HOMEWORK 3 - MATH 215
NSTRUCTOR: George Voutsadakis

Problem 1 True or false?
(a) 2,5] ={2,3,4,5}  (b) (6,91 € [6,10) (c) {{0}} € {0, {0}}
(d) {1,2} € {{1,2,3},{1,3}, 1,2} (e) {{4}} € {1,2,3,{4}}.

Solution: (a) False, 2.5 € [2,5] but 2.5 ¢ {2,3,4,5}.
(b) This is true, since if 6 < x <9, then 6 < z < 10.
(c) This is true since {0} € {0,{0}}.
(d) False, since the set {1,2} is not an element of the set {{1,2,3},{1,3},1,2}.
(e) This is true, since {4} € {1,2,3,{4}}. [ |

Problem 2 Give an example, if there is one, of sets A, B and C such that the following are true.

If there is no example write “Not possible”.
(a) ACB,BCCandCCA (b))ACB,BZC and AZC.

Solution: (a) Let A= B =C=1.
(b) Let A= B = {0} and C = . [ ]

Problem 3 Write the power set P(X) for each of the sets (a) X = {S,{S}} (b) X = {1,{2,{3}}}.

Solution: (a) P(X) ={0,{S},{{S}},{S,{S}}}.
(b) P(X) = {0, {1}, {{2, {3}} }. {1, {2, {3} }} } u

Problem 4 List all of the proper subsets for each of the following sets (a) {0,{0}}  (b) {0,A,00}

Solution: (a) 0, {0}, {{0}}.
(b) 0, {0}, {A}, {00}, {0, A}, {0, 00}, {A, OO} n

Problem 5 Give an example, if there is one, of each of the following. If there is no example, write
“Not possible”.

(a) A set A such that P(A) has 64 elements.

(b) Sets A and B such that A C B and P(B) C P(A).

(c) A set A such that P(A) = 0.

(d) Sets A, B and C' such that A C B, B C C and P(A) C P(C).

Solution: (a) A=1{0,1,2,3,4,5}.

(by A=B=0.
(¢) No such example exists because () € P(A) for every set A.
(d) Set A=B=C = 0. n

Problem 6 Prove that if t € B and A C B, then x ¢ A.

Solution: Suppose to the contrary that ¢ B,A C B and z € A. Since x € A and A C B, we
get © € B. But this contradicts the assumption x ¢ B. |



Problem 7 Let X = {x: P(z)}. Are the following statements true or false?
(a) If a € X, then P(a). (b) If P(a), thena € X. (c) If ~ P(a), thena & X.

Solution: (a) This is true, by the definition of X.
(b) This is also true by the definition of X.
(c) This is also true since it is the contrapositive of part (a). [ |

Problem 8 Prove that X =Y, where X = {x : x € R and x is a solution to x> — Tx + 12 = 0}
and Y = {3,4}.

Solution: We first show that Y C X. Suppose that x € Y. Then x = 3 or x = 4. Note that
32-7-3+12=0and 4> —7-4+ 12 =0, whence x € X in both cases, and, therefore Y C X.

We now show that X C Y. Suppose that € X. Therefore € IR and z? — 7z + 12 = 0, whence
(x —3)(x — 4) = 0. Therefore x = 3 or x = 4 and, therefore € Y. Thus, X C Y. [ ]

Problem 9 Prove that X =Y, where X = {x € N : 22 < 30} and Y = {1,2,3,4,5}.

Solution: First, we show that X C Y. Suppose # € X. Then z € IN and z?> < 30. Thus
r=1,2,3,4 or 5. Therefore x € Y and X CY.

Next, we show that, conversely, Y C X. Suppose z € Y. Then =z = 1,2,3,4 or 5. Note that
1,2,3,4,5 € N and 1,4,9,16,25 < 30, whence x € X and Y C X. |

Problem 10 Let the universe be all real numbers. Let A = [3,8),B = [2,6],C = (1,4) and
D = (5,00). Find BUC,ANB,D—A,D and (AUC) — (BND,).

Solution: BUC = (1,6],ANB =[3,6],D — A=[8,00), D = (00, 5] and
(AUC) — (BN D)= (1,8 —(5,6] = (1,5 U (6,8).
|

Problem 11 Let U = {1,2,3} be the universe for the sets A = {1,2} and B = {2,3}. Find
P(A)NP(B) and P(A) — P(B).

Solution: we have P(A) = {0,{1},{2},{1,2}} and P(B) = {0, {2}, {3}, {2,3}}. So

P(A)NP(B)={0,{2}} and P(A) — P(B) = {{1},{1,2}}.

Problem 12 Let A, B,C be sets.
(a) Prove that (A—B)—-C =(A-C)—(B-C).
(b) Prove that if AC C and B C C, then AUB C C.

Solution: (a) We first show that (A—B)—C C (A—C)—(B—C). Suppose that x € (A—B)—C.
Thenx € A—Bandz ¢ C. Thus z € A and z ¢ B and x € C. Therefore x € A and x ¢ C and, at
the same time x ¢ B—C C B. Therefore z € (A—C)—(B—C) and (A—-B)—-C C (A-C)—(B-C).



Next, we show that (A —C)— (B —-C) C (A— B) —C. Suppose that x € (A —C) — (B—C).
Then x € A—C but z € B— C. Therefore x € Aand x ¢ C and (z € B or x € C). Since z ¢ C,
this last disjunction yields x ¢ B. Therefore v € (A—B)—C and (A-C)—(B—-C) C (A—-B)—-C.
(b) Suppose that A C C and B C C and let x € AU B. Then x € Aor z € B. If x € A, then,
since A C C, x € C. If x € B, then, since B C C, we also get x € C. Therefore in each case, x € C,
which yields that AU B C C. |

Problem 13 Let A, B,C,D be sets. Prove that if AUB C CUD,ANB =0 and C C A, then
B CD.

