadakis (LSSU) Probability



Properties of Expectation

o Since Var(Z) = 0 implies that Z is constant with probability 1 (to be
proven in the next chapter), it follows from the proof of the inequality
above that:

o p(X,Y)=1implies that Y = a+ bX, where b = Z—i > 0;
> p(X,Y) = —1implies that Y = a + bX, where b= —2* < 0.

o The reverse is also true:

If Y = a+ bX, then p(X, Y) is either +1 or —1, depending on the sign
of b.

o The correlation coefficient is a measure of the degree of linearity
between X and Y:

o A value of p(X,Y) near +1 or —1 indicates a high degree of linearity
between X and Y;

o A value near 0 indicates that such linearity is absent;

o A positive value of p(X, Y) indicates that Y tends to increase when X
does;

o A negative value indicates that Y tends to decrease when X increases.

o If p(X,Y) =0, then X and Y are said to be uncorrelated.



Properties of Expectation

o Let /4 and /g be indicator variables for the events A and B:

[ 1, if A occurs [ — 1, if B occurs
A7 ) 0, otherwise ' 27 1 0, otherwise

Then
Ella] = P(A);
Ells] = P(B);
Ellalg] = P(AB).

So Cov(la, Ig) = P(AB) — P(A)P(B) = P(B)[P(A|B) — P(A)].
This shows that the indicator variables for A and B are:

o Positively correlated if P(A|B) is greater than P(A);
o Uncorrelated if P(A|B) = P(A);
o Negatively correlated if P(A|B) is less than P(A).
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Properties of Expectation

o Let Xi,..., X, be independent and identically distributed random
variables having variance o2. Show that Cov(X; — X, X) = 0.
We have

Cov(X; — X,X) = Cov(X;,X)— Cov(X, X)

= Cov(Xi, 130, X)) — Var(X)
2
= 137 Cov(Xi X))~ %

n

2 2
— o ot _
= % —=0.

The next-to-last equality uses a previous result.
The final equality follows by

vy _ J 0, if j# i by independence
COV(XI7X]) - { 0—2’ Ifj = | since Var(X,-) = 0‘2

o Although X and the deviation X; — X are uncorrelated, they are not,
in general, independent.
George Voutsadakis (LSSU)



Properties of Expectation

Qo
Qo

Consider m independent trials, each of which results in any of r
possible outcomes with probabilities Py, Pa,..., P, > 1 Pi = 1.

If we let N;, i =1,...,r, denote the number of the m trials that result
in outcome 7, then Ny, N, ..., N, have the multinomial distribution

P{lenl,Ng—ng,.. N _n,}
= 7P"1P"2 PP S ni=m.

nilno!--
For i # j, we expect that when N; is large, N; would tend to be small.
Hence, it is intuitive that they should be negatively correlated.

o We compute their covariance by using a previous proposition and the

representation N; = > )L li(k) and N; = > ; [i(k), where

(k) = { 1, if trial k results in outcome i
0, otherwise ’

(k) = { 1, if trial k results in outcome j

J 0, otherwise
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Properties of Expectation

o We have
m m
Cov(N;, Nj) = > Cov(li(k), ;(£)).
£=1 k=1
o Now, on the one hand, when k # ¢, Cov(/;(k), ;(¢)) = O since the
outcome of trial k is independent of the outcome of trial £.
o On the other hand,

Cov(li(0), ;(6)) = E[L()L(0)] — E[L(OIEN(0)]
= 0-PPi= — PP

This equation uses the fact that /;(¢)/;(¢) = 0, since trial £ cannot
result in both outcome i/ and outcome j.

o Hence, we obtain Cov(N;, N;) = — mP;P;.

o This is in accord with the intuition that N; and N; are negatively
correlated.
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Properties of Expectation

Subsection 5
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Properties of Expectation

Recall that if X and Y are jointly discrete random variables, then the
conditional probability mass function of X, given that Y =y, is
defined, for all y such that P{Y =y} >0, by

p(x,y)
py(y)

px|y(xly) = P{X =x|Y =y} =

We therefore define, the conditional expectation of X given that
Y =y, for all values of y such that py(y) > 0, by

EX|Y =y] = Y xP{X=x|Y=y}

= ZXPX|Y(X|Y)-
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Properties of Expectation

o If X and Y are independent binomial random variables with identical
parameters n and p, calculate the conditional expected value of X

given that X + Y = m.

We first calculate the conditional probability mass function of X given
that X + Y = m. For k < min(n, m),

P{X =kIX+Y =m}

P{X=k X+Y=m}

T PIX+Y=m}

P{X=k,Y=m—k}

TPXAV=m}

P{X=k}P{Y=m—k}

P{X+Y=m}
(Z)pk(lfp)"ik(mik)mek(lfP)"*’"Jrk

(Gmypm(1—p)2n—m
(Z)(ZT;k) _

We used that X 4 Y is binomial with parameters 2n and p.
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Properties of Expectation

o Now for 0 < i < min(m,n), we get:

B _ 26D m D)
() D6 2 G
Therefore, we get

(e
()
(i21) ()

())

= Xiloi

m
= 3 277:0

SE

George Voutsadakis (LSSU) Probability



Properties of Expectation

o If X and Y are jointly continuous with a joint probability density
function f(x, y), then the conditional probability density of X,
given that Y =y, is defined, for all values of y such that fy(y) > 0,

K f(x.y)
fX|Y(X‘y) = fY(y) :

o In this case, provided that fy(y) > 0, we define the conditional
expectation of X, given that Y =y, by

(e}

EXIY =)= [ xtqy(xly)a.

—00
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Properties of Expectation

o Suppose that the joint density of X and Y is given by

e X/Ye~y
f(x,y)=f, 0<x<00,0<y< 0.

Compute E[X]Y =y].
We start by computing the conditional density

_ f(X,)_ f(X7)
fxiy(xly) = fy(yy) =T f(j,y)dx
— (fy)e ey  _ _ (1fy)ex/”

fooc (1/y)e=*/Ye=vdx fooo (1/y)e=x/¥dx

_ e 1 xyy
e sy~ ve

ThUS, 0 5
EXY =y = [ STy
0
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Properties of Expectation

o Just as conditional probabilities satisfy all of the properties of ordinary
probabilities, so do conditional expectations satisfy the properties of
ordinary expectations.

o For instance, we have

> 8(X)px|v (x]y), discrete case
(o] o
f oog( fx\y(X|y) , continuous case

Elg(X)IY =y] = {

o We also have

n
> XY=y
i=1

o Conditional expectation given that Y = y can be thought of as being
an ordinary expectation on a reduced sample space consisting only of
outcomes for which Y = y.

=Y E[Xi|Y =yl
i=1
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Properties of Expectation

o Denote by E[X]|Y] that function of the random variable Y whose
value at Y =y is E[X|Y =y].
o Note that E[X|Y] is itself a random variable.

E[X] = E[E[X|Y]].

o If Y is a discrete random variable, then the Proposition states that

E[X]= ) EIX|Y = yIP{Y = y}.

o If Y is continuous with density fy(y), then the Proposition states

EX1= [ EXIY =y1f ().

