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Algebras, Subalgebras, Homomorphisms & Direct Products

Definition
For A a nonempty set and n a nonnegative integer, we define A® ={@} and,
for n>0, A" is the set of n-tuples of elements from A.

An n-ary operation (or function) on A is any function f from A" to A; n
is the arity (or rank) of . A finitary operation is an n-ary operation, for
some n.

The image of (a,...,a,) under an n-ary operation f is denoted by
f(a1,...,an).

An operation f on A is called a nullary operation (or constant) if its arity
is zero; it is completely determined by the image f(@) in A of the only
element @ in A%. As such it is convenient to identify it with the element
f(®). Thus a nullary operation is thought of as an element of A.

An operation f on A is unary, binary or ternary if its arity is 1,2, or 3,
respectively.
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Algebras, Subalgebras, Homomorphisms & Direct Products

Definition

A language (or type) of algebras is a set & of function symbols such
that a nonnegative integer n is assigned to each member f of &. This
integer is called the arity (or rank) of f, and f is said to be an n-ary
function symbol. The subset of n-ary function symbols in & is denoted
by Z,,.

Definition
If & is a language of algebras, then an algebra A of type & is an ordered
pair (A, F), where:
o Ais a nonempty set;
o F is a family of finitary operations on A indexed by the language &,
such that corresponding to each n-ary function symbol f in &, there
is an n-ary operation A on A.
The set A is called the universe (or underlying set) of A= (A,F).
The fA's are called the fundamental operations of A.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o If Z is finite, say & = {f1,..., i}, we often write (A, fi,..., f) for
(A, F), usually adopting the convention:

arityfy = arityfp = --- = arityfy.

o An algebra A is unary if all of its operations are unary.
It is mono-unary if it has just one unary operation.

o A is a groupoid if it has just one binary operation. The operation is
usually denoted by + or -, and we write a+ b or a-b (or just ab) for
the image of (a, b) under this operation and call it the sum or
product of a and b, respectively.

o An algebra A is finite if |A| is finite.
o An algebra A is trivial if |A|=1.
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Algebras, Subalgebras, Homomorphisms & Direct Products [SDefinitionsand Examples of Algebras

Groups and Abelian Groups

o A group G is an algebra (G,-, ~1,1) with a binary, a unary, and a
nullary operation in which the following identities are true:
CLx(y-z)=(x-y)-z;
G2 x-1=1-x=x;
2 xxlax1lxx1.
o A group G is Abelian (or commutative) if the following identity is
true:
G4 x-y=y-x.

George Voutsadakis (LSSU) Universal Algebra June 2020 7/85



Algebras, Subalgebras, Homomorphisms & Direct Products

o Groups are generalized to semigroups and monoids in one direction,
and to quasigroups and loops in another direction.
o A semigroup is a groupoid (G,-) in which (G1) is true.
It is commutative (or Abelian) if (G4) holds.
o A monoid is an algebra (M,-,1) with a binary and a nullary operation
satisfying (G1) and (G2).
o A quasigroup is an algebra (Q,/,-,\) with three binary operations
satisfying the following identities:
N\Gey)=yi (xoy)]y=x;
x-(xX\y)=yi  (x/y)y=x.
o A loop is a quasigroup with identity, i.e., an algebra (Q,/,-,\,1) which
satisfies (Q1), (Q2) and (G2).
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Algebras, Subalgebras, Homomorphisms & Direct Products [SDefinitionsand Examples of Algebras

Rings

o Aring is an algebra (R,+,-,—,0), where + and - are binary, — is unary
and 0 is nullary, satisfying the following conditions:
R1 (R,+,—,0) is an Abelian group;
R2 (R,-) is a semigroup;
R3 x-(y+z2)=(x-y)+(x-2)
(x+y)-z=(x-2)+(y-2).
o A ring with identity is an algebra (R,+,-,—,0,1), such that (R1)-(R3)
and (G2) hold.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o Let R be a given ring. A (left) R-module is an algebra
(M, +,-,0,(f;)rer), where + is binary, — is unary, 0 is nullary, and
each f, is unary, such that the following hold:
(M, +,-,0) is an Abelian group;
fr(x+y) = fr(x)+f(y), for reR;
fris(x) = fr(x) + fs(x) for r,seR;
fr(fs(x)) = fis(x), for r,seR.
o Let R be a ring with identity. A unitary R-module is an algebra as
above satisfying (M1)-(M4) and:
f(x) = x.
o Let R be a ring with identity. An algebra over R is an algebra
(A, +,+,—,0,(f;)rer), such that the following hold:
(A +,—,0,(f)rer) is a unitary R-module;
(A, +,-,—,0) is a ring;
Fi(x-y) = (F()) -y = x-F(y), for reR.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o A semilattice is a semigroup (S,-) which satisfies the commutative
law (G4) and the idempotent law

X X=X.

o A lattice is an algebra (L, v, A), with two binary operations which

satisfies
(commutative laws) (idempotent laws)
XVYy=yVX; XVX=X;
XAy =YNX; XAX=X;
(associative laws) (absorption laws)
xV(yvz)=(xVvy)vz; x=xV(XAy);
XA(yAzZ)=(xAYy)AzZ; x=xA(xVy).

o An algebra (L, Vv, A,0,1), with two binary and two nullary operations is
a bounded lattice if it satisfies:

(L,Vv,N) is a lattice;
xAN0=0; xvl=l.
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Subsection 2

Isomorphic Algebras and Subalgebras
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Algebras, Subalgebras, Homomorphisms & Direct Products

Definition
Let A and B be two algebras of the same type &#. Then a function
a:A— B is an isomorphism from A to B if:

o a is one-to-one and onto;

o for every n-ary f € & and for all ay,...,a, € A, we have

a(fA(al,...,a,,)) = fB(a(al),...,a(a,,)).

We say A is isomorphic to B, written A =B, if there is an isomorphism
from A to B.

o The properties of algebras that are invariant under isomorphism are
called algebraic properties.

o Isomorphic algebras can be regarded as equal or the same, having the
same algebraic structure, and differing only in the nature of the
elements: The phrase “ " is often used.
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Algebras, Subalgebras, Homomorphisms & Direct Products

Definition
Let A and B be two algebras of the same type. Then B is a subalgebra of
A if B< A and every fundamental operation of B is the restriction of the
corresponding operation of A; i.e., for each function symbol f, fB is fA
restricted to B. We write simply B < A.

