HOMEWORK 6 SOLUTIONS - MATH 300
INSTRUCTOR: George Voutsadakis

Problem 1 Consider the first-order language £ = {f,r}, where f is a ternary function symbol
and r a binary relation symbol. Consider also the L-structure S = (S,I), where S = {0,1} and I
consists of the following interpretations of the function symbol f and the relation symbol r:

fS
1 1 1[0
1 10]0
1 0 1]1 rS1o 1
1 001 0[]0 1
01 1]0 10 0
0100
00 1|0
00 0|1

Determine the truth of the following first-order sentences in S:
(a) Ve(rzfzax)

(b) VaIy(r fryz frzx)
Solution:

(a) The sentence Va(rxzfrazz) is false in the structure S, since rS(1, fS111) is equivalent to
r5(1,0), which does not hold in S.

(b) The sentence YzIy(rfryxfrxx) is false in the structure S, since, for x = 1, we have that
both 75(f5101, fS111) and »S(fS111, fS111), which are equivalent to 75(1,0) and 75(0, 0),
respectively, are false in S.

|

Problem 2 Consider the first-order language £ = {f,r}, where f is a ternary function symbol
and r a binary relation symbol. Consider also the L-structure S = (S,I), where S = {0,1,2} and
I consists of the following interpretations of the function symbol f and the relation symbol r:

S

fs(a7bvc):(a—b+0) mod 3

_= = =O
O = O
== O

0
1
2

Determine the truth of the following first-order sentences in S:

(a) VaIy((r fayzy) — (ryfzyz))
(b) VaIyVz(rafzyz)
Solution:
(a) The sentence VaIy((r fryry) — (ryfayz)) is true in S. In fact, for any z = a € S, we may

choose y = a, so that 75 (fSaaa, a) — rS(a, fSaaa), which is equivalent to rS(a, a) — r5(a, a),
is true in S;



(b) The sentence VxIyVz(rz fzyx) is false in S; we argue by contradiction. If the sentence is true
in S, then it must hold for z = 0. Thus, there must exist some y = b € S, such that, for all
z € 8, r5(0, f5200) is true in S. Now we argue by cases depending on the value of b € S that
this is impossible:

e If b= 0, then 75(0, £5100) (equivalent to 5(0,1)) is false;
e If b= 1, then 75(0, £5210) (equivalent to 5(0,1)) is false;
e If b =2, then 75(0, £5120) (equivalent to r5(0,2)) is false.

So, for x = 0, there does not exist any y € 5, such that, for all z € S, rzfzyx is true in S..

Problem 3 Consider the language L = {+,-, <}, where +,- are binary function symbols and < is
a binary relation symbol. Let x < y be an abbreviation for (r < y)V (x ~ y). Use the skeleton
method to determine whether each of the following L-sentences has a one-element model. If yes,
then exhibit that one-element model.

(a) Ve(Fy(z-y<z) = Fz((y- 2 <z)A=(y-z < 2))) = JaVy(z -y < y)
(b) Ve(Fy(z -y <z) —» FyVz(ly+z<z-y) A=(y-x < 2)) - JaVylz +y < x-y)
Solution:
(a) Consider first
Ve(Fy(z-y<z) = F2z(y-z<x)A-(y-z < 2))) — JaVy(z -y < y).
Start by removing all quantifiers and all terms:
(<) = () A=) = ().
Now replace < by a propositional letter P:
(P— (PAN-P))— P.

This last propositional formula is satisfiable when P is assigned the truth value 1. Therefore,
the following L-structure is a one-element model for Vo (Jy(x-y < z) — Fz((y-z < 2)A=(y-z <
2))) = JaVy(z -y < y):

S={a}, a+5a=a, aSa=a, <5={(a,a)}.
(b) Next, consider
Ve@Qy(z-y<z)— TJyvVz(ly+z<z-y) A-(y-x<2))) = aVylx +y < x-y).
Expand the abbreviations <:

Ve(Fy((z-y<z)V(z-y=z) = IyVe((y+2<z-y) A-((y-2<2)V(y - z=2)))) =
JaVy(x +y < x - y).

Remove all quantifiers and all terms:
() V () = (<) A~((<) V (=) = (<).
Finally, replace all = by 1 and all < by a propositional variable P:
(PV1) = —=(PA—=(PV1)) — P

This formula is equivalent to 1 — P, which is satisfiable when P is assigned the truth value 1.
Therefore, the following L-structure is a one-element model for Vz(Jy(z-y < x) — Iz((y-2z <
)N (y-x<2))) = JaVy(z-y <y):

S={a}, a+%a=a, aSa=a, <5={(a,0)}



Problem 4 To show that two L-sentences F' and G are equivalent, we must either use some of our
fundamental equivalences from first-order logic to transform one to the other, or we have to prove
that they are true in exactly the same structures, i.e., that for every structure S, S = F iff S E G.
On the other hand, to show that they are not equivalent, it suffices to find a single structure S in
which one of the two sentences is true and the other is false.