—00

George Voutsadakis (LSSU) Probability



Properties of Expectation

o We give a proof in the case where X and Y are both discrete.
© We must show that E[X] =}  E[X|Y = y]P{Y =y}.
Now, the right-hand side can be written as

D EX|Y =ylP{Y =y} = szP{X=X\Y=y}P{Y=y}
y - 2SR =)

= ZZXP{X—XY v}

= ZXZP{X=X,Y=y}

x y
= ZXP{X = x}
— Ex].
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Properties of Expectation

o A miner is trapped in a mine containing 3 doors.
o The first door leads to a tunnel that will take him to safety after 3
hours of travel.
o The second door leads to a tunnel that will return him to the mine
after 5 hours of travel.
o The third door leads to a tunnel that will return him to the mine after
7 hours.
If the miner is at all times equally likely to choose any one of the
doors, what is the expected length of time until he reaches safety?

Let X denote the amount of time until the miner reaches safety.

Let Y denote the door he initially chooses.

EIX] = EX|Y=1P{Y =1}+E[X|Y =2]P{Y =2}
+ E[X]Y =3]P{Y =3}
= HEX|Y =1]+E[X|Y =2] + E[X]Y = 3]).
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Properties of Expectation

o However,
EX|lY =1 = 3
E[X|Y=2] = 5+E[X]
EX|Y=3] = 7+ E[X].

To understand why this equation is correct, consider, for instance,
E[X|Y = 2] and reason as follows:
If the miner chooses the second door, he spends 5 hours in the tunnel
and then returns to his cell.
But once he returns to his cell, the problem is as before.
Thus his expected additional time until safety is just E[X].
Hence, E[X|Y =2] =5 + E[X].

Hence,

E[X] = %(3 454 EX]+7+E[X]) = E[X] = 15.
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Properties of Expectation

o Suppose that the number of people entering a department store on a
given day is a random variable with mean 50.

Suppose further that the amounts of money spent by these customers
are independent random variables having a common mean of $8.

Finally, suppose that the amount of money spent by a customer is also
independent of the total number of customers who enter the store.

What is the expected amount spent in the store on a given day?
Let N denote the number of customers that enter the store.

Let X; the amount spent by the ith such customer.

Then the total amount spent can be expressed as Zf\lzl Xi.
Now,

N N
ED> Xl = E[ED> _ Xi|M]].
i=1 i=1
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Properties of Expectation

o But
E[CILXiIN=n] = E[SL,XIN=n]

= E[XiL;X]
(by independence of the X; and N)
= nE[X]. (where E[X] = E[Xi])
This implies that

E = NE[X].

N
> XN
i=1

Thus,
N

DX
i=1
Hence, in our example, the expected amount of money spent in the
store is 50 x $8 = $400.

George Voutsadakis (LSSU)
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Properties of Expectation

o The game of craps is begun by rolling an ordinary pair of dice.
o If the sum of the dice is 2, 3 or 12, the player loses.

o Ifitis 7 or 11, the player wins.
o If it is any other number i, the player continues to roll the dice until

the sum is either 7 or /.

o If it is 7, the player loses;
o if it is i, the player wins.

Let R denote the number of rolls of the dice in a game of craps.
Find E[R].
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Properties of Expectation

If we let P; denote the probability that the sum of the dice is i, then
i—1

PI-:P14_,‘:?, I:2777

To compute E[R], we condition on S, the initial sum, giving

12
E[Rl = ) _E[RIS=i]P:.
i=2
However,
) 1, if i =2,3,7,11,12
|l =il = { 1+ ﬁ, otherwise

The preceding equation follows because:
o If the sum is a value / that does not end the game, then the dice will
continue to be rolled until the sum is either / or 7;
o The latter happens with probability P; + P5.
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Properties of Expectation

o Therefore,

ER] = 1+

M-

P; P;
R Y

Py Ps Ps
+ + +
Ps+P7  Ps+Pr Ps+Pr
Ps Py P1o

= 1

ol ol ol
Ps + Py Py + Py Pio + P7

= 142 3 + 4 + >
B 346 44+6 5+6

3 4 5
= 1+2(—+—+—)

9 10 11
= 3.376.
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Properties of Expectation

o Recall the bivariate normal joint density function of the random
variables X and Y, given by

f(x,y) = : > EXP{_Q(lipT)[(X;XX)z + (y;fy )?

2moxoy\/1—p
_2p(><—ux)(y—uy)]}.

ox0y

o We will now show that p is the correlation between X and Y.

o We have seen in a previous example that j, = E[X], 02 = Var(X),
and u, = E[Y], 0}2, = Var(Y).

o Consequently,

Cov(X, Y) _ E[XY] — jiupsy

OxTy OxOy

Corr(X,Y) =
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Properties of Expectation

o To determine E[XY], we condition on Y, i.e., we use
E[XY] = E[E[XY|Y]].

o Recall from a previous example that the conditional distribution of X
given that Y = y is normal with mean

EX|Y =y]= ux+p (v — py)-

y
Thus,
EIXY|Y =y] = E[Xy|Y=y]
= yE[X|Y =y]

= Yl +rZy — 1yl
= yix+pZ(y? = 1yy).
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Properties of Expectation

o Consequently,

g
EXY|Y] = Ypx +p (Y2 = 1y Y).
y

o This implies that
EXY] = E[Yux+pZ(Y?>—pY)
= mE[Y]+pZE[Y? — Y]
= hxy + pZ(E[Y?] - 415)
= bty + pgxVar(Y)
= lxfly + pox0y.
o Therefore,

EIXY] -
Corr(X,Y) = [XY] quy:pUXUy:p

OxOy OxOy
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Properties of Expectation

o Suppose each of n independent trials results in one of the outcomes
1,..., k, with respective probabilities py, ..., px, Sorq pi = 1.

o Let N; be the number of trials that result in outcome i, i =1,... k.
o For i # j, find: E[N;|N; > 0];

o Let/:{ O, M ity =0

1, ifN;>0

o Then
E[N] = E[N;|/ = 0|P{l =0} + E[N;|I = 1]P{I = 1}.
E[N;] = E[N;|N; = 0]P{N; = 0} + E[N;|N; > 0]P{N; > 0}.
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Properties of Expectation

o The unconditional distribution of N; is binomial with parameters n, p;.

o Given that N; = r, each of the n — r trials that do not result in
outcome /i will, independently, result in outcome j with probability

by
P(jlnot i) = .

o Consequently, the conditional distribution of N;, given that N; = r, is
binomial with parameters n — r, l_pjp_.

o But P{N, = 0} = (]_ = p,')n.
o Thus, the preceding equation yields

npj = n
Pj 1

fjp(]. - P,‘)” + E[NJ’N, > O](l — (1 _ pi)n).

o This gives -1
1-0-py
1
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Properties of Expectation

o Independent trials, each resulting in a success with probability p, are
successively performed.

Let N be the time of the first success. Find Var(N).

{ 1, if the first trial results in a success

Set Y = .
0, otherwise
We have Var(N) = E[N?] — (E[N])2.
To calculate E[N?], we condition on Y: E[N?] = E[E[N?|Y]].
However,

E[N’|Y =1] = 1;

E[N?]Y =0] = E[(1+N)2.
For these two equations:

o If the first trial results in a success, then N = 1 and so N2 = 1.

o If the first trial results in a failure, then the total number of trials
necessary for the first success will have the same distribution as 1 plus
the necessary number of additional trials.