A subuniverse of A is a subset B of A which is closed under the
fundamental operations of A; i.e., if f is a fundamental n-ary operation of
A and ay,...,a, € B we would require f(ay,...,a,) € B.

o Thus, if B is a subalgebra of A, then B is a subuniverse of A.

o The empty set may be a subuniverse, but it is not the underlying set
of any subalgebra.

o If A has nullary operations then every subuniverse contains them as
well.
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Algebras, Subalgebras, Homomorphisms & Direct Products

Let A and B be of the same type. A function a: A— B is an embedding
of A into B if a is one-to-one and satisfies

a(fP(a,...,an)) = FB(a(a1),..., a(an)).
Such an a is also called a monomorphism. For brevity we simply say
“a:A — B is an embedding”. We say A can be embedded in B if there is
an embedding of A into B.

If @: A — B is an embedding, then a(A) is a subuniverse of B.

o Let a: A — B be an embedding. Then, for an n-ary function symbol f
and ay,...,ap € A, fB(a(ay),...,a(an)) = a(fA(ay,...,an)) € a(A).

If @:A— B is an embedding, a(A) denotes the subalgebra of B with
universe a(A).
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Algebras, Subalgebras, Homomorphisms & Direct Products

o Let K be a class of algebras and let K; be a proper subclass of K.

o In practice, K may have been obtained from the process of abstraction
of certain properties of Ki; or K1 may be obtained from K by certain
additional, more desirable, properties.

o Two basic questions arise in the quest for

Is every member of K isomorphic to some member of K17
Is every member of K embeddable in some member of K;7?

<

Every Boolean algebra is isomorphic to a field of sets.

Every group is isomorphic to a group of permutations.

A finite Abelian group is isomorphic to a direct product of cyclic
groups.

o A finite distributive lattice can be embedded in a power of the
two-element distributive lattice.

¢ ©
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Subsection 3

Algebraic Lattices and Subuniverses
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Algebras, Subalgebras, Homomorphisms & Direct Products

Given an algebra A, define, for every X c A,

Sg(X)=[){B:X < B and B is a subuniverse of A}.

We read Sg(X) as "the subuniverse generated by X"

If we are given an algebra A, then Sg is an algebraic closure operator on A.

o Observe that an arbitrary intersection of subuniverses of A is again a
subuniverse. Hence Sg is a closure operator on A whose closed sets
are precisely the subuniverses of A. Now, for any X € A, define

E(X) = Xuf{f(a1,...,an):f is a fundamental n-ary operation
on A,new, and ay,...,an € X}
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Algebras, Subalgebras, Homomorphisms & Direct Products

o We defined, for X c A,

E(X) = Xuf{f(a1,...,an):f is a fundamental n-ary operation
on A n€ew, and ay,...,a, € X}

Then define E"(X), for n=0, by induction, as follows:
E%(X)=X, E"Y(X)=E(E"(X)).

As all the fundamental operations on A are finitary and
X c E(X)< E?(X) <+, we can show that

Sg(X)=XUE(X)UE*(X)u---.

Therefore, if ae Sg(X), then ae E"(X), for some ne€ w. Hence, for
some finite Y < X, ae E"(Y). Thus, aeSg(Y). But this says Sg is
an algebraic closure operator.
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Algebras, Subalgebras, Homomorphisms & Direct Products

Corollary

If A is an algebra then Lsg, the lattice of subuniverses of A is an algebraic
lattice.

o The corollary says that the subuniverses of A, with < as the partial
order, form an algebraic lattice.

Given an algebra A, Sub(A) denotes the set of subuniverses of A, and
Sub(A) is the corresponding algebraic lattice, the lattice of subuniverses
of A.

For X € A, we say X generates A (or A is generated by X; or X is a set
of generators of A) if Sg(X)=A.

The algebra A is finitely generated if it has a finite set of generators.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o Every algebraic lattice is isomorphic to the lattice of subuniverses of
some algebra:

Theorem (Birkhoff and Frink)

If L is an algebraic lattice, then L = Sub(A), for some algebra A.

o Let C be an algebraic closure operator on a set A, such that L= L.
For each finite subset B of A and each be C(B), define an n-ary
function fg  on A, where n=|B]|, by

b, if B={ay,...,an}

CUCIRED) ={ ai, otherwise

A. Then clearly fg p(a1,...,an) € C({a1,...,an}). Hence, for X € A,
Sg(X) < C(X). On the other hand,
C(X)=U{C(B): B< X and B is finite} and, for B finite,
C(B)={fgp(a1,...,an): B=1{a1,...,an}, be C(B)} = Sg(B) = Sg(X)
imply C(X) < Sg(X). Hence, C(X)<Sg(X). Thus, Lc =Sub(A). So
Sub(A)=L.

. Call the resulting algebra



Algebras, Subalgebras, Homomorphisms & Direct Products

o For a given type there cannot be “too many” algebras (up to
isomorphism) generated by sets no larger than a given cardinality.
o Recall that w is the smallest infinite cardinal.

Corollary
If A is an algebra and X € A, then

ISg(X)| < IX|+|Z |+ w.

o Using induction on n, one has

[E"(X) = IX|+|Z| +w.
o |EO(X)=1X| < |X|+|F|+w;
o |EMY(X)| = |E(E"(X)I < |EM(X)|+|F| +w < |X|+|F| + w.
So the result follows from Sg(X)=XUE(X)UE?(X)uU---
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n-ary Closure Operators

Let C be a closure operator on A. For n<w, let C, be the function defined
on Su(A) by

Co(X)=UJIC(Y): Y= X,IYI<n}.
We say that C is n-ary, if
C(X)=Ca(X)uC3(X)u---,

where:
o Gu(X) = Ca(X);
o CXH(X) = GG (X)).
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Algebras, Subalgebras, Homomorphisms & Direct Products [SAlgebraiciEatticestand Subuniverses

Generation and n-ary Closure Operators

Lemma

Let A be an algebra all of whose fundamental operations have arity at most
n. Then Sg is an n-ary closure operator on A.

o Recall the definition

E(X) = Xu{f(ai,...,an):f is a fundamental n-ary operation
on A,new, and ay,...,a, € X}

Note that E(X) < Sg,(X) < Sg(X). Hence,

Sg(X) XUE(X)UE2(X)u---
Sgn(X)uSga(X)u---

Sg(X).

