
EXAM 2: SOLUTIONS - MATH 490
INSTRUCTOR: George Voutsadakis

Problem 1 1. Give the definition of a topological space.

2. Let X be an arbitrary set. Let T be the collection of all subsets of X whose comple-
ments are either finite or all of X. Then (X, T ) is a topological space.

Solution:

(a) Let X be a non-empty set and T a collection of subsets of X such that

(O1) X ∈ T
(O2) ∅ ∈ T
(O3) If O1, . . . , On ∈ T , then O1 ∩ . . . ∩On ∈ T
(O4) If, for each α ∈ I,Oα ∈ T , then

⋃
α∈I Oα ∈ T .

The pair of objects (X, T ) is called a topological space. The set X is called the
underlying set, the collection T is called the topology on X and the members of T are
the open sets.

(b) We need to verify the four conditions above for the given collection T .

We have X −X = ∅ and X − ∅ = X, whence X, ∅ ∈ T .

Now suppose that O1, . . . , On ∈ T . Then X−O1, X−O2, . . . , X−On are either finite
or all of X. Then X −⋂n

i=1 Oi =
⋃n

i=1 X −Oi is finite if all of X −Oi are finite and
it is all of X if at least one of the X −Oi is all of X. In either case

⋃n
i=1 Oi ∈ T .

Finally, assume that, for all α ∈ I, Oα ∈ T . Then X −Oα is either finite or all of X,
for all α ∈ I. Then X −⋃

α∈I Oα =
⋂

α∈I X − Oα is finite if at least one of X − Oα

is finite and it is all of X if X − Oα = X, for all α ∈ I. In either case
⋃

α∈I Oα ∈ T .
Thus T is a topology on X.

¥

Problem 2 1. Give the definition of a metrizable topological space.

2. Prove that for each set X, the topological space (X, 2X) is metrizable.

Solution:

(a) A topological space is said to be metrizable if its topology is induced by a metric, i.e.,
if its topology is the collection of the open sets of an appropriate metric space on its
underlying set.
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(b) Define a metric d : X ×X → IR on X by

d(x, y) =
{

0, if x = y
1, otherwise

For all x ∈ X, {x} = B(x; 1
2), whence all singletons are open sets in this metric space.

But then, for all A ⊂ X, A =
⋃

a∈A{a}, whence A is open. Thus every set is an open
set and, consequently, the induced topological space is (X, 2X).

¥

Problem 3 1. Give the definition of a neighborhood space.

2. Given a real number x, call a subset N of IR a neighborhood of x if y ≥ x implies
y ∈ N. Prove that this definition of neighborhood yields a neighborhood space. Describe
the corresponding topological space.

Solution:

(a) Let X be a set. For each x ∈ X, let there be given a collection Nx of subsets of X
satisfying the conditions

N1. For each x ∈ X,Nx 6= ∅;
N2. For each x ∈ X and N ∈ Nx, x ∈ N ;

N3. For each x ∈ X and N ∈ Nx, if N ′ ⊃ N then N ′ ∈ Nx;

N4. For each x ∈ X and M, N ∈ Nx, N ∩M ∈ Nx;

N5. For each x ∈ X and N ∈ Nx, there exists an O ∈ Nx such that O ⊂ N and
O ∈ Ny for each y ∈ O.

This object is called a neighborhood space.

(b) We check that the given space satisfies axioms N1-N5, given above. Clearly, [x,∞) ∈
Nx, whence Nx 6= ∅, for all x ∈ IR and N1 is satisfied. Since x ≥ x, x ∈ N, for all
N ∈ Nx and N2 is also satisfied. Now suppose that x ∈ IR and N ′ ⊃ N ∈ Nx. Then
y ≥ x implies y ∈ N ⊆ N ′, whence y ∈ N ′ and N ′ ∈ Nx. So N3 is satisfied. For N4, if
N, M ∈ Nx and y ≥ x, then y ∈ N and y ∈ M, whence y ∈ N ∩M and N ∩M ∈ Nx

as well. Finally, let x ∈ IR and N ∈ Nx. Consider the set O = [x,∞). Clearly O ∈ Nx

and O ⊆ N, since, if y ∈ O, then y ≥ x and y ∈ N. Finally, if z ∈ O, then w ∈ O, for
all w ≥ z, whence O ∈ Nz, for all z ∈ O. Thus, N5 is also satisfied.

Since a subset of IR is open in the induced topology if and only if it is a neighborhood
of each of its points, the open subsets of this topology are the subsets T = {[x,∞) :
x ∈ IR} ∪ {(x,∞) : x ∈ IR} ∪ {IR, ∅}.
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Problem 4 1. Let (X, T ) be a topological space and A ⊂ X. Give the definitions of the
closure, interior and boundary of A.

2. In IR3 with the usual topology, let A be the set of points x = (x1, x2, x3) such that
x3 = 0. Prove that Int(A) = ∅, Bdry(A) = A and Ā = A.

Solution:

(a) Let A be a subset of a topological space. A point x is said to be in the closure of A
if, for each neighborhood N of x, N ∩A 6= ∅. x is said to be in the interior of A if A
is a neighborhood of x. Finally, x is in the boundary of A if x is both in the closure
of A and in the closure of the complement of A.

(b) Suppose that x ∈ Int(A). Then x = (x1, x2, 0) and there exists ε > 0, such that
B(x, ε) ⊆ A. But (x1, x2,

ε
2) ∈ B(x, ε) and (x1, x2,

ε
2) 6∈ A, which contradicts the

inclusion above. Therefore Int(A) = ∅.
Obviously, A ⊆ A. Conversely, if x 6∈ A, then x = (x1, x2, x3), with x3 6= 0. Therefore,
the ball B(x, |x3|

2 ) is a neighborhood of x that does not intersect A. Hence A ⊆ A
which yields that A = A.

One shows similarly that C(A) = IR3, whence A ∩ C(A) = IR3 ∩ A = A. Thus
Bdry(A) = A.

¥

Problem 5 1. Give the definition of a Hausdorff space.

2. Prove that a subspace of a Hausdorff space is a Hausdorff space.

Solution:

(a) A topological space (X, T ) is called a Hausdorff space or is said to satisfy the Hausdorff
axiom if for each pair a, b of distinct points of X there are neighborhoods N and M
of a and b respectively, such that N ∩M = ∅.

(b) Let X be a Hausdorff space and let Y be a subspace of X. Consider a, b ∈ Y, with
a 6= b. Then, since X is Hausdorff, there exist neighborhoods N and M of a and b
respectively, such that N ∩M = ∅. Consider the relative neighborhoods N ′ = N ∩ Y
and M ′ = M ∩ Y of a and b in Y, respectively. Since N ∩ M = ∅, we also have
N ′ ∩M ′ = ∅, whence Y is also Hausdorff.
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