> The latter has same distribution as N, so E[N?|Y = 0] = E[(1 + N)?].
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Properties of Expectation

o Hence,

E[N?]

E[N?|Y = 1]P{Y =1} + E[N?|Y = 0]P{Y =0}
p+(1—p)E[(1+ N)?]
= 1+4(1-p)E2N + N?].

However, as was shown in a previous example E[N] = %.

Therefore,
E[N?] =1+ 2020 4 (1 — p)E[N?);
E[N?] = 22£.
Consequently,
2—p 1\> 1- p
VarN=EN2—EN2=——<—)= .
(N) = E[N°] — (E[N]) 2 ) 2
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Properties of Expectation

o Consider a gambling situation in which there are r players, with player
i initially having n; units, n; >0, i=1,...,r.

o At each stage, two of the players are chosen to play a game, with the
winner of the game receiving 1 unit from the loser.

o Any player whose fortune drops to 0 is eliminated, and this continues
until a single player has all n = 3"7_; n; units, with that player
designated as the victor.

o Assume that:

o The results of successive games are independent;
o Each game is equally likely to be won by either of its two players.

o Find the average number of stages until one of the players has all n
units.
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Properties of Expectation

o Suppose first that there are only 2 players.
o Player 1 initially has j units;
o Player 2 initially has n — j units.

o Let X; denote the number of stages that will be played.

o Let A; be the additional number of stages needed beyond the first.
o Let mj = E[X]].

o Then, forj=1,...,n—1, X; =1+ A,

o Taking expectations gives m; = 1 + E[Aj].

o Conditioning on the result of the first stage then yields

1 1
mj = 1+ E[A;|1 wins first stage]i + E[Aj|2 wins first stage]i.
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Properties of Expectation

o Now, if player 1 wins at the first stage, then the situation from that
point on is exactly the same as in a problem which supposes that:
o Player 1 starts with j + 1 units;
o Player 2 starts with n — (j + 1) units.

o Consequently,
E[A;|1 wins first stage] = mj;1, E[A}|2 wins first stage] = mj_1;
mj =1+ 3mj1 + 3mj-1;
mjq :2mjfmj,172, j:].,...,n*]..

o Using that mg = 0, the preceding equation yields

moy = 2m1 — 2;
m3 = 2m2—m1—2:3m1—6:3(m1—2);
my = 2m3—mp—2=4m; — 12 =4(m; — 3).

o This suggests that
mi=i(m —i+1), i=1,...,n
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Properties of Expectation

o To prove the preceding equality, we use mathematical induction.

o The equation is true for i =1, 2.

o Take as the induction hypothesis that it is true whenever / < j < n.

o Now we must prove that it is true for j + 1.

o Using the previously obtain equation yields

mj+1 = 2mj — ITIJ'_l -2

2j(m —j+1)=( —1)(m —j+2) -2
(induction hypothesis)
G+1)m —22+2j+2-3/4+2-2
G+1)m — 2 —j=(+1)(m —)).

o Letting i = n, and using that m, = 0, now yields that m; = n — 1.

o Again using the equation proved above gives the result

m; =i(n—1).
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Properties of Expectation

o We return to the problem involving r players with initial amounts n;,
i=1,...,r, 3 _1ni=n.

o Let X denote the number of stages needed to obtain a victor.

o Let X; denote the number of stages involving player i.

o From the point of view of player i, starting with n;, he will continue
to play stages, independently being equally likely to win or lose each
one, until his fortune is either n or 0.

o Thus, the number of stages he plays is exactly the same as when he
has a single opponent with an initial fortune of n — n;.

o Consequently, by the preceding result it follows that

E[X,] = n,-(n — n,-).

r r

E iX,- :Zn,-(n—n,-):nQ— n,?.
i=1

=1 i=1

o So
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Properties of Expectation

o But because each stage involves two players,

1 r
X = EIZ;X,-.

o Taking expectations now yields
1 r
2 2
E[X] = o Gl Z n
i=1
o This argument shows that the mean number of stages does not
depend on the manner in which the teams are selected at each stage.
o However, the same is not true for the distribution of the number of
stages:
o Suppose r=3, np =ny =1, and n3 = 2.
2 If Players 1 and 2 are chosen in the first stage, then it will take at least
three stages to determine a winner.
o If Player 3 is in the first stage, then it is possible for there to be only
two stages.
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Properties of Expectation

o Let Ui, Uy, ... be a sequence of independent uniform (0,1) random
variables.

Find E[N] when N =min{n: Y ", Ui > 1}.

We will find E[N] by obtaining a more general result.

For x € [0,1], let N(x) = min{n:> " ; Ui > x}.

Set m(x) = E[N(x)].

N(x) is the number of uniform (0, 1) random variables we must add
until their sum exceeds x, and m(x) is its expected value.

We will now derive an equation for m(x) by conditioning on Us.

This gives, from a previous equation,
1
m(x) = | ENGOIU: = yldy.
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Properties of Expectation

o We have
1 if y >x

E[N(x)|U1 =y] = { 1’+ m(x —y), ify<x

The preceding formula is:

o Obviously true when y > x;

o True when y < x, since, if the first uniform value is y, then the
remaining number of uniform random variables needed is the same as if
we were just starting and were going to add uniform random variables
until their sum exceeded x — y.

Now we get
m(x) = 1+ [§ m(x—y)dy
1+ [om(u)du (u=x—y).
Differentiating the preceding equation yields
m(x) =m(x) & T =1 = log[m(x)] = x+c = m(x) = ke*.
Since m(0) = 1, it follows that k = 1. So m(x) = €*.
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Properties of Expectation

o Let E denote an arbitrary event.

o Define the indicator random variable X by

X — 1, if E occurs
~ | 0, if E does not occur

o It follows from the definition of X that

EIX] = P(E);
EX|Y=y] = P(E|Y =y), for any random variable Y.

o Therefore, we obtain

P(E) = >, P(E|Y =y)P(Y =y), if Yisdiscrete
ffooo P(E|Y = y)fy(y)dy, if Y is continuous
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Properties of Expectation

o For Y discrete, we got

P(E) =) _P(ElY =y)P(Y = ).
y
o Suppose Y is a discrete random variable taking on one of the values

Yiyeo-y Yn-

o Define the events F;, i =1,...,n, by F; ={Y = y;}.

o Then Fq,..., F, are mutually exclusive events whose union is the
sample space.

o Thus, the equation reduces to the familiar equation

P(E)=)_ P(EIF)P(F)).
i=1
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Properties of Expectation

o Suppose we are presented with n distinct prizes in sequence.
After being presented with a prize, we must immediately decide
whether to accept it or to reject it and consider the next prize.

The only information we are given when deciding whether to accept a
prize is the relative rank of that prize compared to ones already seen.

E.g., when the fifth prize is presented, we learn how it compares with
the four prizes we've already seen.

Suppose that once a prize is rejected, it is lost.

Our objective is to maximize the probability of obtaining the best
prize.

Assuming that all n! orderings of the prizes are equally likely, how well
can we do?
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Properties of Expectation

o Fix avalue k, 0 < k < n.