NN 1

So Sg(X) =Sga(X)USgh(X)u---

George Voutsadakis (LSSU) Universal Algebra June 2020 24 /85



Algebras, Subalgebras, Homomorphisms & Direct Products [SCongruencesiand Quotient Algebras

Subsection 4

Congruences and Quotient Algebras
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Algebras, Subalgebras, Homomorphisms & Direct Products

Let A be an algebra of type & and let 6 € Eq(A). Then 0 is a congruence
on A if 6 satisfies the following compatibility property:

For each n-ary function symbol f € &, and elements a;, b; € A, if
a; 0 b; holds, for 1<i<n, then fA(ay,...,a,) 6 fA(by,...,b,) holds.

o The compatibility property allows introducing an algebraic structure
on the set of equivalence classes A/0:

If a1,...,a, are elements of A and f is an n-ary symbol in &, then the
easiest choice of an equivalence class to be the value of f applied to
(a1/0,...,a,/0) is fA(ay,...,an)/0.

This will indeed define a function on A/ iff (CP) holds.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o The Compatibility Condition for a binary operation is illustrated below:

a, e i i as e i
h[ . i i /7: . i
E f\(al’ai) ° E E
AR SRS :
A is subdivided into the equivalence classes of 0.

Then selecting ai, by in the same equivalence class and ap, by in the
same equivalence class, we want f2(ay,a2) and fA(by, by) to be in the

same equivalence class.
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Algebras, Subalgebras, Homomorphisms & Direct Products

Definition
The set of all congruences on an algebra A is denoted by ConA. Let 6 be a
congruence on an algebra A. Then the quotient algebra of A by 0,
written A/6, is the algebra whose universe is A/0 and whose fundamental
operations satisfy

FA/9(a1/0,...,a,/0) = FA(ay,...,an)/6,
where aj,...,ap € A and f is an n-ary function symbol in &.

o Note that quotient algebras of A are of the same type as A.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o Let G be a group.
Then one can establish the following connection between congruences
on G and normal subgroups of G:

If 8 € ConG, then 1/6 is the universe of a normal subgroup of G;
For a,be G, we have (a,b)e 0 iff (a-b~1,1)e@ iffa-b L€ 1/6.
If N is a normal subgroup of G, then the binary relation defined on G
by
(a,byed iff a-bleN

is a congruence on G, with 1/6 = N.

Thus, the mapping 6 — 1/0 is an order-preserving bijection between
congruences on G and normal subgroups of G.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o Let R be a ring.

The following establishes a similar connection between the
congruences on R and ideals of R:

If 6 € ConR, then 0/0 is an ideal of R;
For a,be R, we have (a,by €6 iff (a—b,0y€ 6 iff a—be0/0.
If I is an ideal of R, then the binary relation 0 defined on R by

(a,bye@ iff a—-bel

is a congruence on R, with 0/6 =1.

Thus the mapping 6 — 0/0 is an order-preserving bijection between
congruences on R and ideals of R.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o In the preceding two examples any congruence on the algebra (group
or ring) was determined by a single equivalence class of the
congruence (1/60 and 0/6, respectively).

o The next example shows this need not be the case:

Let L be a lattice which is a chain, and let 6 be an equivalence relation
on L, such that the equivalence classes of 8 are convex subsets of L
(i.e.,if a0 band a<sc<b, then a0 c.) Then 0 is a congruence on L.
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Algebras, Subalgebras, Homomorphisms & Direct Products

(ConA, <) is a complete sublattice of (Eq(A),<), the lattice of equivalence
relations on A.

o ConA is closed under arbitrary intersections. For arbitrary joins in
ConA suppose 0; € ConA for i€ l. Then, if f is a fundamental n-ary
operation of A and

(a1, b1),...,{an, bn) € \/0/'7

i€l
where V/ is the join of Eq(A), then, there exist fy,...,ix € /, for some
k € w, such that

(aj,bj)€0jy00j 0---00;, 1=<j=<n.
That is, for all j=1,...,n, there exist cjo,...,Cjk-1) € A, such that

aj O, ¢jo 0iy - 0i,_, Cjk-1) 0j, b;.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o Forall j=1,...,n, there exist ¢jo,...,Cjk-1) € A, such that
aj Oiy cjo Oiy, -+ 0i,_, Cj(k-1) Oi by
Since 0; € ConA, for all i€/, we get
f(a1,...,an) Bjy f(c10,...,cn0) Oi,
iy F(Cr(k-1)>-++»Cn(k-1)) O F(b1,...,bn).

Hence

(f(al,...,a,,),f(bl,...,b,,))66;006;10~ ,k_VO

i€l

Therefore, \je;0; is a congruence relation on A.

Definition

The congruence lattice of A denoted by ConA, is the lattice whose
universe is ConA, and meets and joins are calculated the same as when
working with equivalence relations.
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Algebras, Subalgebras, Homomorphisms & Direct Products

Theorem

For A an algebra, there is an algebraic closure operator ® on A x A, such
that the closed subsets of A x A are precisely the congruences on A. Hence
ConA is an algebraic lattice.

o We define an algebraic structure on Ax A. For each n-ary function
symbol f in the type of A, define a corresponding n-ary function f on
Ax A by f({a1,b1),...,{an, bn)) = (fA(al,...,a,,),fA(bl,...,bn)). Then
we add:

o the nullary operations (a, a), for each a€ A;

@ a unary operation s, defined by s({a, b)) = (b, a);

o a binary operation t defined by t((a, b), (c,d}) ={ g: Z;: Icftﬁe:rv:ise .
Now we can verify that B is a subuniverse of this new algebra iff B is
a congruence on A. Let © be the Sg closure operator on A x A for the

algebra we have just described. Thus, ConA is an algebraic lattice.



Algebras, Subalgebras, Homomorphisms & Direct Products

o The compact members of ConA are the finitely generated members
O((a1, b1),...,{an, bp)) of ConA.

