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What is special about the Fourier
Transform?

* The Fourier Transforms a time function f(t)
into a frequency function F(w)

* This transform is used in a variety of fields and
has many applications.



Important ldentity

The definition of the §(t) function.

ac

f 5()(t)dt = $(0)

= o

p(t) = J_ ¢(x)a(t — x)dx



The Fourier Integral and the Inversion
Formula

Flw) = [__f(t)e “tdt

flt) = ; [ Flw)e“tduw



Important ldentity

Flo) = f 5(t) et s

— o0

f 5(Dd(D)dt = #(0)
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Proof of the Inversion Formula

%T f:: Flw)e'"@tdw = %T fj;[fj;f{:r}e_mxtix] e @t dp)

o) = L [, et = ifm flx)dx [, e da

= [ fx)a(t — x)dx

o) = [ p(x)8(t — x)dx




Simple Theorem

 Many Fourier Transforms are used to solve
complex equations. To help to simplify the
solutions of these equations, there are several
simple theorems used to help in these
solutions.

* All theorems are presented in the form

g(t) €2 G(w) which states that g(t) transforms
to G(w)



Linearity Theorem
a1 f1(t) + a,f5(t) & a1F(w) + a;F(w)

e Proof

Glw) = [__(a1fi(®) + azfa(t) Jeiwtdt
Glw) = [ _aifilt)e ™tdt + [ _a,fo(He iwtdt
Glw) = a4 ff:mflit}e‘f“fnit+ a5 _J"::f:{t}e“'mdt

Glw) = a1F (w) + a;F(w)



Symmetry Theorem

e If f(t) <> F(w), then F(t) < 2nf(-w).
POt g(6) = L7 2nf(~w)etdw
= [ f-w)e“tda
= — [ flwe ™du

= [ flwe ™t du
g(t) = F(1)



Time Scaling Theorem
flat) & —

()
a F(—) for real values of a
i i

Proof

Glw) = f_if{ﬂt}e'f"“dt

= L[ Femie/day
i

6(w) = ZF()



Time Shifting Theorem
f(t — to) & Fw)e e

O G(w) = [T, F(t— to)ewrds
= [ flx)e i@t gy
— plwitp J"jlf{x}e—imxdx

G(w) = Flw)e wte



Frequency Shifting Theorem
el@to F(t) & Flw — wy)

6(w) = [_ ft)eiwete iotds

G(w) = [__f(t)e ilewdtgy

G(w)= Flw —wp)



Example 1

pr(t—tp) © :Elzmre‘m‘fn
pprie) ft) = pr(t)
| e T
T 0 !- - jﬁrfﬂﬁrmrdﬁ: j v
I -T
T

e =cosy +isiny = j{cﬂsmt— isinwt)dt
-T




Example 1 (cont.)

T
= jcﬂsmmt
-T
1 2einwl
_ : T
= —sinwt|_; =
(1) )
fle—t) o F@e™™ p (¢ ¢ & *El”ﬂ'rg—imrn




Time Differentiation Theorem
27 & (1w)"F(w)

dei

Proot =0 () & Flw)

n=1 Ff'(t) & (iw)F{w)

Proof of n=1 fj;f’{t::le_mrdt

flt)e wr|=_ — f_ Flt)(—iw)e ' @Eidt



Time Differentiation Theorem (cont.)

iw [ f(t)eiwtdt

mdrﬁlf B
G(w)= J.r_'it”“E Wt At

—a

Show true forn + 1




Time Differentiation Theorem (cont.)
= (iw) (iw)"F (w)

= (i)™ ' F(w)



Frequency Differentiation Theorem

d™F ([ cw
(—iD)mF () - T
Cik
Pro |:|.I.' ft) & Flw) F(t) © 2nf(—w)

d’mFi r}
dt

e 2m(—it)" F{—w)

6(E) = [~ (—it)" f(—w)e™* duo



Frequency Differentiation Theorem
(cont.)

= [__(—it)*f(u)e™ ™ du

~d F(t)

(—iDmf (D) = T )

- T

at



Example 2

:"l_ -
dnﬂ'-ll:t::l &3 {lm::'i"! I.-:"! —3 Eﬂlnd ﬂll-.:'l::l
kAL
dtm
o — &) mf{—w
FI|-'|:||:|'|'- {H.'jl” . Eﬂfﬂl ,EL ) | f(t) & Flw) F(t) & 2nf(-w)
[ — e )™
L5 g Eie) pmiwtg,,
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Example 2 (cont.)

dm 5 — o)

f(t) & Flw)

F(t) © 2nf(—w) {it::l o

g —e )

dm ()

df —ca )T

P4NETn oy ™

dm & )

d e

(—1)"t" & 2min(—1)"

d™ 5w

dea™

th e 2mi™



Proof

f 5(Dd(D)dt = #(0)

Example 3

et & 2mS(w — wy)

1 .
g(t) = > j 218 (w — wg e dw

= j 8w — wg)e @ dw

—a

=

— J‘ S{H}Ei':”""“":'}rdu

—



Example 4

E{Ef‘“‘ﬂf + et & m[8(w — wg) + 8w + wg)]

Proof -
1 .
glt) = - j nl6{w — wy) + 8{w + wg)le“tdw
1 .
=3 j [6(w — wy) + 8w + wy)le*“tdw
lx"- it — oiaipt 1 N . N .
_’!;o(m—mﬂe dw =g — E |: J‘ 5{m _ ml}}ezmrdm + J‘ 5{m + MD}Ezmrd_m]

—_ %(EEL’UDE _I_ E_E.I'.'l.lnr:}