Consider the strategy that rejects the first k prizes and then accepts
the first one that is better than all of those first k.

Let Py(best) be the probability that the best prize is selected under
this strategy.
To compute it, we condition on X, the position of the best prize.

This gives
Pi(best) = > 7, Px(best|X = i)P(X =)
= 150 Pi(best|X =i).

o If the overall best prize is among the first k, then no prize is ever
selected under the strategy considered, i.e.,

Pi(best|X = i) =0, if i < k.

George Voutsadakis (LSSU)



Properties of Expectation

o Fix a value i > k. If the best prize is in position i, then the best prize
will be selected if the best of the first i — 1 prizes is among the first k.
Then none of the prizes in positions kK + 1, k+2,...,i — 1 would be

selected.

But, conditional on the best prize being in position /, all possible
orderings of the other prizes remain equally likely. So each of the first
i — 1 prizes is equally likely to be the best of that batch.

Hence, we have

Pi(best|X =)

= P{best of first i — 1 is among the first k| X = i}

=, ifi>k
Now we get
Pi(best) = E£3°7
= 5Iog(
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Properties of Expectation

o Consider the function

)= S (2).
Then

g9 =log(0)~ .

gx)=0 = Iog<£) =1 = x=-.
But we saw that Py(best) ~ g(k).
Thus, the best strategy of the type considered is to:

o Let the first 2 prizes go by;
o Accept the first one to appear that is better than all of those.

The probability that this strategy selects the best prize is
approximately g(2) = % ~ 0.36788.
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Properties of Expectation

o Even without detailed calculations, we can see that the probability of
obtaining the best prize can be made reasonably large.
o Consider the strategy of:
o Letting half of the prizes go by;
o Selecting the first one to appear that is better than all of those.
o The probability that a prize is actually selected is the probability that
the overall best is among the second half; This is %
o Given that a prize is selected, at the time of selection that prize would

have been the best of more than 7 prizes to have appeared.

So it would have probability of at least % of being the overall best.

o Hence, the strategy above has a probability greater than % of
obtaining the best prize.
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Properties of Expectation

o Let U be a uniform random variable on (0, 1).

Suppose that the conditional distribution of X, given that U = p, is
binomial with parameters n and p.

Find the probability mass function of X.

Conditioning on the value of U gives
1
PIX =i} = [ PIX=ilU=p}up)dp

1
_ / P{X = i|U = p}dp
0

nl

1 . .
= m/o p'(1—p)"'dp.
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Properties of Expectation

o It can be shown that

i'(n—i)!

1 - B
/0 p'(l—p)"'dp= m

Hence, we obtain

) n! i'(n—i)! 1 .
P{X:I}:i!(n—i)! (n+1)! :n+1, i=0,...,n.

If a coin whose probability of coming up heads is uniformly distributed
over (0,1) is flipped n times, then the number of heads occurring is
equally likely to be any of the values 0, ..., n.
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Properties of Expectation

o Because the preceding conditional distribution has such a nice form, it
is worth trying to find another argument to enhance our intuition as
to why such a result is true.

o To do so, let U, Uy, ..., U, be n+ 1 independent uniform (0, 1)
random variables.

o Let X denote the number of the random variables Uy, ..., U, that are
smaller than U.

o Since all the random variables U, Us, . .., U, have the same
distribution, it follows that U is equally likely to be the smallest, or
second smallest, or largest of them.

So X is equally likely to be any of the values 0,1,...,n.

o On the other hand, given that U = p, the number of the U; that are

less than U is a binomial random variable with parameters n and p.

This establishes our previous result.
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Properties of Expectation

o Suppose that X and Y are independent continuous random variables
having densities fx and fy, respectively.

Compute P{X < Y}.
Conditioning on the value of Y yields
PIX<Y} = [T PIX<Y|Y=ylfy(y)dy
= [ PIX <ylY =ylifv(y)dy
75 P{X < y}fy(y)dy (independence)
= [Z Fx(y)fy(y)dy.

Here

Fx(y) = /_ " f(x)dx.
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Properties of Expectation

o Suppose that X and Y are independent continuous random variables.
Find the distribution of X + Y.
By conditioning on the value of Y, we obtain

P{X+Y<a} = ffooo P{X+Y <alY =yl}y(y)dy
S PIX +y < alY = y}Y(y)dy
J25 PAX < a—y}y(y)dy
= [T Fx(a—y)fv(y)dy.
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Properties of Expectation

o Just as we have defined the conditional expectation of X given the
value of Y, we can also define the conditional variance of X given
that Y = y:

Var(X|Y) = E[(X — E[X|Y])?|Y].
o Var(X]Y) is equal to the (conditional) expected square of the

difference between X and its (conditional) mean when the value of Y
is given.

o In other words, Var(X|Y) is exactly analogous to the usual definition
of variance, but now all expectations are conditional on the fact that
Y is known.
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Properties of Expectation

Proposition (The Conditional Variance Formula)

Var(X) = E[Var(X|Y)] + Var(E[X]Y]).

o By the same reasoning that yields Var(X) = E[X?] — (E[X])?, we

have
Var(X|Y) = E[X?|Y] — (E[X|Y])%.
S
° Elvar(X|Y)] = E[E[X?|Y]] - E[(E[X]Y])?]
A = E[X?] - E[(E[X|Y])’].
SO,

Var(E[X|Y]) = E[(E[X|Y])’] - (E[E[X|Y]])?
= E[(E[X|Y])?] - (E[X])>.
Finally adding, we get

E[Var(X|Y)] + Var(E[X|Y]) = E[X?] — (E[X])? = Var(X).

George Voutsadakis (LSSU) Probability



Properties of Expectation

o Suppose that by any time t the number of people that have arrived at
a train depot is a Poisson random variable with mean \t.
Suppose the initial train arrives at the depot at a time (independent
of passenger arrivals) uniformly distributed over (0, T).
Find the mean of the number of passengers who enter the train;
What is the variance of the number of passengers who enter the train?

Let N(t) be the number of arrivals by time ¢, t > 0;

Let Y be the time at which the train arrives.

The random variable of interest is then N(Y).

Conditioning on Y gives

EINIY =1 = E[N(D)]Y =]

= E[N(t)] (independence of Y and N(t))
= At (N(t) is Poisson with mean At).

Hence, E[N(Y)|Y] = \Y.



Properties of Expectation

o So taking expectations gives E[N(Y)] = AE[Y] = %

To obtain Var(N(Y')), we use the conditional variance formula:

Var(N(Y)|Y =t) = Var(N(t)|Y =1t)
= Var(N(t)) (by independence)
= At

Thus,
Var(N(Y)|Y) =AY, E[N(Y)|Y]=AY.

Hence, from the conditional variance formula,

Var(N(Y)) E[Var(N(Y)|Y)] + Var(E[N(Y)|Y)])
= E[\Y]+ Var(AY)

_ )\%+)\21T—22, (since Var(Y)ZI—;)
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Properties of Expectation

o Let X1, Xp,... be a sequence of independent and identically
distributed random variables.
o Let N be a nonnegative integer-valued random variable that is
independent of the sequence X;, i > 1.
o Note that, given N,
9 ZfV:l X; is the sum of a fixed number of independent random variables;
o So its expectation and variance are just the sums of the individual
means and variances, respectively.