For A an algebra and aj,...,a, € A, let ©(ay,...,a,) denote the congruence
generated by {(aj,a;) : 1=<i,j<n}, i.e., the smallest congruence such that
ai,...,ap are in the same equivalence class. The congruence ©(as,ay) is
called a principal congruence. For arbitrary X € A, let ©(X) be defined
to mean the congruence generated by X x X.
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Algebras, Subalgebras, Homomorphisms & Direct Products

If G is a group and a,b,c,d € G, then (a,b) € O(c,d) iff ab L is a
product of conjugates of cd™! and conjugates of dc!.

This follows from the fact that the smallest normal subgroup of G
containing a given element u has as its universe the set of all products
of conjugates of u and conjugates of u™!.

If R is a ring with unity and a,b,c,d € R, then (a,b) € ©(c,d) iff a—b
is of the form Y1<;<, ri(c —d)s;, where rj,s; € R.

This follows from the fact that the smallest ideal of R containing a
given element e of R is precisely the set {Y ;<i<,ries;: ri,si€ R,n=1}.
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Algebras, Subalgebras, Homomorphisms & Direct Products

Let A be an algebra, and suppose ai, by,...,an, by € A and 6 € ConA. Then:
0O(a1,b1) =0(b1,a1);
0((a1, b1),...,{an, bnY) =0(a1, b1) vV--- v O(an, by);
0(a1,...,an) =0(a1,32) vO(az,a3) vV---vO(ap-1,an);
0 =U{O(a,b):(a, by €0} =V{O(a,b):(a,b)cb};
0 =Ui0((a1, b1), ..., (am bn)) : (@i, by €0,n = 1}

(b1,a1) € ©(a1,b1). Hence, ©(by,a1) =O(a1, b1). By symmetry,
@(al,bl) :®(b1,al).

For 1<i<n, (aj, bj) € ©({a1, b1),...,{an, bn)). Hence

O(a;, bj) =©({a1, b1),...,{an, bp)), whence

@(al, bl) VeV @(a,,, bn) c @((31, b1>,..., (a,,, b,,))
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Algebras, Subalgebras, Homomorphisms & Direct Products

On the other hand, for 1 <i<n,

(aj, bi) €©(aj, bj) =O(ay,by) v---vO(ap, by). So
{(a1,b1),...,{an, b)Y} = O(a1,b1) v--- v O(ap, by). Hence,

0({a1, b1),...,{an, bn)) =O(a1,b1) v---vO(an, by). So

@((31, bl),..., (an, bn)) = @(31, bl) VeV ®(an, bn).

For 1<i<n-1, (aj,a;+1) €O(a1,...,an). So O(aj,ai+1) €O(a1,...,an)-
Hence, ©(a1,a2) V- vO(ap-1,an) €O(a1,...,an).

Conversely, for 1<i<j=<n, (aj,aj) €0O(aj,aj4+1)0---00(aj-1,3j). So,
(aj,aj) €0O(aj,ai+1) V-V O(aj_1,aj). Hence,

(aj,a;) €O(ar,a2) V---vO(ap-1,an). By Part (a),
0(a1,...,an) €0(a1,32) vV---vO(an-1,an). Therefore,

0(ay,...,an) =0(a1,a2) V- vO(ap-1,an).
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Algebras, Subalgebras, Homomorphisms & Direct Products

For (a,by €0, (a,b) € ©(a,b) =6. So

0 <U{O(a,b): (a, by €0} = \V{O(a,b): (a,b) € 6} <. Hence

0 =U{O(a,b):(a, by} =\/{O(a,b):(a,b)€b}.

For (a,b) €0,

(a,b) € ©(a,b) < U{O(a1, b1),...,{an, bn)) : {aj, bjy €0,n=1}. So
0 cUB((a1, b1),...,(an, bn)) : (aj, bi) €0,n = 1}.

Conversely, if n=1 and (a;, b;) €0, for all 1<i<n, then
0({a1, b1),...,{an, bn)) =0. Hence,

UiB((a1, b1),...,{an, b)) : (aj, bi) €0,n =1} < 0.

Therefore, 0 = U{O({a1, b1),...,{an, bn)) : {aj, b;) €0,n=1}.
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Algebras, Subalgebras, Homomorphisms & Direct Products

o In 1963 Gratzer and Schmidt proved:
For every algebraic lattice L, there is an algebra A, such that L = ConA.

o For particular classes of algebras one might find that some additional
properties hold for the corresponding classes of congruence lattices:

o The congruence lattices of lattices satisfy the distributive law;
o The congruence lattices of groups (or rings) satisfy the modular law.
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Definition

An algebra A is congruence-distributive (congruence-modular) if
ConA is a distributive (modular) lattice.
If 61,6, € ConA and

01002 =0,001,

then we say 0; and 0, are permutable, or 6; and 6, permute.

A is congruence-permutable if every pair of congruences on A permutes.
A class K of algebras is congruence-distributive, congruence-modular,
respectively congruence-permutable iff every algebra in K has the desired
property.
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Characterization of Congruence Permutability

Let A be an algebra and suppose 01,6, € ConA. Then the following are
equivalent:

() 01002=07001;
(C) 0100, <0500.

(a)=(b): Recall that
91 V92 =91 U(91092)U(91 092091)U'-' o

By hypothesis, since, for any equivalence relation 8, we have 800 =0,
we get 61 V6> =91U(91 092) =01005.
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(c)=(a): Suppose 0106, <0,007. Apply the relational inverse
operation ¥ to get (010602)Y =(02001)". Hence, we get

05 06y <6 00). But the inverse of an equivalence relation is just that
equivalence relation, whence 0,00, €61 06>. We conclude that
01060,=05001.

(b)=(c): We have 020601 <601 Vv 0,. Thus, from (b) we deduce

02001 <0100;. Then, from (c)=(a) it follows that 8,007 =61 00,.
Hence (c) holds.
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Congruence-Permutability Implies Congruence-Modularity

Theorem (Birkhoff)

If A is congruence-permutable, then A is congruence-modular.

o Let 61,605,053 € ConA, with 6; =6,. We want to show that
6>n (91 V93) cO1v (92 093).