Determine if the following pairs of L-sentences are equivalent, where L = {f}, with f a unary
function symbol:

(a) Ve((ffe=z)A(fffx~x)) and Ve (fz =~ x);
(b) VaVy((fx =~ fy) — (x = y)) and Vy3z(fz ~ y).

Solution:

(a) The sentences Vz((ffx ~ x) A (fffx =~ x)) and Vz(fz ~ x) are equivalent; To prove this,
assume that S = (S, ) is an arbitrary L-structure. We show that, for all a € S,

(fSfSa=a and fS5f8fSa=a) if fSa=a.
The left-to-right implication is shown by

fSa = fSf8f8a (by hypothesis)
= a (by hypothesis)

The right-to left-implication is shown by
318a=fSa=ua (both equations by hypothesis)

and
Sr8f8a = 384 = fSa=a (all equations by hypothesis).

(b) The sentences VaVy((fz ~ fy) — (¢ ~ y)) and Vy3z(fx =~ y) are not equivalent; To show
this consider the structure S = (S, f5), where S = IN = {0,1,2,...} and fS(n) = n + 1, for
all n € IN.

Clearly, for all n,m € IN, if fS(n) = fS(m), then n 4+ 1 =m + 1, whence n = m. This shows
that VaVy((fz = fy) — (z = y)) is true in S.

On the other hand, for y = 0, there does not exist n € IN, such that 0 = n+1 = fS(n). Thus,
Vy3z(fz ~ y) is not true in S. Therefore, VaVy((fzx ~ fy) — (x = y)) and VyIz(fz ~ y) are

not true in exactly the same first-order structures and, hence, are not equivalent.
|

Problem 5 To show that two L-formulas F(z) and G(x), with a free variable x are equivalent,
we must either use some of our fundamental equivalences from first-order logic to transform one to
the other, or we have to prove that they define exactly the same unary relations in all L-structures,
i.e., that for every structure S and every a € S, FS(a) holds iff GS(a) holds. On the other hand,
to show that they are not equivalent, it suffices to find a single structure S and a single element
a € S, such that one of FS(a),GS(a) is true and the other is false.

Determine if the following pairs of formulas are equivalent:

(a) Yy(rzy) and Jy(ray), where L = {r}, r a binary relation symbol;

(b) Jy(rify Arey Az = fy)) and JyFz(riy Arez A (z = fy) A (x = fz)), where L ={f, 11,72},
with f a unary function symbol and ry, 19 unary relation symbols.

Solution:



(a)

The formulas F(z) = Vy(rzy) and G(x) = Jy(rxy) are not equivalent: Consider the first-order
L-structure S = (S, I), such that

S ={a,b}, rS=1{(a,a)}.

Then, since there does not exist any x € S, such that, for all y, rxy holds in S, we have
FS = (). On the other hand, since 75(a,a) holds, z = a satisfies G(x), whence G5 = {a}.
Since in S, IS # G5, F(z) and G(z) are not equivalent formulas.

The formulas F(x) = Jy(rify Aray A (z = fy)) and G(x) = JyIz(riyArez A (z =~ fy) A (z~
fz)) are not equivalent formulas. Consider the first-order L-structure S = (S, I), such that

fS
S={ab), al b, rS={a}, 5=}
bl a

We will show that FS(a) holds, whereas GS(a) does not hold.

Since r$(fSb) and 7$(b) and a = £5b all hold, we have that Jy(rify A2y A (z = fy)) holds
at = a in S with witness y = b.

On the other hand, for z = a, since the only element y in S, such that fSy = a is b, for
GS(a) to hold, we must have that the witness for the variable y in G(z) at £ = a must be
y = b. But rls(b) does not hold. Thus, there is no element y bor which both statements rlsy,
a = fSy are true in S. Hence, GS(a) is not true.