Thus, we get:
N N
E > Xi|N| = NE[X]; Var (Z X,-]N) = NVar(X).
i=1 i=1

From the conditional variance formula,
N
_ 2
Var (Z X,-) = E[N]Var(X) + (E[X])*Var(N).
i=1
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Properties of Expectation

Subsection 6
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Properties of Expectation

o Sometimes a situation arises in which the value of a random variable
X is observed and then, on the basis of the observed value, an
attempt is made to predict the value of a second random variable Y.

o Let g(X) denote the predictor:

If X is observed to equal x, then
g(x) is our prediction for the value of Y.

o We would like to choose g so that g(X) tends to be close to Y.
o One possible criterion for closeness is:

Choose g so as to minimize E[(Y — g(X))?].
o We show that:

Under this criterion, the best possible predictor is g(X) = E[Y|X].
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Properties of Expectation

E[(Y — g(X))’] > EI(Y — E[YIX])?].

o We have

E[(Y —g(X))?IX] = El(Y — E[YIX]+ E[Y[X] - g(X))?|X]
= E[(Y — E[YIX])*IX]
+ E[(E[YIX] - &(X))*|X]
+2E[(Y — E[YIXD)(E[Y|X] — g(X))IX]-

Given X, E[Y|X] — g(X), being a function of X, can be treated as a
constant:

E[(Y — E[YIXD(ELYIX] — g(X))IX]
= (E[Y[X] = g(X))E[Y — E[Y[X]|X]
= (E[YIX] — g(X)(E[Y[X] = E[Y[X]) = O.
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Properties of Expectation

o Hence, from these equations we obtain
EI(Y — g(X))?[X] = E[(Y — E[Y|X])*|X].
Taking expectations, we get
E[E(Y — g(X)?IX]] > E[EI(Y — E[YIX])*IX]].
We conclude that

E[(Y — g(X))’] > EI(Y — E[YIX])?].
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Properties of Expectation

o A more intuitive, although less rigorous, argument verifying the
proposition is as follows.

o We can verify that E[(Y — c)?] is minimized at ¢ = E[Y].

o Thus, in the absence of data, if we want to predict the value of Y,
the best possible prediction, in the sense of minimizing the mean
square error, is to predict that Y will equal its mean.

o However, if the value of the random variable X is observed to be x,
then the prediction problem remains exactly as in the previous
(no-data) case, with the exception that all probabilities and
expectations are now conditional on the event that X = x.

o Hence, the best prediction in this situation is to predict that Y will
equal its conditional expected value given that X = x.
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Properties of Expectation

o Suppose that the son of a man of height x (in inches) attains a
height that is normally distributed with mean x + 1 and variance 4.
What is the best prediction of the height at full growth of the son of
a man who is 6 feet tall?

o Let X represent the height of the man;
o Let Y represent the height of his son;
o Let e is a normal random variable, independent of X, having mean 0
and variance 4.
The model can be written as

Y=X+1+e
The best prediction is equal to
E[lYIX=T72] = E[X+1+¢lX=T72]
= T3+ E[e|X =T72]
= 73+ E(e) (by independence)
= 73
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Properties of Expectation

o Suppose that:

o A signal value s is sent from location A;
o The value received at B is normally distributed with parameters (s,1).

Suppose S, the value of the signal sent at A, is normally distributed
with parameters (u, 02).

Given that R, the value received at B, is equal to r, what is the best
estimate of the signal sent?

We start by computing the conditional density of S given R.

f r fs(s)fris(r|s
foirlslr) = 57;;((5;) ) _ I )fRR(‘f)( s)

_ Ke(s—nP/20% g~(r=51/2,

Here K does not depend on s.
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Properties of Expectation

o We calculate the negative of the exponent:

)2 _ )2 D) 2 2
Rt = Sttt
= (H+3)-(&+ns+G
2
= 24F) - () + G
1 +ro? \(1+o?
= SEF) - A8 (B )s+ G
2
= L2+ G
2 2 2
= [P R - (] v a
2 2 2
= Br-4Er-YrEEr+ G
2 2
= FFe-YEYrra

Here C; and G, do not depend on s.
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Properties of Expectation

o Hence,
s — wtre®)]?
1402

2
2A1552)

f5|R(s]r) = Cexp

Here C does not depend on s.
o Thus, the conditional distribution of S, given that r is received, is

normal with mean and variance now given by

2 2

M, Var(S|IR=r) = 7 .
1+ 02 1+ 02
By the proposition, given that the value received is r, the best
estimate, in the sense of minimizing the mean square error, for the

signal sent is

E[S|R = r] =

0.2

+02'u+ 1+J2r'

E[SIR =1r] =
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Properties of Expectation

o In digital signal processing, raw continuous analog data X must be
quantized, or discretized, in order to obtain a digital representation.
In order to quantize the raw data X:

o An increasing set of numbers a;, i =0,+1,4+2, ..., such that
lim; 100 ai =00 and lim;_,_, a; = —oc is fixed;

o The raw data are quantized according to the interval (a;, a;41] in which
X lies.

Let y; be the discretized value when X € (a;, aj+1].
Let Y denote the observed discretized value:

Y = Yi, ifa; < X < aj11.
The distribution of Y is given by

P{Y =yi} = Fx(ai+1) — Fx(ai)-
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Properties of Expectation

o Suppose now that we want to choose the values y;, i =0,+1,£2,...

SO as to minimize
E[(X = Y,

the expected mean square difference between the raw data and their
quantized version.

Find the optimal values y;, i = 0,£1,.. ..

For the optimal quantizer Y, show that:

E[Y] = E[X], so the mean square error quantizer preserves the input

mean;
Var(Y) = Var(X) — E[(X — Y)?].
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Properties of Expectation

For any quantizer Y, upon conditioning on the value of Y, we obtain

E[(X = Y)1=) E[(X —yi)lai < X < aisa]P{ai < X < a1 }-

1

Now, if we let [ =i if a; < X < aj41, then

E[(X — yi)?|lai < X < ajp1] = E[(X — y;)?|l = i].

By the proposition, this quantity is minimized when

yi = E[X‘II[]IE[X‘Q,‘<XS&,’+1]

_ f3i+1 xfx (x)dx
o aj  Fx(ajy1)—Fx(ai)"

Since the optimal quantizer is given by Y = E[X]/], we get:
E[Y] = E[X];

Var(X) = E[Var(X|I)] + Var(E[X]|I]) =

E[E[(X — Y)?|1] + Var(Y) = E[(X — Y)?] + Var(Y).
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Properties of Expectation

o Sometimes, the joint probability distribution of X and Y is not known.

o If it is known, it may be that the calculation of E[Y|X = x] is
difficult.

o If, however, the means and variances of X and Y and the correlation
of X and Y are known, then we can at least determine the best linear
predictor of Y with respect to X.

o To obtain the best linear predictor of Y with respect to X, we need
to choose a and b so as to minimize

E[(Y — (a+ bX))?].
o We have

E[(Y — (a+ bX))?]
= E[Y? —2aY — 2bXY + a? 4 2abX + b>X?]
= E[Y?] — 2aE[Y] — 2bE[XY] + a% + 2abE[X] + b*E[X?].
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Properties of Expectation

o We found
E[(Y —(a+bX))?] = E[Y?]—2aE[Y]—2bE[XY]+a’+2abE[X]+b*E[X?].
Taking partial derivatives, we obtain
ZE(Y —a—bX)?] = —2E[Y]+2a+2bE[X];
ZE[(Y —a—bX)?] = —2E[XY]+2aE[X]+2bE[X?].
o Setting these to 0 and solving for a and b yields the solutions

E[XY]—E[X]E[Y] _ Cov(X,Y) _ .
EXI—(EXN? — ~ o2 Poo

5 = | = sER = A = 22

b =

Here p = Cor(X,Y), 02 = Var(Y) and 02 = Var(X).
o Thus, the best (in the sense of mean square error) linear predictor Y
with respect to X is y, + 22 (X — pix), where p, = E[Y], px = E[X].
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Properties of Expectation

o The mean square error of this predictor is given by

E[(Y — py — pZ(X — 11x))?]