Suppose (a, by € 02N (01 v O3). Then, since 01 v O3 =0;1003, there is a
¢, such that a 61 ¢ 63 b. By symmetry, (c,a) € ;. Hence {c,a) € 6>.
Then, by transitivity, {(c,b) € 0>. Thus, {c,b) € 02N 63. So we get
a0y c (62n03) b. Therefore,

(a,b) € 01 0(92 093) cO1Vv (92 093).
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Subsection 5

Homomorphisms and the Homomorphism Theorems
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Definition
Suppose A and B are two algebras of the same type &. A mapping
a:A— B is called a homomorphism from A to B if

a(fA(al,...,a,,)) = fB(a(al),...,a(a,,)),

for each n-ary f in & and each sequence ay,...,a, from A.

If, in addition, the mapping a is onto, then a is called an epimorphism

and B is said to be a homomorphic image of A. In this terminology an
isomorphism is a homomorphism which is one-to-one and onto.

In case A =B, a homomorphism is also called an endomorphism and an
isomorphism is referred to as an automorphism.

The phrase “a: A — B is a homomorphism” is often used to express the

fact that a is a homomorphism from A to B.

. Lattice, group, ring, module, and monoid homomorphisms
are all special cases of homomorphisms as defined above.
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Theorem

Let A be an algebra generated by a set X. If a:A—B and f: A— B are
two homomorphisms which agree on X (i.e., @(a) = f(a), for a€ X), then

a=p.

o Recall the definition of E:

E(X) = Xuf{f(a1,...,an):f is a fundamental n-ary operation
on An€w, and ay,...,a € X}.
Note that if @ and f agree on X, then a and f agree on E(X): If fis
an n-ary function symbol and ay,...,a, € X, then

a(fP(ay,...,an)) = fB(a(a1)...,a(an))
fB(B(a1),.... B(an))
= B(fA(ay,...,an)).
Thus, by induction, if @ and B agree on X, then they agree on
E"(X), for n<w. Hence, they agree on Sg(X).
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Let a: A — B be a homomorphism. Then the image of a subuniverse of A
under a is a subuniverse of B, and the inverse image of a subuniverse of B
is a subuniverse of A.

o Let S be a subuniverse of A. Let f be an n-ary member of & and let
ai,...,an€S. Then fB(a(a1),...,a(an)) = a(fA(a1,...,an)) € a(S). So
a(S) is a subuniverse of B.

If S is a subuniverse of B and a(a1),...,a(an) €S, then, by the
preceding equation, a(fA(ay,...,a,))€S. So fA(ay,...,a,) is in
a (S). Thus, a™1(S) is a subuniverse of A.

If @:A— B is a homomorphism and C< A, D <B, let a(C) be the
subalgebra of B, with universe a(C), and let a=*(D) be the subalgebra of

A, with universe a (D), provided a (D) # @.
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Composition of Homomorphisms

Suppose @ : A — B and f: B — C are homomorphisms. Then the
composition foa is a homomorphism from A to C.

o For f an n-ary function symbol and ay,...,a, € A, we have

(Boa)(fA(ar,....an)) = B(a(fA(ar,-...an)))
= B(re(a(a),...,a(an)))
= fS(B(a(ar)).-... B(a(an)))
= fC((Boa)(ar),....(Boa)(an)).
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If «: A — B is a homomorphism and X is a subset of A, then

a(Sg(X)) = Sg(a(X)).

o We have, for all Y C A,

a(E(Y))

a(Yuif®(ay,...,an): fEFp,neway,...,ane Y})
a(Y)ula(fP(ay,...,an)): fEFynew,ay,...,an€ Y}
a(Y)ulfB(a(ay),...,a(an)): fEFrnew,ay,...,an€ Y}
a(Y)UlfB(by,...,by): f€Fp,new,by,....bpeal(Y)}
E(a(Y)).

Thus, by induction on n, a(E"(X)) = E"(a(X)), for n=1. Hence
a(Sg(X)) = a(XUE(X)UE%(X)u--)

a(X)ua(E(X))ua(E2(X))u---
a(X)U E(a’(X))U E2(a(X))U... — Sg(a(x)).
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Let a: A — B be a homomorphism. Then the kernel of a, written ker(a),
and sometimes just kera, is defined by

ker(a) = {(a, by € A% : a(a) = a(b)}.

Let a: A — B be a homomorphism. Then ker(a) is a congruence on A.

o If (a;,b;) eker(a), for L<i<nand f is n-ary in &, then

a(fA(ay,...,an)) = fB(a(a1),...,a(an))
fB(a(br),...,a(by))
a(fA(by,...,bp)).

Hence (fA(a1,...,an), fA(b1,..., by)) € ker(a). Clearly ker(a) is an
equivalence relation. Thus, ker(a) is actually a congruence on A.
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The Natural Map

Let A be an algebra and let 6 € ConA. The natural map vg: A— A/0 is
defined by

vg(a) =a/0.
When there is no ambiguity we write simply v instead of vy.

o The figure shows how one might visualize the natural map:

CCIL]
L]
C U
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The Natural Homomorphism

The natural map from an algebra to a quotient of the algebra is an onto
homomorphism.

o Let € ConA and let v: A— A/0 be the natural map. Then, for f an
n-ary function symbol and ay,...,a,€ A, we have

v(fA(ay,...,an))

fA(al,...,an)/e
FA/0(a1/6,...,a,/0)
FAO (v(ay),...,v(an)).

So v is a homomorphism. Clearly v is onto.

The natural homomorphism from an algebra to a quotient of the algebra
is given by the natural map.
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Theorem (Homomorphism Theorem)

Suppose @ : A — B is a homomorphism
onto B. Then there is an isomorphism
from A/ker(a) to B defined by a = fov,
where v is the natural homomorphism
from A to A/ker(a).

v

N Ogog

.
LI0C]

Alker «

o First note that if @ = fov, then we must have f(a/0) = a(a). The
second of these equalities does indeed define a function 8 and
satisfies @ = Bov. We verify that § is a bijection:

o If be B, exists a€ A, such that b=a(a). Then B(a/kera) = a(a) = b;
o Suppose a,a' € A. Then f(a/kera) = B(a'/kera) iff a(a)=a(a’) i
(a,a") € kera iff a/kera = a'/kera.

ff
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o To show that g is actually an isomorphism, suppose f is an n-ary
function symbol and ay,...,a, € A. Then

B(FA(a/6,....an/0) = B(FA(aL,....an)/6)
= a(fA(al,...,an))
= fB(a(ay),...,a(an))
= fB(B(a1/0),...,B(an/0)).

o An algebra is a homomorphic image of an algebra A iff it is isomorphic
to a quotient of the algebra A.