Solution: Suppose AUB C CUD,ANB =0 and C C Aandlet b € B. Then b € AU B,
whence, since AUB C CUD, be CUD. Thus, either b€ C orbe D.If b € C, then, since C C A,
b € A, which together with b € B, contradicts AN B = (). Therefore b ¢ C' and, hence b € D. Thus
B CD. |

Problem 14 Let A, B be sets. Prove that P(A) UP(B) C P(AU B).

Solution: Suppose that X € P(A) UP(B). Then X € P(A) or X € P(B). If X € P(A), then
X CACAUB. Thus X C AUB and X € P(AU B). If, on the other hand, X € P(B), then
X C BC AUB, whence X € P(AU B) as well. Thus P(A)UP(B) C P(AU B). [ ]

Problem 15 Provide counterexamples for each of the following:
(a) If ANC C BNC, then A C B.
(b)) A—(B-C)=(A-B)-C.

Solution: (a) Let A = {0} and B = C = (). Then ANC = ( C ) = BN C, but, obviously,
A={0}Z0=B.
(b) Set A=B =C ={0}. Then A — (B — C) = {0}, whereas (A — B) — C = (. [ |

Problem 16 Define the symmetric difference operation /\ on sets by AAB = (A— B)U (B — A).
prove that (a) AAB=(AUB)—(ANB) (b) AAD = A.

Solution: (a) We first show that (A — B)U (B — A) € (AU B) — (AN B). So suppose
r€(A-B)U(B—-A). Thenx€c A—Borze B-A Ifxr € A— B, Thenz € A and x ¢ B. Thus
x € AUB and z ¢ AN B. Therefore z € (AU B) — (AN B). On the other hand, if x € B — A,
then x € B and = ¢ A, whence z € AU B and « ¢ AN B. Therefore z € (AU B) — (AN B) and,
therefore (A— B)U(B—A) C (AUB)— (AN B).

Next, we show that (AUB)—(ANB) C (A—B)U(B—A). Suppose that z € (AUB) — (AN B).
Therefore r € AUB and v ¢ ANB. Thus,r€ Aandx g ANBorz e Band A¢ AN B. In the
first case x € A and z € B, i.e., x € A — B, whereas in the second case x € B and = ¢ A, whence
x € B—A. Thus, in both cases z € (A—B)U(B—A). Therefore (AUB)—(ANB) C (A—B)U(B—A).
(b) AAND=(A-0)U D —A)=AUD=A. [ ]

Problem 17 Find the union and intersection of each of the following families or indexed collec-
tions.

(a) Let R* = (0,00). Forr € R", let A, = [-7,7), and let A= {A, :r € RT}.

(b) For each natural number n > 3, let A, = [2,2+ 1) and A= {A, : n > 3}.

(¢) For eachn € N, let D,, = (—n, 1) and D = {D,, : n € N}.



Solution: (a) J,cg+[—7,7) = [-7,00),\,cp+[—7,7) = [-7,0].
(0) Unssla 2+ 7) = (0, %), Nusalin 2+ 7) = [5. 2.
= 1
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Problem 18 Let A= {A, : o € A} be a family of sets and let B be a set. Prove that
BU ﬂaEA Aa = ﬂaeA(B U Aa)'

Solution: We have

r€BUNyenda iff z€Borze(enda
iff reBoraxeA,, forallae A
ifft (xreBorxeA,), forallaec A
iff re BUA,, forallae A
iff 7€ (Noen(BU Ag)

Problem 19 Let A be a family of sets, and suppose O € A. Prove that (e 4 A = 0.

Solution: We show the contrapositive. Suppose that (), 4 A # (). Then, there exists z €
MNaca A- Therefore z € A, for all A € A. Hence A # (), for all A € A. Thus, § ¢ A. [ |

Problem 20 If A = {A, : a € A} is a family of sets and if I' C A, prove that (),cp Aa €
naEF Aq.

Solution: Suppose that I' € A and let # € () ,ca Aa- Then z € A,, for all @ € A. Thus, since

I'CA, ze€A,, forall a €', whence z € (), Aa- Therefore () ca Aa € Naer Aa- [ |

Problem 21 Give an example of an indexed collection of sets {Ao : a € A} such that each
Ay € (0,1), and for all o and € A, Au N Ag # 0 but (,ep Aa = 0.

Solution: Suppose that A = IN and set A4,, = (0, %)’ for all n € IN. Then, for all m,n € NN,
(0,2)N(0,75) = (0 1m n)) # 0, whereas (e (0, 2) = 0. m

» max(

Problem 22 Let A and B be two pairwise disjoint families of sets. LetC = ANB and D = AUB.
(a) Prove that C is a family of pairwise disjoint sets.

(b) Give an example to show that D need not be pairwise disjoint.

(c) Prove that if |J4c 4 A and Jgeg B are disjoint, then D is pairwise disjoint.

Solution: (a) Let C1,Cy € C. then C1,Cy € A and C1,Cy € B. Thus, since A is pairwise
disjoint, C1 N'Cy = B, whence C is also pairwise disjoint.
(b) Let A = {{0}},B = {{0,1}}. Obviously, both A and B are pairwise disjoint since they each
contain only one set. But D = AU B = {{0}, {0, 1}}, which is not pairwise disjoint.
(c) We show the contrapositive. Suppose that AU B is not pairwise disjoint. Therefore, there exist
A € A and B € B, such that AN B # (). Thus, there exist x, such that r € A€ Aand z € B € B.
But then z € [Jyc 4 A and € (Jgep B, whence |J ¢4 A and (Jgcz B are not disjoint. [ |