= E[(Y — )21 + P ZEIX — 1x)2] = 202 EL(Y — 1, )(X — )]
= 0}2, + ,020}2, = 2p20}2,
= 0}2,(1 — ).
o If pis near +1 or —1, then the mean square error of the best linear
predictor is near zero.

George Voutsadakis (LSSU) Probability



Properties of Expectation

Subsection 7
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Properties of Expectation

o The moment generating function M(t) of the random variable X is
defined for all real values of t by

M(t) = E[e™]
> e¥p(x), if X is discrete
with mass function p(x)
75 e™f(x)dx, if X is continuous
with density f(x)

o We call M(t) the moment generating function because all of the
moments of X can be obtained by:
o Successively differentiating M(t);
o Evaluating the result at t = 0.
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Properties of Expectation

o For the first moment (i.e., the expectation), We have
M(t) = LE[eX] = E | L(e%)| = E[xe™]
dt dt '

Here we have assumed that the interchange of the differentiation and
expectation operators is legitimate, i.e., that

o In the discrete case,

g [Z eplx)| = 32 2 [ pl)];

o In the continuous case,

9 [ exriora]

o This assumption is valid for all of the distributions considered here.

d.
/E[e f(x)]dx.
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Properties of Expectation

o M(t) = E[e¥] = 9 = dE[eX] = E [LeX] = E[Xe™].
Evaluating at t = 0, we obtain
M'(0) = E[X].
o Similarly,
M" (t) 2M'(t) = & E[Xe™X]
= E[Z£(Xe™)] = E[X%e™X].

Thus, M”(0) = E[X?].
o In general, the nth derivative of M(t) is given by

M) (t) = E[X"eX], n>1.

So, we get M(n)(o) _ E[)("’]7 n>1.
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Properties of Expectation

o If X is a binomial random variable with parameters n and p, then
M(t) = E[e¥]
= Ykeoe™(pp(L-p)k
= Yhoo () (pe)(1 —p)rk
= (pe"+1-p)".

The last equality follows from the binomial theorem.
o Differentiation yields

M'(t) = n(pet + 1 — p)"!pel.

Thus,
E[X] = M'(0) = np.
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Properties of Expectation

o Differentiating a second time yields

M'(t) = (n(pe*+1—p)"*pe')
= n(n—1)(pe’ +1—p)">(pe)?
+ n(pe* +1 — p)"~!pet.
So
E[X?] = M"(0) = n(n — 1)p> + np.

o The variance of X is given by

Var(X) = E[X?] — (E[X])?
= n(n—1)p%+ np — n?p?
= np(1—p).
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Properties of Expectation

o If X is a Poisson random variable with parameter A, then

/\//(t) _ E[etX] _ Zzozo effe ™ A\" e Zzozo (Net)"

n! n!

e e = exp {\(ef —1)}.

o Differentiation yields

M'(t) = Xetexp{\(e!—1)}
M"(t) = (Net)?exp{A(et — 1)} + Aetexp {A\(ef —1)}.
o Thus,
EX] = M(0)=A\
E[X2] = M"(0) =2+ A
Var(X) = E[X?]—(E[X])? =\
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Properties of Expectation

o We have
M(t) = E[eX]= [5°e*re M ax
= e~ O—t)x gy — ﬁ, for t < .

o We note from this derivation that, for the exponential distribution,
M(t) is defined only for values of t less than .

o Differentiation of M(t) yields

() = ﬁ M) = 5 zft)y
o Hence,
E[X] = M(0)=1;
E[X] = M'(0)=%;
Var(X) = E[X?] - (E[X])? = .
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Properties of Expectation

o We first compute the moment generating function of a unit normal
random variable Z, with parameters 0 and 1.

Mz(t) = E[e*]
= \/%ffooo txe=x*/2 gy
= L[ exp {2y dx
- el
T
= et’/2,

o Hence, the moment generating function of the unit normal random
5 o o 2
variable Z is given by Mz(t) = et"/2.

George Voutsadakis (LSSU)



Properties of Expectation

o Now recall that X = p + 0Z will have a normal distribution with
parameters  and o2 whenever Z is a unit normal random variable.
o Hence, the moment generating function of X is given by

Mx(t) = E[eX] = E[et(r+o2)]
— E[et,uetUZ] — et“E[et"Z]
= et/'LMZ(to') = et/'be(to')2/2
242
= exp{% +pt}
o By differentiating, we obtain

Mi(t) = (u+ to?)exp {5 + pth;
My(t) = (n+to?Pexp{ZE + ut} + o?exp {TE + ut}.
o Thus,

E[X] = M'(0) = pii  E[X?] = M"(0) = i* + 0%
Var(X) = E[X?] - E([X])? = o,
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Properties of Expectation

o The moment generating function of the sum of independent random
variables equals the product of the individual moment generating
functions.

o Suppose that X and Y are independent and have moment generating
functions Mx(t) and My (t), respectively.

o Then Mx y(t), the moment generating function of X + Y, is given

by
Mxiy(t) = E[etX+Y)]

E[etxetY]
E[etX]E[etY]
= Mx(t)My(t).
The next-to-last equality follows from a previous proposition, since X

and Y are independent.
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Properties of Expectation

o The moment generating function uniquely determines the distribution.

That is, if Mx(t) exists and is finite in some region about t = 0, then
the distribution of X is uniquely determined.

o For instance, we know that the binomial random variable with
parameters n and p has moment generating function

(pe +1—p)".

v <%)1o(et+1)10: <%et+1%)1o.

It follows that X is a binomial random variable with parameters 10
1
and 5-

Suppose
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Properties of Expectation

o Suppose that the moment generating function of a random variable X
is given by
M(t) = e3¢ 1),
What is P{X = 0}?
We know that M(t) = e3(¢"=1) is the moment generating function of
a Poisson random variable with mean 3.

Hence, by the one-to-one correspondence between moment generating
functions and distribution functions, it follows that X must be a
Poisson random variable with mean 3, i.e., fx(x) = e_3?(—x!.

Thus, P{X =0} = e3.
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Properties of Expectation

o If X and Y are independent binomial random variables with
parameters (n, p) and (m, p), respectively, what is the distribution of
X+ Y?