Thus, the “external” problem of finding all homomorphic images of A
reduces to the “internal” problem of finding all congruences on A.

o The Homomorphism Theorem is also called “
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Quotient of a Congruence by a Smaller Congruence

Suppose A is an algebra and ¢,0 € ConA, with 6 =¢. Then, let

¢/0=1{(a/0,b/0) € (A/6)?: (a,b) € ¢}.

Lemma

If ¢,0 € ConA and 6 < ¢, then ¢/0 is a congruence on A/6.

o Let f be an n-ary function symbol and suppose (a;/0, b;/6) € ¢ /0, for
1<i<n. Then (a;, by €. So (FA(ay,...,an), FA(b1,...,bn)) € p, and,
thus, (FA(ay,...,an)/0, fA(b1,...,bs)/0) € $/6. Therefore,
(FA0(a1/0,...,a,/0),fA0 (b /6,...,b,/0)) € $/6.
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Second Isomorphism Theorem

Theorem (Second Isomorphism Theorem)
If ¢,0 € ConA and 0 < ¢, then the

map a: (A/0)/(¢/0) — A/, de- g
fined by L

dashed lines for equivalence

/ classes of ¢

equivalence classes

of ¢/0 ~, .
a((a/0)/(4/0)) =a/¢ ooioooo 100
i i

oOoooOoon
is an isomorphism from g_g_rg_gﬁ:_g C1000
(A/0)/(6/0) to A/ R s

o Let a,be A. From (a/0)/(¢/0) = (b/0)/(¢/0) iff a/¢ = b/, it

follows that a is a well-defined bijection.
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Second Isomorphism Theorem (Cont'd)

o For f an n-ary function symbol and ay,...,a, € A, we have

a(fA/O@0) ((a1/6)/(4/6),...,(an/0)/($/6)))
=a(fA%(a1/6,...,a,/0)/($/6))
= a((fA(a1,...,a,)/0)/($/0))
=fA(ay,...,an) /¢
= fA/(p(al/(»b’-'-!an/(»b)
= fA/?(a((a1/6)/(4/6))....,a((a:/60)/($/6)))-

So a is an isomorphism.
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Definition

Let A be an algebra. Suppose B is a subset of A and 6 is a congruence on
A. Let

B’={acA:Bna/6 # ).

Let B? be the subalgebra of A generated by B?. Also define O[5 to be
0 N B2, the restriction of 6 to B.

| I | |
| | | | | | | |
It et Rt St et e BG ) o
L - 'A/_i',/_/ The dashed-line subdivisions of A are
—t+ = ——:——:——:—:— -----1 B the equivalence classes of 6.
NN N IR RN Y B Y
1|_ : 4{ | [ = |
| | |
117771771 1T—
__:_ : : T T _I_A/A
oo o T T
l ! ! I | | | |
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Lemma

If B is a subalgebra of A and 6 € ConA, then
The universe of B? is BY.

0] is a congruence on B.

Suppose f is an n-ary function symbol. Let ay,...,a, € B?. Then one
can find byq,...,b, € B, such that (a;,b;) €6, 1 <i<n. Hence,
(FA(a1,...,an), FA(b1,...,by)) €6, so fA(ay,...,an) € BY. Thus, BY is a
subuniverse of A.

To verify that 6]g is a congruence on B, let f be an n-ary function
symbol in &, ay,...,an, b1,...,by € B, such that (a;,b;) €0, 1<i<n.
Then

fB(ay,...,an) =P (a1,...,an) 0 FA(by,...,by) = FB(by,..., bp).

Hence, (fB(ay,...,an),fB(b1,..., b)) €0]5.
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The Third Isomorphism Theorem

Theorem (Third Isomorphism Theorem)

If B is a subalgebra of Aand 0 ; 5 4 g OO0
ConA, then 1000 . OOO0O0
B/01g=B"/0]g. oooa O0Oo00
e OOo0od

B/0] B0y

o We can verify that the map a which is defined by

a(b/01)=b/01ps

gives the desired isomorphism.
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o If L is a lattice and a,be L, with a< b, then the interval [a,b] is a
subuniverse of L.

Definition
For [a, b] a closed interval of a lattice L, where a< b, let [a, b] denote the
corresponding sublattice of L.

Theorem (Correspondence Theorem)

Let A be an algebra and let 8 € ConA. A """t
Then the mapping a defined on [0,V 4] by o

a(p)=¢/6
is a lattice isomorphism from [0,V4] to
ConA/6, where [0,V 4] is a sublattice of
ConA. Con A
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o To see that a is one-to-one, let ¢, w € [0,V 4], with ¢ # . Then,
without loss of generality, we can assume that there are elements
a,be A, with (a,b)e p—. Thus, (a/0,b/0) € (¢p/0)—(v/0). So
a(¢p) # a(y).

To show that a is onto, let ¢ € ConA /6. Define ¢ to be ker(vyvg).
Then for a,b€e A,

(a/0,b/0) € /0 iff (a, by € ¢ iff (a/0,b/0) € .

So /6 =1.
Finally, we will show that a is an isomorphism. If ¢,y € [0,V 4], then it
is clear that

o<y iff ¢/0 <y /0 iff a(¢p) < a(y).

George Voutsadakis (LSSU) Universal Algebra



Algebras, Subalgebras, Homomorphisms & Direct Products [SDifect Products and Factor Congruences

Subsection 6

Direct Products and Factor Congruences
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o Subalgebras and quotient algebras, do not give a means of creating
algebras of larger cardinality than what we start with, or of combining
several algebras into one.

Let A; and A, be two algebras of the same type &. Define the (direct)
product A; x A, to be the algebra whose universe is the set A; x A, and
such that for f € #, and a;€ Aj,a,€ Ay, 1<i=<n,

FAL*R2((a1,a0),...,(an al)) = (FP1(ay,...,an), FA2(a), ..., a,)).

o In general neither A; nor A, is embeddable in Ay x As; In special
cases, e.g., groups, this is possible because there is always a trivial
subalgebra.