Since F'S(a) holds but G®(a) does not hold, F(z) and G(z) are not equivalent formulas. -

Problem 6 Put the following formulas in the language of graphs into prenex normal form:

(a)
(b)
()

(Vy(=(y = 2) VVy(y = 2))) V (ryz)
(z = 2) vV ((Vo(=V2(rzz2))) — (y = 2))

(z~y)— y(((y=2z) = 32y = 2))) A (y = 2))

Solution:

(a)

(b)

Consider the formula (Vy(—(y ~ z) VVy(y = 2))) V (ryz) and apply the following steps:

Move Resulting Formula
Original Formula Vy(=(y = 2) VVy(y = 2))) V (ryz)
Rename Inside y Vy(=(y = z) VVw(w = 2))) V (ryz)
Rename Remaining y ( u(—(u = z) VVw(w = 2))) V (ryz)
Expand Scope of Vu | Vu((—(u = z) VVw(w = 2)) V (ryz))
Expand Scope of Vw | VuVw((—(u = 2) V (w = 2)) V (ryz));
The last formula is in prenex normal form.
For the formula (z ~ z) V ((Va(—=Vz(rzz))) — (y =~ z)) we have
Move Resulting Formula
Original Formula (z = x)V ((V(-Vz(rez))) = (y = 2))
Rename Inside z (z =)V (Ve (-Vw(rzw))) — (y = z))
Rename Inside (z = x)V (Vu(-Vw(ruw))) — (y = 2))
Replace — (z = z) V (~(Vu(-Vw(ruw))) V (y = z))
Pull Vu (z = z) V (Fu(—~(-Vw(ruw))) V (y = z))
Double Negation (z~x)V (FuVw(ruw)) V (y = z))
Exapand Scope of Ju | Ju((z = x) V VYw(ruw) V (y = z))
Exapand Scope of Vw | Fuvw((z = z) V ((ruw) V (y = z)))

The last formula is in prenex normal form.



()

Finally, consider (z ~y) — Jy(((y = z) — (Fz(y = 2))) A (y = z)). We have

Move Resulting Formula

Original Formula (x~y) — Jy(((y=z2) = 32y~ 2))) Ay = 2))
Rename Inside z (zr=y)— Jy(((y=z2) = By =w)))A(y==z)
Rename Inside y (r=y) = Ju(((uxz) = (Fwlu=w))) A (urz))
Replace the —s (zr~y)VIu(-(u=z)V(Fwu=w))) A (urz))
Expand Scope of Jw Twice —(z~y)VIuTw((-(ux2) V(v w))A(urz))
Expand Scope of Ju and of Jw | FJudw(—(z =~ y) V ((-(u = 2) V (u = w)) A (u = 2)))

The last formula is in prenex normal form.

Problem 7 Find a counterexample for the following arguments:

(a)

(b)

(Here L = {r1,re,r3}, with r1,r,r3 unary relation symbols.)

Va(riz — (rex — r3z))
co Ve ((rix — rex) — rax)

(Here L = {r}, with r a binary relation symbol.)

VaIy(ray)
Vy3Ix(razy)
s VaYy(o(z = y) = (rey))

Solution:

(a)

Consider the L-structure S = (S, ), where

S = {CL}, Tls = ®7 T2S = {a}7 T3S = 0.
Then, it is true in S that Va(riz — (rox — r31)), since rSa — (rSa — r$a) is a true
statement. On the other hand, it is false in S that Va((riz — rox) — r37), since (rfa —

r$a) — rda is a false statement.

Consider the L-structure S = (.5, ), such that

S ={a,bc}, 75={(a,b),(bc),(c,a)}.

Then, clearly, both Vz3y(rzy) (saying that “for every vertex, there exists an outgoing edge”)
and Vy3z(rzy) (saying that “for every vertex, there exists an incoming edge”) are true in S,
whereas VaVy(—(x ~ y) — (rzy)) is not true in S, as, for instance b # a — r5(b,a) is a false

statement. Therefore, the given argument is not a valid argument.
|

Problem 8 Skolemize the following sentences:

(a)
(b)

Vady(z < y)

JxVy(x < y)



(¢) VaVy((rzy) — 3z((rzz) A (rzy)))

Solution: In this solution, we write Sk(F') to denote the Skolemization of a sentence F'.

(a) To Skolemize Vax3y(x < y), which is already in prenex normal form, we introduce a fresh
unary function symbol f to express the dependency of y on x:

Sk (VzIy(z < y)) =Vz(x < f(z)).

(b) To Skolemize JzVy(r < y), which is already in prenex normal form, we introduce a fresh
constant symbol ¢ as a witness to the existing x:

Sk (FxVy(z < y)) = Vy(c < y).

(c) To Skolemize VaVy((ray) — Jz((raxz) A (rzy))), we first convert it to prenex normal form

Move ‘ Resulting Formula
Original Formula VaVy((rey) — Jz((rez) A (rzy)))
Replace the — VaVy(=(ray) V z((rzz) A (rzy)))

Expand Scope of 3z | VaVy3Iz(—(rzy) V ((raz) A (rzy))).

Next, we introduce a fresh binary function symbol g to express the dependency of z on x and
y:

Sk (VaVy((roy) — 32((rzz) A (rzy)))) = Vavy(=(rzy) V ((rzgzy) A (rgzyy))). .