The moment generating function of X + Y is given by
Mxiy(t) = Mx(t)My(t)
= (pet+1_p)n(pet+1_p)m
= (pe'+1—p)m".

However, (pef + 1 — p)™*" is the moment generating function of a
binomial random variable having parameters m + n and p.

Thus, this must be the distribution of X + Y.
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Properties of Expectation

o Calculate the distribution of X + Y when X and Y are independent
Poisson random variables with means respectively A\; and A;.

Mxyy(t) = Mx(t)My(t)
= exp{Ai(e’ — 1)} exp{Az(ef — 1)}
= ep{( + (et - 1)}
Hence, X + Y is Poisson distributed with mean A1 + \s.

George Voutsadakis (LSSU) Probability



Properties of Expectation

o Show that if X and Y are independent normal random variables with
respective parameters (u1,02) and (,u2,02) then X + Y is normal
with mean 1 + 1 and variance o2 + 03.

Mxiv(t) = Mx(f)MY(f)
= e { T+ mtfexp { T + ot}
= eXP{(U D 4 (i + uz)f}-

This is the moment generating function of a normal random variable
with mean p1 + pp and variance o2 + o3.

The desired result follows because the moment generating function
uniquely determines the distribution.
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Properties of Expectation

o Let X1, Xp,... be a sequence of independent and identically
distributed random variables.

o Let N be a nonnegative, integer-valued random variable that is
independent of the sequence X;, i > 1.

o We compute the moment generating function of Y = Z,N:1 Xi.

o We first condition on N:

Elexp {t N X}IN=n] = Elexp{t I X}N =n]
= Efexp {t 327 Xi}] = [Mx(1)]".
Here Mx(t) = E[e?X].
o Hence, E[etY|N] = (Mx(t))N.
Thus, My(t) = E[(Mx(t))V].
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Properties of Expectation

o We found My (t) = E[(Mx(t))V].

o The moments of Y can now be obtained upon differentiation, as

follows:
My (t) = EIN(Mx (£))N " M5 ()],
o So
E[Y] = M(0)
= EIN(Mx(0))"- M} (0)]
—  E[NELX]]
= E[N]E[X].
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Properties of Expectation

o We have M}, (t) = E[N(Mx(t))N=1 M5 ()]

o Hence

My (t) = E[N(N — 1)(Mx (£))" 2 (M5 (t))? + N(Mx(£))"~ " Mx(2)].

o So
E[Y?]

o Hence, we have
Var(Y)

George Voutsadakis (LSSU)

= My(0)

= E[N(N = 1)(E[X])* + NE[X?]]
(EIX])?(E[N?] — E[N]) + E[N]E[X?]

= E[NI(E[X?] — (E[X])?) + (E[X])*E[N?]

= E[N]Var(X) + (E[X])?E[N?].

= E[N]Var(X) + (E[X])2(E[N?] — (E[N])?)
= E[N]Var(X) + (E[X])?Var(N).




Properties of Expectation

o Let Y denote a uniform random variable on (0, 1).

o Suppose that, conditional on Y = p, the random variable X has a
binomial distribution with parameters n and p.

o We showed that X is equally likely to take on any of the values
0,1,...,n.
o Now, we establish this result by using moment generating functions.

o To compute the moment generating function of X, we start by
conditioning on the value of Y.

o Using the formula for the binomial moment generating function gives

E[e™|Y = p] = (pe* +1—p)".
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Properties of Expectation

o Y is uniform on (0, 1).

o Taking expectations, we obtain

1
Ele”] = fo (Pet +1—p)'dp
- et 1 f1 y"dy (by the substitution y = pet +1 — p)
_ 1 etr+l)_g
o n+1ﬁ

— ni1(1+et+e2t+"'+ent)-

o This is the moment generating function of a random variable that is
equally likely to be any of the values 0,1,...,n

o The desired result follows from the fact that the moment generating
function of a random variable uniquely determines its distribution.
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Properties of Expectation

o For any n random variables Xi, ..., X, the joint moment generating
function, M(ty,...,ty), is defined, for all real values of t,...,t,, by

M(tl, ey tn) = E[et1X1+---+tnX,,]‘

o The individual moment generating functions can be obtained from
M(t1, ..., ty) by letting all but one of the t;'s be 0.

o That is,
Mx.(t) = E[e™] = M(0,...,0,t,0,...,0),

where the t is in the jth place.
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Properties of Expectation

o It can be proven that the joint moment generating function
M(t1, ..., t,) uniquely determines the joint distribution of Xi, ..., X).

o This result can then be used to prove that the n random variables
Xi,...,X, are independent if and only if

M(tl, ceey t,,) = Mxl(tl) e Mxn(t,,).

o Suppose, first, that the n random variables are independent.

Then we have:

M(t1,. .., tn) Elet1Xat-+tnXn]
— E[etlxl e etnxn]
= E[efX]... E[e"*"] (by independence)

= Mx,(t1) - Mx,(tn).
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Properties of Expectation

o In the other direction, suppose the equation is satisfied.

Then the joint moment generating function M(t, ..., t,) is the same
as the joint moment generating function of n independent random
variables, the ith of which has the same distribution as X;.

But the joint moment generating function uniquely determines the
joint distribution.

Thus, this must be the joint distribution.
Hence, the random variables are independent.
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Properties of Expectation

o Let X and Y be independent normal random variables, each with
mean p and variance o2.

o We showed that X + Y and X — Y are independent.

o We now establish this result by computing their joint moment
generating function:

E[et(X+Y)+S(X7Y)] — E[e(t+S)X+(t*S)Y]

_ E[e(t+s)X]E[e(t—s)Y]

—  eH(t+s)+o?(t+s)? /2 gu(t—s)+0o (t—s)?/2
— e2;u.“—|—cr2 t2 60252.

This is the joint moment generating function of the sum of two
independent normal random variables:

o One with with mean 24 and variance 202:
o One with mean 0 and variance 202.

The joint moment generating function uniquely determines the joint
distribution. So X 4+ Y and X — Y are independent normal.
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Properties of Expectation

o Suppose that the number of events that occur is a Poisson random
variable with mean A and that each event is independently counted
with probability p.

Show that the number of counted events and the number of
uncounted events are independent Poisson random variables with
respective means Ap and A(1 — p).

o Let X denote the total number of events.

o Let X, denote the number of them that are counted.