The mapping m;: A1 x Ay — Aj, i €{1,2}, defined by m;({a1,a2)) = a;, is
called the projection map on the j-th coordinate of A; x Aj;.
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For i=1 or 2, the mapping 7; : A1 x A, — A; is a surjective homomorphism
from A =A; x A, to A;. Furthermore, in ConA; x Ay we have:

kermq x kermo = A;
kermy and kerm, permute;

kermy v kermp =V.

o Clearly 7; is surjective. If f € %, and a; € Ay, a} € Ay, 1<i<n, then

nl(fA((al,a’1>,...,(a,,,aj,)) m1((FA(ay,...,an), fAz(a’l,...,aj,)>)
fAl(al,...,a,,)

FA(m1(¢a1,@))), ..., 1 ((an, a)))).

So 77 is a homomorphism. Similarly, 75 is a homomorphism.
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Properties of Projection Maps (Cont'd)

o We have

((a1,a2), (b1, bo)) € kerm; iff m;i({a1,a2)) =mi({b1,b2))
iff a;=b;.

Thus, kermy Nnkermy = A.
Also, if (ai, an), (b1, bo) are any two elements of A; x A,, then

(a1,a2) kermy (a1, bp) kerma (b1, bo).

So V =kermy okermy. But then kermy and kermp permute, and their
join is V.
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A congruence 6 on A is a factor congruence if there is a congruence 6*
on A, such that

O0nO*=A, OvO* =V, 0 permutes with 6*.

The pair 68,0 is called a pair of factor congruences on A.

If 6,0" is a pair of factor congruences on A, then A=A/ x A/6* under
the map a(a)=<(a/0,a/0").

o If a,be A, and a(a)=a(b), then a/0=b/6 and a/60* =b/0*, so
(a,by €6 and (a, by € 6%, whence a=b. Therefore, a is injective.
Next, given a,be A, there is a c€ A, with a 8 ¢ 6* b. Hence,
a(c)=(c/0,c/0%y=(a/0,b/0*), whence «a is onto.
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Factor Congruences (Cont'd)

o Finally, for f € &#, and ay,...,an € A,

a(fA(a1,...,an)) = (FA(a1,...,an)/0,fP(a1,...,an)/0")
= (fA/9(a1/0,...,a,/0),FA/% (a1/0%,...,3,/6%))
= fA/GXA/e*((31/9,31/9*),...,(a,,/B,a,,/H*))

= fAIOXAO" (q(ay),...,a(an)).

Hence a is indeed an isomorphism.
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Direct Indecomposability

An algebra A is (directly) indecomposable if A is not isomorphic to a
direct product of two nontrivial algebras.

Cxample: Any finite algebra A, with |A] a prime number must be
directly indecomposable.

Corollary

A is directly indecomposable iff the only factor congruences on A are A
and V.
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Definition

Let (Aj)ies be an indexed family of algebras of type &. The (direct)
product A =[J;c;A; is an algebra with universe [];c; A; and such that for
feZ, and ay,...,an€llic/ A,

fA(a1,...,an) (i) = FA (a1 (i),...,an(i)), i€,

i.e., fA is defined coordinate-wise.

The empty product []@ is the trivial algebra with universe {®}.

As before, we have projection maps 7 : []ic; Aj — A;, for j €/, defined by
mj(a) = a(j), which give surjective homomorphisms 7; : [];c/ A; — A;.

If /=1{1,2,...,n}, we also write Ay x---x A,,.

If I is arbitrary but A; = A, for all i€/, then we usually write A’ for the
direct product, and call it a (direct) power of A. A? is a trivial algebra.
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Visualization and Basic Properties of Direct Products

o A direct product [;e; A; of sets is often visualized as a rectangle with
base / and vertical cross sections A;.

a
Ai

1 i
An element a of [[;c/ A; is then a curve.

If A;,A, and Aj are of type &, then:
(2) A1 xApx=AsxAp under a({a1,a2)) =(az,ar1).
(b)) Apx (A xA3z) = A1 xAp x Az under a((ay,(az,a3))) = (a1, a2,a3).

George Voutsadakis (LSSU) Universal Algebra June 2020 72 /85



Algebras, Subalgebras, Homomorphisms & Direct Products

Every finite algebra is isomorphic to a direct product of directly
indecomposable algebras.

o Let A be a finite algebra. We proceed by induction on |A|.

o If Ais trivial, then A is indecomposable.

o Suppose A is a nontrivial finite algebra such that for every B, with
|B| < |A|, we know that B is isomorphic to a product of
indecomposable algebras.

o If Ais indecomposable we are finished.

o If not, then A=Ay x Ay, with 1<|A;],|Asl. Then, |A1l,lA2]<|Al. So,
by the induction hypothesis, Aj =By x - xBp; Ap =Cq x--- xCp,
where the B; and C; are indecomposable. Consequently,
A=Bjx-xBpxCyx-xCp.
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o Using direct products there are two obvious ways of combining families
of homomorphisms into single homomorphisms.

If we are given maps a;: A— A;, i€, then the natural map a:A— [ A
is defined by (a(a))(/) = a;(a).

If we are given maps a;: A; — B;, i €/, then the natural map
a:[lies Ai — Tlies Bi is defined by (a(a))(i) = ai(a(i)).

If a;: A— A;, i€l, is an indexed family of homomorphisms, then the
natural map @ is a homomorphism from A to A* =[];c/ A;.

If a;:A; —Bj, i€l, is an indexed family of homomorphisms, then the
natural map a is a homomorphism from A* =T];c; A; to B* =[];¢; B;.
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o Suppose a;: A — A; is a homomorphism for i€ /. Then for
ai,...,an€A and f € &, we have, for iel,

(a(fA(a1,...,an)))(1) = ai(fPA(aL,...,an))
= fA"(a,-(al),...,a,-(an))
= FA((a(a1))(i),.-.. (a(an))(1))
= A (a(ar),...,a(an))(i).