We start by conditioning on X to obtain

E[esXcht(X—Xc)‘X — n] — etnE[e(s—t)Xc’X — n]
= ef"(pest+1-—p)"
= (p®+(1—p)e).
The last equation follows because, conditional on X = n, X. is a
binomial random variable with parameters n and p.
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Properties of Expectation

o Hence,
E[e™ XX X] = (pe + (1 = p)et)™.

o Taking expectations of both sides of this equation yields

Elee %] = Ef(pe” + (1 - p)et)*].
o Now, since X is Poisson with mean ), E[eX] = eXe'~1),
o Therefore, for any a > 0, by letting a = ef, we get E[aX] = @1,
o Thus,
E[eSXc+t(X—Xc)] —  Mpe+(1-p)et-1)
e)\pesf)\er)\etf)\peff)\Jr)\p

_ P A1-p)(e1),

This is the joint moment generating function of independent Poisson
random variables with respective means A\p and A(1 — p).
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Properties of Expectation

Subsection 8
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Properties of Expectation

o Let Z3,...,Z, be nindependent unit normal random variables.
o If, for some constants ajj;, 1 <i<m,1<j<n,and p;, 1 <i<m,

X1 = andi+ -+ awnsy + 1
Xo = anZi+--+ amZy+ p2

Xm = amli+ -+ amndn + Hm,

then the random variables X, ..., X,, are said to have a multivariate
normal distribution.

o From the fact that the sum of independent normal random variables
is itself a normal random variable, it follows that each X; is a normal
random variable with mean and variance given, respectively, by

E[Xi] = pi, Var(X Za
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Properties of Expectation

o Consider

M(tl, el tm) = E[exp {t1X1 SF oo gF thm}]

the joint moment generating function of Xi,..., Xp,.

o Since >, t;X; is itself a linear combination of the independent
normal random variables 73, ..., Z,, it is also normally distributed.

o Its mean and variance are

ER-T iX] = 20 tiwis
Var(3o X)) = Cov(X, t:Xi, D01 X))
2ot 2% titjCov(XG, X)).
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Properties of Expectation

o If Y is a normal random variable with mean p and variance o2, then

E[ey] = My (t)|t=1 = eﬂ+a2/2.

o Thus,
M(ty, ... tm) = exp Zt'”'+ ZZt,tJCov(X,,X)
i=1 j=1

o This shows that the joint distribution of Xi, ..., X}, is completely
determined from a knowledge of the values of

E[X] and Cov(Xi,X;), ij=1,....m
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Properties of Expectation

o Find P(X < Y) for bivariate normal random variables X and Y
having parameters

pix = E[X], py = E[Y], 0% = Var(X), o) = Var(Y), p = Corr(X,Y).
o X — Y is normal with mean

EIX = Y] = px = py;

Var(X — Y) = Var(X) + Var(—Y) + 2Cov(X, —Y)

=02+ 0}2, —2pox0y.
o Thus,

P{X<Y} = P{X-Y<0}

X=Y —(px—py) —(px—py)

= P
\/O'>2<+0'}2,—2p0'x0'y \/U§+U§—2paxcry

My — Hx

= o == |.
2 /0)2(+a}2,—2pcrx0y
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Properties of Expectation

o Suppose that:

o The conditional distribution of X, given that © = 0, is normal with
mean 6 and variance 1;
o O itself is a normal random variable with mean p and variance 2.

Find the conditional distribution of © given that X = x.
o We show that X, © has a bivariate normal distribution.

o The joint density function of X,© can be written as

fx,e(x,0) = fxje(x|0)fe(0),

where fx|o(x|0) is a normal density with mean ¢ and variance 1.
o Let Z be a standard normal random variable that is independent of ©.

Then the conditional distribution of Z + ©, given that © = 6, is also
normal with mean 6 and variance 1.

Thus, the joint density of Z 4+ ©, © is the same as that of X, ©.
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Properties of Expectation

o The joint density of Z + © and © is clearly bivariate normal (both are
linear combinations of the independent normal Z and ©).

o Hence, X, © has a bivariate normal distribution.

o Now, EX] = E[Z+6]=p
Var(X) = Var(Z+0)=1+0?%
p = Corr(X,0)=Corr(Z+©,0)
-~ Cov(Z40,0) 4

\/Var(Z—l—@)Var(@) T V1toe?'

o The conditional distribution of ©, given X = x, is normal with

E[OIX =x] = E[6] + py/ e (x — E[X])
= p+ 15 (x—p);
Var(O|X = x) = Var(0)(1—p?) = m
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Properties of Expectation

o Let Xi,..., X, be independent normal random variables, each with

mean p and variance o2.

olet X =", % denote their sample mean.

o As a sum of independent normal random variables, X is also a normal
random variable.

R ) D)
As we have seen, X has expected value ;1 and variance Z-.

o Recall that Cov(X,X; — X) =0, i=1,...,n.
o Note X, X1 — X, Xo — X, ..., X, — X are all linear combinations of
the independent standard normals % i=1,...,n.

Thus, X, Xi — X, i =1,...,n has a joint distribution that is
multivariate normal.
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Properties of Expectation

o Let Y be a normal random variable, with mean g and variance "—nz
that is independent of the X;, i =1,...,n.

Then Y, X; — X, i=1,...,n also has a multivariate normal
distribution with the same expected values and covariances as the
random variables X, X; — X, i=1,...,n.

o But a multivariate normal distribution is determined completely by its
expected values and covariances.
Thus, Y, X;— X, i=1,...,nand X,X; — X, i =1,...,n have the
same joint distribution.

o This shows that X is independent of the sequence of deviations
X,'*X, i:1,...,n.

o X being independent of X; — X, i =

n (X

1,...,n, it is also independent of
2
the sample variance S? = Do )

X
n—1
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Properties of Expectation

o Since we already know that X is normal with mean p and variance

"—nz, it remains only to determine the distribution of S2.

o Recall, from a previous example, the algebraic identity
(n—1)8* = YLi(X—-X)
= YiaXi- p)? = n(X — p)?.

o Upon dividing by 2, we obtain

=% (Zot) =3 (2

Vn i=1

o Now, S°7_ . (X=£)2 is the sum of the squares of n independent
i=1 o

standard normal random variables.
o This is called a chi-squared random variable with n degrees of

freedom.
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Properties of Expectation

o Compute the moment generating function of a chi-squared random

variable with n degrees of freedom.
o Represent such a random variable as

Zp 4+ 77,

where 73, ..., Z, are independent standard normal random variables.
o Let M(t) be its moment generating function.
o Then, M(t) = (E[e'4°])", where Z is standard normal.

o Now,

E[etZZ] _ 1 fOO etx2e—x2/2dX

2

—00

3

|
§ =
—

—00

= o=(1-2t)712

e X2 gy (02 = (1 -2t)71)

We used the fact that the normal density with mean 0 and variance
o? integrates to 1. Thus, M(t) = (1 — 2t)~"/2.
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Properties of Expectation

o A chi-squared with n degrees of freedom has moment generating
function is (1 — 2t)~"/2,
N2
o But <¥) is the square of a standard normal random variable.
v
Hence, it is a chi-squared random variable with 1 degree of freedom.
So it has moment generating function (1 — 2t)~1/2.

o But, as we saw, the two random variables on the left side of the
displayed equation above are independent.

Hence, as the moment generating function of the sum of independent
random variables is equal to the product of their individual moment
generating functions:

E[et(n71)52/02](1 _ 21.)71/2 =(1- 2t)7"/2;
E[et(n—l)sz/az] _ (1 _ 2t)—(n—1)/2.
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Properties of Expectation

o But (1 —2t)~("=1)/2 is the moment generating function of a
chi-squared random variable with n — 1 degrees of freedom.

A moment generating function determines the distribution uniquely.

_1)52 .
We conclude that the distribution of % must be a chi-squared

with n — 1 degrees of freedom.

If X1,...,X, are independent and identically distributed normal random
variables with mean g and variance ¢, then:

o The sample mean X and the sample variance S? are independent;

2

> X is a normal random variable with mean 4 and variance e

9 (";12)52 is a chi-squared random variable with n — 1 degrees of freedom.
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