Hence, a(fA(ay,...,an)) = fA (a(a1),...,a(a,)), so a is indeed a
homomorphism.
Case (b) is a consequence of (a) using the homomorphisms a;o7;:
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If aj,ap€ A and a: A— B is a map, we say a separates a; and a; if

a(ar) # a(az).

The maps a;: A— A;, i €, separate points if for each aj,as € A, with
aj # ao, there is an a;, such that a;(a1) # a;(a2).

Lemma

For an indexed family of maps a;: A— A;, i€/, the following are
equivalent:

The maps «; separate points.
The natural map a: A — [[;e; A; is injective.
Nies kera; = A.
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(a)=(b): Suppose a1,a2 € A and a; # a,. Then, for some /,

ai(a1) # ai(az). Hence (a(a1))(i) # (a(a2))(i). So a(a1) # a(az).
(b)=(c): For aj,a» € A, with a; # a2, we have a(a;) # a(az), hence
(a(a1))(7) # (a(a2))(i), for some i; so aj(a1) # @;(az), for some i; and
this implies (a1, ax) Z kera;, so Njes kera; = A.

(c)=(a): For aj,ax € A, with a; # ap, (a1,a2) € Njes kera; so, for some
i, {a1,a2) Z kera;, hence a;(a1) # aj(az).

Theorem

If we are given an indexed family of homomorphisms a;: A — A;, i €/, then
the natural homomorphism a: A — [];e; A; is an embedding iff
Nies kera; = A iff the maps a; separate points.

o This is immediate from the lemma.
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Subsection 7

Subdirect Products and Simple Algebras
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Subdirect Products and Subdirect Embeddings

An algebra A is a subdirect product of an indexed family (A;);e of
algebras if:

U ATl A

(1) mwi(A)=A;, for each i€ .
An embedding a: A — [];c;A; is subdirect if a(A) is a subdirect product
of the A;.

o If I =@, then A is a subdirect product of @ iff A=]]@, a trivial
algebra.
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The Subdirect Embedding Lemma

Lemma

If 8; € ConA, for i€/, and N;c;0; = A, then the natural homomorphism
v:A—Tl;esA/0;, defined by

v(a)(i) = a/0;
is a subdirect embedding.

o Let v; be the natural homomorphism from A to A/6;, for i€ l.

o Since kerv; =0; and N/ 6; = A, it follows that v is an embedding.
o Since each v; is surjective, v is a subdirect embedding.
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Definition

An algebra A is subdirectly irreducible if, for every subdirect embedding
a:A— HA,’,
i€l
there is an j €/, such that m;oa: A — A; is an isomorphism.

Theorem

An algebra A is subdirectly irreducible iff A is trivial or v
there is a minimum congruence in ConA —{A}. In the

latter case the minimum element is N(ConA —{A}), a
principal congruence, and the congruence lattice of A

looks as in the diagram.

((Con A-{4}))

George Voutsadakis (LSSU) Universal Algebra
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If A is not trivial and ConA —{A} has no minimum element, then
N(ConA—{A}) =A. Let / =ConA—{A}. Then the natural map
a:A—JlgesA/O is a subdirect embedding by the lemma. The natural
map A — A/0 is not injective for 6 € I, whence A is not subdirectly
irreducible.

If Ais trivial and @ : A — [;c; A; is a subdirect embedding then each
A; is trivial. Hence, each m;0a is an isomorphism.

So suppose A is not trivial, and let 8 =N(ConA —{A}) #A. Choose
(a,byeB, azb. If a:A—Tlc;A; is a subdirect embedding, then for
some i, (a(a))(i) # (a(b))(i). Hence (m;oa)(a) # (mwjoa)(b). Thus,
(a,by g ker(mjoa) so O ¢ ker(m;oa). This implies ker(wjoa)=A so
mioa:A— A;is an isomorphism. Consequently, A is subdirectly
irreducible.

If ConA —{A} has a minimum element 0, then for a# b and (a,b) €0,
we have O(a, b) <0, whence 0 =0(a, b).

George Voutsadakis (LSSU) Universal Algebra
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A finite Abelian group G is subdirectly irreducible iff it is cyclic and
|G| = p", for some prime p.
Given a prime number p, the Priifer p-group Z g, the group of p"-th
roots of unity, n€ w, is subdirectly irreducible.
Every simple group is subdirectly irreducible.
A vector space over a field F is subdirectly irreducible iff it is trivial or
one-dimensional.
Any two-element algebra is subdirectly irreducible.
o A directly indecomposable algebra need not be subdirectly irreducible -

for example, a three-element chain as a lattice.

A subdirectly irreducible algebra is directly indecomposable.

o Clearly the only factor congruences on a subdirectly irreducible algebra
are A and V. Such an algebra is directly indecomposable.

George Voutsadakis (LSSU) Universal Algebra
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Theorem (Birkhoff)

Every algebra A is isomorphic to a subdirect product of subdirectly
irreducible algebras (which are homomorphic images of A).

o As trivial algebras are subdirectly irreducible, we only need to consider
the case of nontrivial A. For a,be A, with a# b, we can find, using
Zorn's lemma, a congruence 8,5 on A which is maximal with respect
to the property (a,by €6, . Then clearly ©(a,b) Vv 0, is the smallest
congruence in [0, V] — {0, p}, so we see that A/0,j, is subdirectly
irreducible. As N{6,:a# b} =A, we can apply a preceding result to
show that A is subdirectly embeddable in the product of the indexed
family of subdirectly irreducible algebras (A/6,)axp.

Corollary

Every finite algebra is isomorphic to a subdirect product of a finite number
of subdirectly irreducible finite algebras.

George Voutsadakis (LSSU) Universal Algebra
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An algebra A is simple if ConA ={A,V}. A congruence 6 on an algebra A
is maximal if the interval [0, V] of ConA has exactly two elements.

o We do not require that a simple algebra be nontrivial.
o Just as the quotient of a group by a normal subgroup is simple and

nontrivial iff the normal subgroup if maximal, we have a similar result
for arbitrary algebras.

Let 6 € ConA. Then A/0 is a simple algebra iff 6 is a maximal congruence
on Aor=V.

o We know that ConA/0 =[6,V4]. So the theorem is an immediate
consequence of the definition.

George Voutsadakis (LSSU) Universal Algebra
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